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Brief Introduction to the Book 


Structural Analysis is a basic course for undergraduate students with majors in civil 
engineering, engineering mechanics, flight vehicle design, mechanical engineering, 
naval architecture, ocean engineering, etc., and is also an introductory course for 
undergraduates to learn and master the analysis and design of beam, truss, frame, 
arch and composite structures for buildings, bridges and flight vehicles and so on. 
This textbook includes eight chapters and covers an introduction, kinematic analysis 
of plane member systems, analysis of statically determinate structures, the principle 
of virtual work and deflection calculation, force method, displacement method, 
influence lines of structures under moving loads, and matrix displacement method. 

The present book emphasizes the fundamental theories, concepts, computational 
methods, and engineering applications of structural analysis. It can be used as a 
textbook for undergraduates with majors in civil engineering, engineering 
mechanics, flight vehicle design, mechanical engineering, naval architecture, ocean 
engineering, etc., and also is a helpful reference for associated engineers and 
professionals. 
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Preface 


Structural Analysis is a basic course for undergraduate students with majors in civil 
engineering, engineering mechanics, flight vehicle design, mechanical engineering, 
naval architecture, ocean engineering, etc., and is also an introductory course for 
undergraduates to learn and master the analysis and design of various beam, truss, 
frame, arch and composite structures for buildings, bridges and flight vehicles and so 
on. This textbook includes eight chapters and covers an introduction (chapter 1), 
kinematic analysis of plane member systems (chapter 2), analysis of statically 
determinate structures (chapter 3), principle of virtual work and deflection calcu- 
lation (chapter 4), force method (chapter 5), displacement method (chapter 6), 
influence lines of structures under moving loads (chapter 7), and matrix displace- 
ment method (chapter 8). Chapters 5, 6, and 8 focus on addressing the analysis of 
statically indeterminate structures. 

The present textbook emphasizes the fundamental theories, concepts, computa- 
tional methods, and engineering applications of structural analysis. During the 
preparation of this book, we referred to many excellent textbooks and made efforts 
to renew some contents and reflect the time trends of digitalization and informa- 
tization. The main features of this textbook lie in the following aspects: (1) 
strengthened the interestingness and readability, and increased the brief introduc- 
tion on the developmental history of structural analysis and the important figures; 
(2) substituted the kinematic method to construct exactly and rapidly the influence 
lines of forces of statically indeterminate structures proposed by the authors for the 
corresponding old knowledge, and highlighted the energy principle and method; (3) 
increased introducing the backgrounds of engineering applications for some theories 
and methods of structural analysis; (4) from the viewpoints of history, methodology, 
aesthetic appreciation, and creative thinking, inspected the structural analysis and 
strived to integrate the knowledge, capability and quality education to cultivate the 
innovative talents. 

The main contributors to the contents of this book are Dixiong Yang (chapters 1 
and 7), Junfeng Gu (chapters 2 and 3), Lei Yang (chapters 4 and 5), Jingjie Chen 
(chapter 6), and Xiaofei Hu (chapter 8). 
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Chunqiu Yang from the Dalian University of Technology, Professor Junfa Zhang 
from the Xi’an University of Technology, and Professor Jianbing Chen from Tongji 
University, China gave warm support and encouragement and put forward numer- 
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width 

generalized displacement of the support 

panel 

elastic modulus 

arch height 

force or generalized force 

concentrated load 

horizontal thrust 

components of force in horizontal (x) and vertical (y) directions 
axial force 

components of axial force in horizontal (x) and vertical (y) directions 
shear 

shears at the left and right sides of section 

fixed end shear 

generalized reaction or reaction resultant 

force vector of elemental member end in local coordinate system 
force vector of elemental member end in global coordinate system 
fixed-end force vector of the element in local coordinate system 
shear modulus 

height 

bending linear stiffness 

sectional moment of inertia 

identity matrix 

stiffness coefficient or nonuniform coefficient of shear stress distribution 
elemental stiffness matrix in local coordinate system 

elemental stiffness matrix in global coordinate system 
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structural stiffness matrix 

length or span 

mass or distributed bending moment 

moment, couple moment or bending moment 

fixed-end moment 

degree of static indeterminacy 

intensity of uniformly distributed load in horizontal direction 
nodal load vector of element 

nodal load vector of structure 

intensity of uniformly distributed load in vertical direction 
radius 
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static moment 

temperature 

coordinate transform matrix 

strain energy 

horizontal displacement 

vertical displacement or deflection 

vertical displacement 

work, computational degree of freedom, or weight 
external virtual work 

internal virtual work 
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displacement 

response for influence line 

linear expansion coefficient 
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displacement vector 
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material density 

total potential energy 
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Chapter 1 
Introduction 


Humans had built various kinds of buildings and structures since ancient times, such 
as the Pyramids in Egypt, the Gard Aqueduct in France, the Great Wall, 
Dujiangyan Irrigation System, the Zhaozhou Bridge, and the Forbidden City in 
China. With the advancement of science and technology, people gradually possessed 
some knowledge of the rules of structural design and the strength, stiffness, and 
stability of structures. According to the experience and experiments, a specialized 
discipline of structural analysis or structural mechanics was formed, which has been 
widely applied in practical engineering fields. 

As far as the basic principles and methods are concerned, structural mechanics 
was developed simultaneously with theoretical mechanics and mechanics of 
materials. Therefore, structural mechanics was merged with theoretical mechanics 
and mechanics of materials in the early stage of development. In the early 19th 
century, owing to the development of emerging industries, people began to design 
a variety of large-scale engineering structures that require more accurate analysis 
and calculation. As a result, the theories and methods for analysis of engineering 
structures began to be independent. By the middle of the 19th century, structural 
mechanics started to become an independent discipline. Since the 20th century, 
owing to the emergence of new materials, new structures, new theories, and 
methods, the discipline of structural mechanics has been deepening in connotation 
and expanding in scope, which has developed into a disciplinary group covering 
the statics, dynamics, stability theory, computational structural mechanics, intel- 
ligent material structures, structural control, and health monitoring. Its applica- 
tion scope has also been extended to the fields of civil engineering, hydraulic 
engineering, mechanical engineering, aerospace engineering, naval architecture, 
ocean engineering, and so on. In fact, structural analysis is an ancient and ever- 
green discipline of applied mechanics, which is developing constantly with the 
times, and is a bridge linking the mechanics theory with engineering practice. 
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2 Structural Analysis 


1.1 Research Object and Tasks of Structural Analysis 


1.1.1 Research Object 


Engineering structure means the part of the building, construction, or other civil 
infrastructure that bears and transmits the loads, which plays the role of the 
skeleton and is simply called a structure. For example, the beam-column system in 
buildings, the dams and gates in hydraulic structures, the highway and railway 
bridges, tunnels, culverts, and the skeletons of ships, automobiles, airplanes, and 
manned spacecraft subjected to the loadings, etc., are all typical examples of 
engineering structures (figure 1.1). 


Fic. 1.1 — Building, bridge, and airplane. 


The mechanical properties and load-bearing capacities of structures are closely 
related to their geometric characteristics. The structures can be divided into three 
categories according to geometric features. 


(1) Member structure—is formed by some interconnected members. The geometric 
feature of the member is that the cross-section dimension is much smaller than 
the length. A beam, arch, truss, and frame are typical forms of the member 
structure. 

(2) Plate and shell structures—are also known as thin-walled structures 
(figure 1.2a, b). Their geometric feature is that the thickness is much smaller 
than the length and width. The floor slab and shell roof in the building as well 
as the outer shell of the aircraft and the ship etc., all belong to the plate and 
shell structures. 

(3) Massive structure—also called a three-dimensional continuum structure. Its 
geometric feature is that the dimensions in the length, width, and height are 
similar. Gravity retaining walls (figure 1.2c) and gravity dams in hydraulic 
engineering are massive structures. 


Introduction 3 


a7 


(a) thin plate (b) thin shell (c) massive structure 


Fic. 1.2 — Thin-walled structure and massive structure. 


In a narrow sense, the structure often refers to the member structure, and the 
usual structural analysis means the analysis of member structure. 

Structural mechanics is closely related to theoretical mechanics, mechanics of 
materials, and elastoplastic mechanics. Theoretical mechanics mainly discusses the 
basic law of mechanical motion of particle (system) and rigid body (system), ignores 
the deformation effects of objects, and often regards the object as a particle or rigid 
body. The other three kinds of mechanics focus on the deformation effect of the 
object, and discuss the strength, stiffness, stability, and dynamic responses of 
structures and their members. Among them, the main research object is a single 
member in the mechanics of materials, and it is the system of member structure in 
structural analysis, while in elastoplastic mechanics the research objects are massive 
structure, plate, and shell structures. 


1.1.2 Tasks 


Structural analysis is a discipline that studies the rational forms of structures (such 
as beams, trusses, frames, arches, etc.) and the rules or laws of internal forces, 
deformations, dynamic responses, and stability of structures under external forces, 
and other external factors. The research purpose is to make the structure meet the 
requirements of safety, applicability, and economy. Specifically, the basic tasks of 
structural analysis include the following aspects. 


(1) Study the construction rules, mechanical properties, reasonable forms of the 
structures, and the reasonable choice of structural computational models. 

(2) Investigate the computational methods of internal forces and deformations of 
structures, and check the structural strength and stiffness. 

(3) Research the stability of structures and the structural responses and vibration 
control under dynamic loads. 


The research methodology for problems of structural analysis includes theoret- 
ical analysis, numerical calculation, and experimental study. The course of struc- 
tural analysis focuses on theoretical analysis and numerical calculation. In structural 
analysis, the actual structure is firstly simplified as a computational model, and then 
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the corresponding computation is performed. There are various kinds of computa- 
tional approaches in structural analysis. These approaches take into account the 
following three types of fundamental equations. 


(1) Equilibrium equation or motion equation of the structural system. 

(2) Geometric continuous equation of deformation (or called compatibility 
equation). 

(3) Constitutive equation between stress and deformation (or called physical 
equation). 


The basic solution method of structural analysis directly utilizes the above three 
types of fundamental equations for calculation and analysis, which can be called the 
equilibrium-geometry-constitutive method, for example, the force method and 
displacement method. The solution method is named an energy method such as the 
unit load method, or Rayleigh—Ritz method for displacement computation, if it is 
expressed with the form of virtual work or energy. 

In the past, structural analysis problems were relatively simple and could be 
solved by analytical approaches and hand computation. With the advent and 
popularity of electronic computers, a large number of complex engineering analyses 
and design problems mainly relied on computer calculation. Computer calculation 
has enhanced the capability of solving problems and also has put forward a new 
requirement for structural analysis, that is, the computer method must adapt to the 
attribute of computer calculation. Therefore, some contents closely related to 
computer analysis of structures, such as energy principle, matrix displacement 
method, finite element method, discrete element method, meshless method, isoge- 
ometric analysis, structural analysis software, and structural optimum design, etc., 
have occupied an increasingly important position in structural analysis. In the field 
of structural analysis, energy principles, numerical methods, and program software 
have formed a new subdiscipline—computational structural mechanics, which is a 
branch of solving structural analysis and design problems by numerical methods 
with the aid of computers. 


1.2 Computational Models of Structures 


The engineering structures are usually very complicated, and it is neither possible 
nor necessary to perform mechanical analysis completely according to the actual 
situations. Thus, before implementing the mechanical analysis and structural cal- 
culation, the real structure is represented by an abstract and simplified model, which 
is called a computational model of structure or mechanical model by means of 
simplification and assumption, neglecting unimportant details and highlighting the 
essence and basic characteristics. Generally speaking, in structural analysis, the real 
structure is first simplified as a mechanical model, then the mathematical model, 
numerical model, and computer program are established, and finally the calculated 
results are applied to engineering analysis, design, and construction. This process is 
shown in figure 1.3, where the establishment and resolution of the associated 
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equations are two key links. Model verification and validation, which are closely 
related to structural analysis, are important research topics in the academic com- 
munity. It is required that the theoretical methods of structural analysis should be 
verified by physical experiments and engineering practices. 


mechanics mechanics 


modeling mechanical inethod mathematical 


engineering 


model model 


structure 


computational method 
calculated 


engineering analysis, design and construction results numerical model and programming 


Fic. 1.3 — Process of computational modelling for structure. 


The establishment of a computational model is the basis of mechanical compu- 
tation and is extremely important. The established principles of structural com- 
putational model are presented as follows: 


(1) Consistent with the actual situation—the computational model should not only 
reflect the main force and deformation characteristics of the actual structure 
but also make the calculated results accurate and credible. 

(2) Easy to calculate—distinguishing the primary and secondary aspects, omitting 
the details, ignoring secondary factors, and making the analysis and computing 
procedure convenient and simple. 


For constructing a computational model, it is necessary to simplify the real 
structure in some aspects. A brief description of the key points of simplification to 
establish the computational models of member structures is given as follows. 


1.2.1 Simplification of Structural Systems 


The member structure systems can be divided into plane member structures and 
space member structures. The general structures are actually space structures, 
where the parts are interconnected to form a spatial entirety in order to withstand 
the loads that may occur in all directions. However, in most cases, the actual 
structures can be decomposed into plane structures by ignoring some secondary 
spatial constraints, so that the computing procedure can be simplified. This text- 
book focuses on the computational issues of plane structures. Of course, there are 
also some structures that are not suitable to be simplified as plane structures 
because of their significant spatial characteristics and effects. 


1.2.2 Simplification of Members 


The cross-sectional dimensions (width and thickness) of members are usually much 
smaller than the length, and the stress on the section can be determined according to 
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its internal force (bending moment, axial force, and shear force). Therefore, in the 
computational model, the bars are represented by their axes, the connecting zones 
between the bars are represented by joints, the length of the bar is represented by 
the distance between joints, and the action points of the loads are also indicated at 
the axes. 


1.2.3 Simplification of Joints 


The interconnection zones of the bars are called joints. Usually, the joints are sim- 
plified into two ideal types: 


(1) Pinned joint The connected members cannot move with respect to each other at 
the joints but can rotate slightly against each other, i.e., they can transmit 
forces rather than moments. This ideal situation is difficult to be realized in 
practical engineering. The joints of the timber truss are closer to the pinned 
joints (figure 1.4a, b). 
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Fic. 1.4 — Pinned joint. 


(2) Rigid joint The connected members can neither move nor rotate with 
respect to each other at the joints. They can transmit both forces and 
moments. The cast-in-situ reinforced concrete joint usually falls into this 
category (figure 1.5a, b). 
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Fic. 1.5 — Rigid joint. 
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1.2.4 Simplification of the Supports 


The connections between the structures and foundations are simplified as supports. 
According to mechanical characteristics, they are generally simplified into the fol- 
lowing four types: 


(1) Roller support The supported part can rotate and translate horizontally, and 
cannot move vertically (figure 1.6a). The reaction provided by roller support is 
only the vertical reaction force F, The roller support is represented by a vertical 
support link in the daraa m] model (figure 1.6b). Roller bearings and 
rocker bearings used in bridge structures are actual examples of roller supports. 


(a) (b) 
fr 
Fic. 1.6 — Roller support. 
(2) Pin support The supported part can rotate and cannot translate (figure 1.7a). 
The pin support can provide two reaction forces F, and F’, and is represented 


by two intersecting support links in the computational mede (figure 1.7b). 


(a) (b) 


Fic. 1.7 — Pin support. 


(3) Slider support The supported portion cannot rotate, but can slide in parallel 
along one direction (figure 1.8a). The slider support can provide a reaction 
moment M and a reaction force F, and is denoted by two parallel support links 
in the computational model (etre 1.8b). 
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Fic. 1.8 — Slider support. 
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(4) Fixed support The supported part is completely fixed (figure 1.9a). The fixed 
support can provide three reactions F’,, F„ M, and is represented in the com- 
putational model as figure 1.9b. 
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Fic. 1.9 — Fixed support. 


1.2.5 Simplification of Material Properties 


The materials used in the engineering structures are usually steel, concrete, brick, 
stone, timber, and so on. In structural computation, the materials for composing 
various members are generally assumed to be continuous, uniform, isotropic, elastic, 
or elastoplastic for simplification. 

The above assumptions for metal materials with internal forces are in line with 
the actual situation in a certain range, whereas those for concrete, reinforced 
concrete, brick, stone, and other materials are approximations to a certain extent. 
As for timber, it is necessary to pay attention to the characteristic of anisotropy 
because its physical properties in the directions of grain and cross-grain are 
different. 


1.2.6 Simplification of Loads 


The loads applied on structures can be divided into body forces and surface forces. 
Body forces refer to the self-weight or inertia force of the structures, while surface 
forces are the acting forces transmitted to the structures by other objects through 
the contact surfaces, such as soil pressure, vehicle wheel pressure, and so on. The 
members are simplified as axes in member structures. Therefore, both the body 
forces and surface forces can be simplified as the loads acting on the axes of 
members. Moreover, the loads can also be simplified as concentrated loadings and 
distributed loadings in terms of their distributions. 

To illustrate the simplification process of actual structures, an example of a 
single-story reinforced concrete industrial plant is exhibited in figure 1.10a. The 
beams and columns of the plant are prefabricated. The bottom ends of the columns 
are inserted into the cup rabbets of bases and then filled with fine aggregate 
concrete. The connections between the beam and column are realized by welding the 
embedded steel plates between the beam end and column top. Columns and beams 
form a framed bent in the transverse plane (figure 1.10b). The bent is connected by 
the roof panel and crane beam on the corbel. 
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The computational model shown in figure 1.10c can be applied to the mechanical 
analysis of the plant structure. 


(b) 


foundation 


Fic. 1.10 — Simplification process of a single-story reinforcement concrete industrial plant. 


First of all, although the plant structure is a space structure in which some 
framed bents are connected by roof panels and crane beams, the bents are reg- 
ularly aligned with a certain interval in the longitudinal direction. Generally, the 
loads applied on the plant, such as dead load, snow load, and wind load, are 
evenly distributed along the longitudinal direction. Usually, these loads can be 
assigned to each of the bents, and each bent is regarded as an independent 
system. Hence, the actual spatial structure is simplified as a plane structure 
(figure 1.10b). 

Then, the beams and columns are represented by their geometric axes. Since 
the sectional dimensions of beams and columns are much smaller than the length, 
the axes can be approximated as straight lines. Due to the difference in the sec- 
tional dimensions, the heavy line is used to indicate the thicker portion of the 
column. 

The connections between beams and columns only depend on the welding of the 
embedded steel plates. Although the beam end and column top cannot translate 
relatively, it is possible that a slight relative happens. Hence, the connections 
between beams and columns in bent can be taken as the pinned joints. Because the 
relative translation and rotation cannot occur basically between the bottom of the 
column and the foundation, the bottom of the column can be viewed as fixed 
support. 
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1.3 Classification of Member Structures and Loads 


1.3.1 Classification of Member Structures 


The classification of structures actually refers to the classification of structural 
computational models. According to the mechanical characteristics, the member 
structures usually are divided into the following five categories: 


(1) Beam The beam (figure 1.1la) is a flexural member whose axis is usually a 
straight line. The beam has a single-span or multi-span beam. 

(2) Arch The axis of the arch (figure 1.11b) is a curve, and its mechanical char- 
acteristic is that there is a horizontal support reaction force (namely, thrust 
force) under vertical loads. Accordingly, the section of the arch has larger axial 
compression, smaller bending moment and shear force. 

(3) Truss The truss (figure 1.11c) consists of straight bars, whose junctions are 
pinned joints. When the truss is subjected to joint loadings, the sections of its 
bars only yield axial force. 

(4) Frame The frame (figure 1.11d) is also composed of straight bars, and the 
connections are usually rigid joints. The members of the frame are flexural 
members, and their internal forces include the bending moment, shear force, 
and axial force. 

(5) Composite structure The composite structure (figure 1.1le) is a combination 
assembled by the truss and beam or frame, which contains composite joints. 


The above-mentioned five types of structures are the most fundamental struc- 
tural categories. In addition, there are the suspension structure and cable-stayed 
structure, where the main load-bearing members are the cables hanging on the 
towers and columns with only the tension. 
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Fic. 1.11 — Various member structures. 


Introduction 11 


According to the spatial position of the structural systems, the member struc- 
tures are classified as plane structures and space structures. For plane structure, the 
axes of various members and action lines of external forces are all in the same plane, 
and figure 1.12 displays a plane truss structure. The space structure does not satisfy 
the above conditions. Figure 1.13 illustrates a space frame, where the axes of 
members are not in the same plane. In engineering design, most structures are 
usually viewed as plane structures for computation. In some cases, the spatial effect 
of structures must be considered. 


Fic. 1.12 — Plane truss. 


Fic. 1.13 — Space frame. 


In addition to the above-mentioned classification, according to the computa- 
tional characteristic, the structures are divided into statically determinate struc- 
tures and statically indeterminate structures. The structures whose internal forces of 
members (including the support reactions) can be uniquely determined by the 
equilibrium condition are called statically determinate structures. If the internal 
forces of members and the support reaction forces cannot be uniquely determined by 
the equilibrium condition, and the deformation condition must be also considered, 
then the structures are called statically indeterminate structures. 


1.3.2 Classification of Loads 


Load is the external force actively applied to a structure, for example, the self-weight 
of the structure, the crane load in the industrial plant, the water pressure, and the 
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soil pressure acting on the structure. Besides the external force, other factors can 
cause internal force or deformation of the structure, such as temperature change, 
foundation settlement, material shrinkage, and so on. In a broad sense, these factors 
can also be called loads. 

Before the calculation, the loading on the structure must be determined. The 
determination of load is an extremely important task in structural design. If the load 
is overestimated, the designed structure will be too bulky and wasteful. On the 
contrary, if the load is underestimated, the designed structure will not be safe 
enough. In terms of the action time, action position, and loading property, the loads 
can be classified into the following types. 


(1) Classification according to the action time of the load 


The loads can be divided into dead load and live load. Dead load is a constant 
load acting on the structure for a long time, such as the structural self-weight or soil 
pressure. Live load is a varying load temporarily acting on the structure, such as the 
moving train, crane load, crowd, snow load, and wind load. 


(2) Classification according to the action position of the load 


It is considered that the position of the dead load or most of the live load (such as 
snow load and wind load) acting on the structure is fixed, and such a load is named a 
fixed load. For a certain live load, e.g., the load acting on a crane beam, or the 
vehicle load on a highway bridge, its position is mobile on the structure, which is 
called moving load. 


(3) Classification according to the loading property 


The loads are also divided into static load and dynamic load. The magnitude, 
direction, and position of static load do not vary or change very slowly with time, 
which does not cause significant acceleration of structure. Thus, the influence of 
inertial force can be neglected. The dynamic load is such a load that changes rapidly 
with time or suddenly acts or disappears in a short period, causing significant 
acceleration of the structure, and hence the effect of inertial force cannot be ignored. 
The self-weight and other dead loads of the structure are static loads. The load 
generated by the machine and the pressure of shock wave are examples of dynamic 
loads. Wind load and earthquake action are usually considered as dynamic loads, 
but sometimes they are simplified to static loads in structural design. 


1.4 A Brief History of the Development of Structural 
Analysis 


In the 17th century, several giants in the history of science laid the cornerstone of 
modern science—classical mechanics. In 1609 and 1619, J. Kepler (1571 ~ 1630) 
successively published New Astronomy and Cosmic Harmony Theory and proposed 
Kepler’s three laws of planetary motion. In 1632, G. Galileo (1564 ~ 1642) published 
Dialogues on Two World Systems of Ptolemy and Copernicus, which supported 
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heliocentrism and firstly clarified the principle of relativity of the movement. In 
1638, he published Dialogues on Two New Sciences, which discussed the problems of 
fracture resistance of materials, the resistance of medium to motion, the principle of 
inertia, the motion of free fall, the motion of an object on a slope, motion of a 
projectile, etc., and gave the definitions of uniform motion and uniform accelerated 
motion. In 1687, I. Newton (1643 ~ 1727) summed up the achievements of prede- 
cessors and published Mathematical Principles of Nature Philosophy, which 
expounded and established Newton’s laws of motion and the law of universal 
gravitation, as well as constructed the basic framework of classical mechanics. 
Structural analysis was gradually developed under the framework of classical 
mechanics. 


1.4.1 Energy Principles and Energy Methods 


Energy principles are the theoretical foundation of structural analysis, from which 
several universal approaches of displacement calculation and internal force analysis, 
namely the energy methods, were derived. The principle of virtual displacements 
was proposed by J. Bernoulli (1667 ~ 1748) in 1717. British scientist J. C. Maxwell 
(1831 ~ 1879) established the theorem of reciprocal displacements in 1864 for a 
simple case with only two forces and proposed a unit load method for computing 
displacement. Subsequently, Italian scholar E. Betti (1823 ~ 1892) fulfilled a uni- 
versal proof of Maxwell’s theorem of reciprocal displacements in 1872 and gener- 
alized it to the theorem of reciprocal works. A. Castigliano (1847 ~ 1884) proposed 
Castigliano’s first and second theorems and the principle of minimum work (i.e., the 
principle of strain energy minimization or the principle of minimum potential 
energy) in 1879. German scholar F. Engesser (1848 ~ 1931) advanced the concept of 
complementary energy in 1884 and devised the method of complementary energy in 
1889. 

The principle of virtual work for deformable bodies means that external virtual 
work equals internal virtual work, which contains the principle of virtual forces and 
the principle of virtual displacements. From the principle of virtual forces for a 
deformable body, a general method for calculating the displacement or rotational 
angle of the specified point of beam, frame or truss can be derived, that is, the unit 
load method. As mentioned above, in 1864 Maxwell proposed the unit load method. 
In 1874, German mechanician O. Mohr (1835 ~ 1918) also independently established 
this method. Therefore, the unit load method is also called the Maxwell—Mohr 
method. Both of them had once applied the unit load method for computing the 
displacements of statically determinate trusses. The unit load method utilizes three 
basic conditions, namely, the equilibrium condition of the force, compatibility 
condition of deformation, and physical condition (or constitutive relation). Since the 
physical condition is not limited to describing linear elasticity, the unit load method 
is also suitable for solving the displacements of inelastic structures. Moreover, this 
method is applicable for both statically determinate and statically indeterminate 
structures. For any balanced rigid body system with ideal constraints, its internal 
virtual work is zero. Therefore, the virtual work done by the active forces (external 
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forces) of the rigid body system is zero, which is the virtual work principle of a rigid 
body. From the principle of virtual displacements for rigid body systems, an efficient 
and convenient method for calculating the specific constraint force of statically 
determinate structures was developed, that is, the unit displacement method. 

In 1879, Italian railway engineer A. Castigliano published a monograph on the 
Equilibrium Theory of Elastic System, and based on the principle of virtual work, he 
advanced Castigliano’s first and second theorems and the principle of minimum 
work. Castigliano’s first theorem leads to the approach for determining the con- 
straint force of a section after the displacements of the structure occur. This 
approach is appropriate to solve the forces of statically indeterminate structures. Its 
application is independent of the superposition principle and can be extended to 
nonlinear elastic systems, and it is equivalent to the force equilibrium condition of 
the structure. Castigliano’s second theorem leads to the approach to solving the 
displacement of a point in trusses, beams, or frames. It can be extended to the 
nonlinear elastic structures and is equivalent to the compatibility condition of 
deformation. According to Castigliano’s second theorem, the displacement at a 
point is equal to the first-order partial derivative of strain energy with respect to the 
force acting at this point along the direction of displacement to be solved. Cas- 
tigliano’s second theorem is used to determine the displacement of structures at a 
certain position on the premise that the load needs to apply on this position cor- 
responding to the displacement to be solved. If there is no load corresponding to the 
displacement to be computed, the method of additional force can be employed. In 
1878, F. Crotti proposed the theorem of calculating the displacement of elastic body. 
In 1889, F. Engesser also independently devised this theorem, which is called the 
Crotti-Engesser theorem. This theorem is derived based on the principle of virtual 
forces and the concept of strain complementary energy, and it is applicable to the 
displacement calculation of nonlinear elastic structures. Castigliano’s second 
theorem is a special case of the Crotti-Engesser theorem. Hence, the principle of 
minimum potential energy and the principle of minimum complementary energy 
were established successively. 

In 1886, German mechanician H. Muller-Breslau (1851 ~ 1925) developed a 
method for quickly determining the shapes of influence lines of internal forces of 
statically determinate and statically indeterminate beams based on the principle of 
virtual displacements. Namely, the influence line of a certain quantity (force) of 
interest is the same as the deflection shape of the released beam under this force. 
This method is called the Muller-Breslau principle or Muller-Breslau criterion, 
which is called the kinematic method in textbooks. In 2015, Dixiong Yang et al. 
established a kinematic method for analytically, exactly, and conveniently calcu- 
lating the influence line equations of internal forces for statically indeterminate 
beam structures by utilizing the principle of virtual displacements for the deform- 
able body, which overcomes the drawback of cumbersome computation of the past 
conventional approach for constructing influence lines of statically indeterminate 
forces. 

In the middle of the 20th century, breakthrough progress had been made in the 
aspects of energy principles and energy methods. The researchers successively pro- 
posed the generalized variational principles with the two and three classes of 
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variables, which are different from the univariate variational principle (7.e., the 
principle of potential energy and the principle of complementary energy), and 
provide a new approach for structural analysis. In 1950, E. H. Reissener advanced 
the generalized variational principle with two classes of variables in elasticity theory, 
showing the prospect of establishing equations that simultaneously satisfy different 
mechanical properties in the energy method. In the same year, Lingxi Qian 
(1916 ~ 2009) published a paper on the Principle of complementary energy in 
Science China, which pioneered the study of variational principles in the Chinese 
community of mechanics. Subsequently, some researches with international influence 
on variational principles appeared in China, a few of which were inspired by Lingxi 
Qian’s paper. For instance, the generalized variational principle with three classes of 
variables was proposed by Haichang Hu (1928 ~ 2011) in 1954, and similar work was 
also published by K. Washizu in the United States in 1955, which was called 
Hu-—Washizu variational principle. 


1.4.2 Force Method and Displacement Method 


Before the development of the force method and displacement method, one can only 
calculate the internal forces and displacements of simple structures. In the several 
decades since 1847, graphic methods (Maxwell diagram, etc.) and analytical 
methods (method of joints and method of sections) were applied to study the force 
analysis of statically determinate truss structures, and the foundation of truss 
theory was established. The force method was first proposed by Maxwell in 1864, 
then amended by Mohr in 1874, and fundamentally developed by Muller-Breslau in 
1886. The basis of the force method is the compatibility condition of deformation, 
thus it is a compatibility method or flexibility method in essence. When the internal 
forces of statically indeterminate structures are solved by the force method, the 
redundant constraint forces are taken as the primary unknowns. Firstly, the geo- 
metrically unchangeable primary system is selected, and the canonical equations of 
the force method are established by the condition of deformation compatibility. 
Then, the influence coefficients of displacement in the equations of force method are 
obtained by the unit load method. Finally, the equations are solved to get the 
redundant forces. When the redundant forces are determined, the other support 
reactions and internal forces of statically indeterminate structures can be calculated 
by the static equilibrium condition. 

The basic principle of the force method is simple and easy to understand. 
Nevertheless, for the complex statically indeterminate structures, the selection of the 
primary system requires more experience and intervention of users. Moreover, for 
the multistory multi-span frame structures, the number of redundant unknown 
forces is greater, and the difficulty of solving equations increases. The displacement 
method can overcome these difficulties. The development of the displacement 
method is divided into two stages of the slope-deflection method and the 
matrix displacement method. In 1826, the French mechanician C. L. M. H. Navier 
(1785 ~ 1836) advanced the displacement method in elasticity mechanics and 
applied it to solve the internal forces of statically indeterminate trusses. 
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The secondary bending moment method as the predecessor of the slope-deflection 
method was first proposed by the German H. Manderla in 1880 for computing the 
secondary bending stress of the truss, and it was modified by Mohr in 1892 and 
gradually became known. The secondary bending moment method assumes that the 
moment does not affect the joint displacements of truss structures, which is only 
effective for small bending moment effects. In the 20th century, with the gradual 
increase of bridges and high-rise buildings built with reinforced concrete material, 
the bending moment effect caused by the rigid joints became significant, and the 
joint displacements yielded by the axial forces were small. In 1914, Danish engineer 
A. Bendixen applied the slope-deflection method for calculating the internal forces 
of the frames with sidesway. In 1915, American scholars W. M. Wilson and G. 
A. Maney modified the secondary bending moment method and independently used 
it to solve the internal forces of frames, and called it the slope-deflection method. In 
1926, Danish scholar A. Ostenfeld pointed out the duality between the force method 
and the displacement method. In fact, the canonical equations with respect to 
unknown displacements in the structures are complementary to the canonical 
equations for redundant forces. When using the displacement method to solve the 
internal forces of the structure, the independent rotational angles (slopes) and linear 
displacements (deflections) are taken as the primary unknowns, and the whole 
structure is divided into a number of single members. Based on the force—dis- 
placement relation (the slope-deflection equation) of the members, the canonical 
equations of the displacement method are constructed by the equilibrium condition 
of joint moments and section projection, and then the displacements of joints are 
obtained by solving the equations. Finally, the displacements of joints are back 
substituted into the slope-deflection equations of members to obtain the internal 
forces of member ends. The displacement method does not need to care whether the 
primary system is geometrically unchangeable or not (note that the primary system 
of the force method cannot be a geometrically changeable system), and it is suitable 
for the mechanical analysis of statically determinate and statically indeterminate 
structures. 

It is seen that both the force method and the displacement method utilize the 
static equilibrium condition, the deformation compatibility condition, and the 
force-displacement relation (which can be analogous to the stress-strain relation of 
differential elements) of the structure. The difference lies in that for the force 
method, the force-displacement relation is constructed firstly by the unit load 
method at the level of the primary system (the flexibility influence coefficients 
representing the displacements of the primary system under the unit load), and then 
the deformation compatibility condition is satisfied and the flexibility equations of 
the force method are established at the structural level. Finally, the internal forces of 
member ends are solved via the equilibrium condition. While for the displacement 
method, firstly the deformation compatibility condition is considered at the level of 
the member element to express the force—displacement relation (the slope-deflection 
equation or the stiffness influence coefficients representing the internal forces of the 
primary structure under the unit displacement). Subsequently, the static equilib- 
rium condition is met at the structural level to form the stiffness equations of the 
displacement method, and the obtained joint displacements are used to solve the 
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internal forces of member ends according to the deformation compatibility condition 
and force—displacement relation. 

It is interesting to note that, there exist close connections between the force 
method, the displacement method, and the energy principles. The equation of 
the force method can be derived from the principle of complementary energy or 
Castigliano’s second theorem, and the equation of the displacement method can 
be deduced from the principle of potential energy. Moreover, the development of 
the finite element method has a direct and profound connection with the vari- 
ational principle. In general, the displacement method is suitable for solving 
statically indeterminate and determinate structures, while the force method is 
generally applicable to indeterminate structures. The displacement method can 
directly solve structural displacements and internal forces, while the force 
method cannot straightforwardly determine displacements. Additionally, the 
displacement method is easier to establish the stiffness equations and is conve- 
nient for the computer to solve automatically. Therefore, the displacement 
method is the key method of structural analysis. It is worth pointing out that 
the force method introduced in the textbook takes redundant constraint forces 
as unknowns, while some efforts are also being made to develop the integrated 
force method, which is parallel to the displacement method and takes the whole 
forces as unknowns. 

Before the advent of the computer and matrix displacement method, it was 
very troublesome for engineers to solve the higher-order algebraic equations 
obtained by the slope-deflection method. In 1922, Calisev proposed a successive 
approximation method by taking the rotational angles of the frames without 
sidesways as unknowns, which can avoid directly solving the higher-order equa- 
tions. In 1930, American scholar H. Cross developed a successive displacement 
method named the moment-distribution method, to approximately solve the 
statically indeterminate continuous beams. In fact, the ideas of the successive 
approximation method and the moment-distribution method are almost the same. 
The calculation process of the moment-distribution method is to constrain and 
relax the joints one by one, distribute and balance the bending moments at the 
joints in turn, and repeat the iteration until the unbalanced bending moments or 
the constraint moments of the joints are close to zero. The moment-distribution 
method applies successive iterative strategies to solve the simultaneous algebraic 
equations of the displacement method, which overcomes the difficulty of directly 
solving higher-order equations. It was a successful application of the iterative 
method for solving linear algebraic equations in structural mechanics, which 
attracted great attention in the engineering community and was the most sig- 
nificant progress in structural analysis in the 1930s. However, after the invention 
of the computer, the moment-distribution method and other successive analysis 
methods, such as the moment-iteration method, the no-shear distribution method, 
and the Southwell relaxation method, gradually retreated from the center of the 
historical stage and gave way to the matrix displacement method which emerged 
in the 1950s. 
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1.4.3 Matrix Displacement Method and Finite Element 
Method 


Firstly, the development of the finite element method is introduced, and then a 
specific description is given. The idea of the finite element method had been 
explicitly proposed by mathematician R. Courant (1888 ~ 1972) in 1943. In the 
1950s, J. H. Argyris (1913 ~ 2004) and R. W. Clough (1920 ~ 2016) et al. developed 
the finite element method from aircraft structural analysis. In 1960, Clough coined 
the term “finite element”. Many researchers such as Chinese mathematician Kang 
Feng (1920~ 1993), British mechanician O. C. Zienkiewicz (1921 ~ 2009), and 
American scholar Xuehuang Bian (1919 ~ 2009) had made important contributions 
to the development of the finite element method. 

In 1943, Courant first applied the piecewise interpolation function defined on the 
triangle region and solved the Saint—Venant torsion problem in conjunction with the 
principle of minimum potential energy. Zienkiewicz wrote in a review article: “It is a 
pity that, not being an engineer, he did not link the idea with networks of discrete 
elements and that, for this reason, I believe, his work had to lie in obscurity for so 
many years.” Later, the great significance of Courant’s work was recognized, and the 
year 1943 was regarded as the birth year of the finite element method. 

After the 1940s, aeronautical engineers needed to perform detailed stress analysis 
of continua such as plates, frames, beams, and trusses in metal aircraft structures, 
and the finite element method originated from the structural analysis of these 
continua. Greek mechanician Argyris published a series of papers in the journal 
Aircraft Engineering from October 1954 to May 1955. They were reprinted as a 
monograph entitled Energy Theorems and Structural Analysis in 1960. This 
monograph contains the following two main contributions. Firstly, Argysis gener- 
alized and unified the basic energy principles of elastic structure analysis. Secondly, 
he developed a practical method for complex structural analysis of aeronautical 
engineering, namely, the matrix analysis method, including the matrix displacement 
method and matrix force method. The matrix displacement method establishes the 
elemental stiffness matrices by means of the slope-deflection equation, and assembles 
them into the global stiffness matrix to form the global stiffness equation of the 
displacement method, then solves the equation to obtain the displacements of nodes, 
and further achieves the internal forces of members through the back substitution 
into the elemental stiffness equation. The matrix displacement method is the pro- 
totype of the finite element method and can be derived from the principle of min- 
imum potential energy. It can also be called the finite element method of member 
structures. The attributes of the matrix displacement method lie in that, the 
establishment of the primary system is simple and uniform, the formation of ele- 
mental and global stiffness matrices is modular, and the solution of equations is easy 
to program. Accordingly, the matrix displacement method fairly conforms to the 
requirement of computer automatic calculation and is widely applied owing to its 
generality. The matrix force method was no longer used because it inherited the 
disadvantages of the force method requiring the selection of a primary system and 
possessed the limitation that it is difficult to calculate automatically. In 1965, the 
Theory of Structures (2nd Edition) co-authored by S. P. Timoshenko (1878 ~ 1972) 
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and Young introduced the matrix force method and the matrix displacement 
method. 

In the summer of 1952, Clough came to Boeing company to work on the struc- 
tural analysis of the aircraft wing under the guidance of M. J. Turner and attempted 
to calculate the influence coefficients of the box beam with a small aspect ratio, but 
the displacement value obtained by Levy method differed from the measured value 
up to 13% ~ 65%. In the summer of the following year, Clough returned to Boeing, 
and Turner suggested a better way to model the skin panel. Clough proposed the 
Ritz analysis method in combination with the simple strain field. In 1956, Turner 
and Clough et al. published a famous paper on the analysis of two-dimensional 
elastic structures, in which they utilized three types of elements, namely triangle, 
quadrilateral and rectangular elements, to discretize the continuum. Actually, they 
advanced the finite element method which adopted the idea of the direct stiffness 
method (matrix displacement method) for the analysis of member structures, and 
the finite element used was the displacement element. The elemental stiffness 
matrices and the structural global stiffness equation were established in that paper. 
This work is considered to be the beginning of the finite element method in the 
engineering community. In 1960, Clough first named the finite element and opened 
up a broad way to transform the continuum mechanics problems into discrete 
mechanical models. E. L. Wilson, as Clough’s early Ph.D. student, made an 
important contribution to computer simulation based on the general program of 
structural analysis and developed the currently popular SAP software system. 

In the early 1960s, Kang Feng independently and separately developed the 
mathematical theory of the finite element method to address the stress analysis 
problem of the dam. In 1964, he established the finite element method for numerically 
solving the elliptic partial differential equations, which formed a standard algorithm, 
and compiled a general computer program for engineering structure analysis. In 1965, 
an article on Difference schemes based on variational principles was published. The 
properties of convergence and stability of the method were proved under broad 
conditions. Kang Feng is a computational mathematician with an international 
reputation. He also developed the natural boundary element method and proposed 
the symplectic geometric algorithm for solving the Hamilton system, which opened a 
new way for the long-term structure-preserving computation of dynamic systems. 

From 1963 to 1964, the study of J. F. Besseling, R. J. Melosh, and R. E. Jones 
indicated that the foundation of the finite element method (still called the direct 
stiffness method in the paper) is the variational principle. They proved that the 
finite element method is another formalism of the Ritz analysis method based on the 
variational principle, and confirmed that it is a universal method for dealing with 
continuum problems. Their research built the bridge of communication between the 
mathematics and engineering circles for a better understanding of the finite element 
method and pushed people to realize that it is a numerical method with both a 
rigorous theoretical basis and a common application value, and thus promoted the 
development of the finite element method. 

In 1967, O. C. Zienkiewicz and Y. K. Cheung published the first book about the 
finite element method in the world, The Finite Element Method in Structural 
Mechanics, and later adapted and published the three-volume book The Finite 
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Element Method with R. L. Taylor. The seventh edition of this book was published 
in 2013, which made a great contribution to the development and dissemination of 
the finite element method. Zienkiewicz was engaged in the research of finite element 
method for a long time, and his outstanding contributions include that: he proposed 
the patch test approach and the isoparametric element, developed the error esti- 
mation method, as well as promoting the application of the finite element method in 
fluid mechanics and civil engineering. 

To sum up, the finite element method was a novel numerical method for solving 
problems in continuum mechanics, physics, and various kinds of engineering sciences 
developed in the 1950s and 1960s. Specifically, the infinite degrees of freedom of the 
continuum are discretized into finite degrees of freedom through the subdivision of 
finite elements, so that the problem is reduced to solving algebraic equations based on 
variational principles or other methods. The finite element method not only has the 
advantages that its theory is complete and reliable, its formulation is simple and 
standard, and its precision and convergence are guaranteed, but also can construct 
appropriate elements according to the nature of the problem. Hence, the finite ele- 
ment method has a wider application range than other numerical approaches. The 
marriage of the finite element method and the computer has produced tremendous 
power, and it has become an indispensable tool for scientific research and technology 
development in many fields. Its application range is quickly extended from simple bar, 
beam, and plate structures to complex spatial composite structures. The finite ele- 
ment method makes the static analysis of some large-scale complex structures 
impossible in the past to become routine calculation, and numerous dynamic prob- 
lems and nonlinear problems also have corresponding solution schemes. For the 
mechanicians, with the help of the finite element method, credible numerical results of 
many problems difficult to obtain analytic solutions can be achieved. For engineering 
and technology professionals, the design of many complex engineering systems can 
not rely on or less depend upon expensive experiments. At present, the finite element 
method has become a crucial method to solve mathematical physics equations and is 
popularly used in computational mathematics, computational physics, computa- 
tional mechanics, electromagnetics, heat transfer, meteorology, geophysics, engi- 
neering science, and other fields. Indeed, the finite element method has truly 
revolutionized current engineering and scientific environments. 

From the magnificent development history of structural analysis, we can not only 
understand the evolution process of mechanical theories and methods driven by the 
demand of engineering application, but also can appreciate the beauty of mechanics 
and the power of scientific innovation, and thus inspire the passion of scientific 
discovery and creation. 


1.5 A Brief Introduction to Important Figures 
in Structural Analysis 


In the long history of the development of structural analysis, many important figures 
had emerged, who had made outstanding scientific contributions. The following 
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introduction highlights six great figures: C. L. M. H. Navier, J. C. Maxwell, O. 
Mohr, H. Miiller-Breslau, Stephen P. Timoshenko, J. H. Argyris. 


C. L. M. H. Navier (1785 ~ 1836), was a French mechanician and engineer. 
In 1802, he entered the Paris Polytechnic School for study. Then, he entered the 
Bridges and Roads School in 1804 and graduated in 1806. He taught applied 
mechanics at the Bridges and Roads School since 1818 and was a professor 
from 1831. In 1824, he was elected as a member of the French Academy of 
Sciences. 

Navier’s main contribution lies in that he established the basic equations for 
fluid mechanics and elasticity mechanics, respectively. In 1821, he generalized 
Euler’s equation of fluid motion, took into account the forces between the 
molecules, and thus constructed the basic equations of fluid equilibrium and 
motion, which contain only one viscous constant. In 1845, Stokes improved his 
motion equation of fuild dynamics from the continuum model and obtained the 
form of rectangular coordinate components of fluid motion equation (later called 
the Navier-Stokes equation) with two viscous constants. In 1821, Navier also 
derived the equilibrium and motion equations of elastic solids from the molecular 
model (published in 1827). These equations contain only one elastic constant. The 
basic equations of isotropic elastic mechanics with two elastic constants were 
derived by Cauchy in 1823. In 1826, he proposed the idea of the displacement 
method in elasticity mechanics and used it to solve the internal force of a stati- 
cally indeterminate truss. In addition, Navier’s other achievements in mechanics 
include the following: he first (in 1820) utilized double trigonometric series to 
solve the fourth-order partial differential equation of simply supported rectangular 
plate and introduced mechanical work in engineering to measure the efficiency of 
the machine. In civil engineering, he changed the tradition of designing suspension 
bridges by only relying on experience, and adopted theoretical calculations in 
structural design. 
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James Clerk Maxwell (1831 ~ 1879), was a British physicist. In 1854, he grad- 
uated from Trinity College, Cambridge University, and earned a degree in mathe- 
matics. In 1856, he became a professor of natural philosophy at Marischal College in 
Aberdeen, Scotland. In 1860, he was a professor of natural philosophy and astron- 
omy at London King’s College. In 1861, he was elected as a member of the Royal 
Society of London. In the spring of 1865, he resigned from his faculty and returned to 
his hometown to systematically summarize the research results in electromagnetics 
and complete the classical great work Treatise on Electricity and Magnetism about 
electromagnetic field theory, which was published in 1873. In 1871, he was appointed 
as the newly established Cavendish experimental physics professor at Cambridge 
University and was responsible for the preparation to establish the famous 
Cavendish Laboratory, which was built in 1874 and he served as the first director 
until his death in 1879. 

The most significant achievement of Maxwell is that he laid the foundation of 
classical electromagnetic theory. He also made important contributions to other 
fields of physics, such as thermodynamics, statistical physics, molecular physics, and 
optics. Maxwell’s contribution to mechanics mainly includes the following aspects: 
in 1853, he generalized the method of measuring stress by polarized light; in 1864, he 
established the theorem of reciprocal displacements, and proposed the graphical 
method for solving the internal forces of trusses in structural analysis; he pointed out 
that the truss shape figure and the internal force figure are reciprocal, advanced the 
unit load method (also called Maxwell—Mohr method) for calculating the dis- 
placements of statically indeterminate trusses, and also developed the force method 
for analysis of indeterminate structures at the same time. In 1868, he proposed a 
model for characterizing viscoelastic materials (later referred to as the Maxwell 
model) and conceived the concept of relaxation time. In the same year, in his article 
On governors, the problem of motion stability of automatic governors of steam 
engines and clock mechanisms was investigated. In 1870, Maxwell extended the 
stress function in elasticity theory proposed by G. R. Airy from a 2-dimension to a 
3-dimension case and pointed out that it should satisfy the biharmonic equation. In 
1873, he gave the stress field caused by attractive and repulsive force in the electrical 
charged system. 
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Christian Otto Mohr (1835 ~ 1918), was a German mechanician and civil engi- 
neer. In 1851, he studied at the Hannover Institute of Technology and worked in the 
railway sector in Hannover and Oldenburg since 1855. He designed some famous 
bridges and promoted the early application of steel truss structures. In 1867, he 
became a professor of mechanics at the Stuttgart Institute of Technology, and in 
1873 he taught at the Dresden Institute of Technology. His lectures were straight- 
forward and unpretentious, and he was popular with the students. 

Mohr had made great achievements in the fields of structural analysis and 
mechanics of material. In 1874, he independently developed the Maxwell—Mohr 
method of structural analysis, which can solve the nodal displacements of the 
trusses, also known as the virtual force method or the unit load method. The 
Maxwell—Mohr method can also determine the internal forces of the bars of stati- 
cally indeterminate trusses, and it is a force method in this situation. Mohr was keen 
on developing the graphical method of mechanical analysis. In 1882, based on the 
Carl Culmann stress circle, he proposed the Mohr circle characterizing the 
2-dimensional and 3-dimensional stress states, and thus established the shear 
stress-based strength theory. He also constructed the Williot-Mohr diagram for 
solving the truss displacements. In addition, Mohr and Emil Winkler independently 
suggested the concept of the influence line. 


Heinrich Miiller-Breslau (1851 ~ 1925), German mechanician and engineer. He 
was born in Breslau, Germany in 1851, and his surname was changed by himself to 
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avoid resemblance to others. After graduating from the Realschule in 1869, he 
became an engineer of the Prussian army and participated in the Franco-Prussian 
War from 1870 ~ 1871. Later, he studied civil engineering and mathematics at the 
Berlin School of Architecture and the University of Berlin. From 1875, he worked as 
an independent consulting engineer mainly working on the design of iron bridges. In 
1885, he became a professor of civil engineering at the Hannover Institute of 
Technology. A series of published papers and books as well as some famous engi- 
neering designs quickly established his good reputation. In 1888, he succeeded Emil 
Winkler as the structural engineering director of the Berlin Institute of Technology 
and later became the dean. 

Müller-Breslau is considered to be the founder of modern structural engineering 
in Germany and made important contributions to the theory of beam and frame 
analysis in structural analysis. His numerous works refined and elaborated the 
existing theoretical methods and expressed them systematically and uniformly, and 
had a profound impact. He developed fundamentally the force method for analysis of 
statically indeterminate structures and proposed the kinematic method for drawing 
the influence lines of internal forces of statically determinate structures under 
moving load, and resolved many problems in structural theory, including the 
analysis of cantilever beam, arch structure, and lattice structure, soil pressure 
problems of retaining walls, and stability issue of straight members. His three vol- 
umes of handbook Graphical Statics of Structural Theory was the authoritative work 
about graphic mechanics of graphic mechanics which achieved international recog- 
nization. The major projects designed by Müller-Breslau included the Volga River 
bridge in Kazan, Russia, and the new cathedral in Berlin. He also participated in the 
manufacturing of airships, designed large-scale aircraft hangars, and introduced 
cantilevered wings to aircraft design. 


Stephen P. Timoshenko (1878 ~ 1972), Ukrainian American engineering 
mechanician, and founder of modern engineering mechanics. He was born in Ukraine 
in 1878 and graduated from the Institute of Engineers of Ways of Communication in 
St. Petersburg in 1901. He worked in the Institute of Engineers of Ways of 
Communication, St. Petersburg Polytechnic Institute, Kiev Institute of Technology, 
Zagreb Institute of Technology, Philadelphia Vibration Company in the USA, 
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Westinghouse Electric Company, University of Michigan, and Stanford University. 
He was engaged in the study of structural analysis, mechanics of materials, and 
elasticity theory, made great groundbreaking contributions in many aspects, and 
was known as the “father of modern engineering mechanics”. In order to remember 
his great achievements in engineering science and education, the American Society 
of Mechanical Engineers established the Timoshenko Medal in 1957, and he was the 
first recipient. He received numerous honors and awards, and was elected as a 
member of the seven National Academy of Sciences: Ukrainian Academy of Sciences 
(1918), Russian Academy of Sciences (1928), Polish Academy of Sciences (1935), 
French Academy of Sciences (1939), National Academy of Sciences of USA (1941) 
The Royal Society of London (1944), Italian Academy of Sciences (1948). 

Some works of Timoshenko in structural analysis, mechanics of materials, and 
elasticity theory were written into standard textbooks and had become the funda- 
mental knowledge in the field of engineering mechanics. In particular, he developed 
the energy method of structural stability analysis and established the theory of 
transverse vibration of deep beams, namely the theory of the Timoshenko beam. 
Also, he proposed the concept of shearing center of beam and the theory of warping 
and torsion of thin-walled members, and promoted the development of elasticity 
mechanics. He published 12 textbooks, including Strength of Materials, Elements of 
Strength of Materials, Theory of Elasticity, Theory of Plates and Shells, Theory of 
Elastic Stability, Theory of Structures, Vibration Problems in Engineering, Advanced 
Dynamics, and History of Strength of Materials. These classical books of mechanics 
have been translated into 35 languages and distributed around the world, and are 
still in use today. These books are characterized by conciseness and clarity, 
describing complex phenomena and problems in straightaway language, often 
starting with simple and specific problems and generalizing them into more complex 
situations. In fact, his teaching style is similar, which is deeply beloved and 
welcomed by many students. 


John Hadji Argyris (1913 ~ 2004), Greek mechanician. He was born in Volos, 
Greece in 1913. After studying civil engineering at the National Technical University 
of Athens, he obtained his Engineering Diploma at the Technical University of 
Munich in 1936. He spent his early career in the design and research of complex 
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structures and continued his studies in aeronautical engineering at the Swiss Federal 
Institute of Technology (ETH Zurich) from 1941 to 1942. In 1943, he joined the 
Engineering Department of the Royal Aeronautical Society of London. Since 1949, 
he was a senior lecturer in aeronautical engineering at the Imperial College of the 
University of London. In 1955, he was promoted to professor and director. In 1959, 
he became the director of the Institute for Statics and Dynamics of Aerospace 
Structures at the University of Stuttgart, Germany. Together with Ray W. Clough 
and Olgierd C. Zienkiewicz, Argyris was the leading figure in developing the finite 
element method following Richard Courant. He proposed the matrix force method 
and matrix displacement method for structural analysis, made far-reaching and 
fundamental contributions to computational mechanics and its industrial applica- 
tions, and promoted the research of chaos theory. He was the author of: Energy 
Theorems of Structural Analysis, Introduction into the Finite Element Method, 
Dynamics of Structures, An Exploration of Chaos. 

He was elected as the Fellow of the Royal Society of London (1986), and a Fellow 
of the Royal Academy of Engineering (1990). In addition, he received many awards, 
including the Gauss-Newton Award from the International Association for Com- 
putational Mechanics (1990), the von Karman Award from the American Society of 
Civil Engineers (1975), the Timoshenko Medal from the American Society of 
Mechanical Engineers (1981), and the Royal Medal of the Royal Society (1985), the 
Prince Philip Gold Medal of Royal Academy of Engineering (1996), the Grand Cross 
of Merit of the Federal Republic of Germany (1989), the Einstein Award from the 
Einstein Foundation, USA (2000). 


Chapter 2 


Kinematic Analysis of Plane Member 
Systems 


A member system is composed of multiple members who are connected in a certain 
way. If all the members, constraints, and external loads of the system are in the same 
plane, the system is called a plane member system. From the viewpoint of the 
kinematic analysis, when the member deformation is not considered, member sys- 
tems can be divided into two categories: the geometrically unchangeable (or stable) 
system and the geometrically changeable (or unstable) system, depending on 
whether the geometrical positions and the shape of the system are changeable when 
subjected to arbitrary loads. If it is changeable, the system is named a geometrically 
changeable system (such an example is the hinged three-bar system shown in 
figure 2.la), and a mechanism is a geometrically unstable system. Otherwise, the 
system is named a geometrically unchangeable system (such an example is the 
system shown in figure 2.1b). Generally, the geometrically changeable system 
cannot be used as a structure, and only the geometrically unchangeable system can 
be employed as a structure to support and transmit loads. 


Fic. 2.1 — (a) Geometrically changeable system and (b) geometrically unchangeable system. 


The kinematic analysis is also termed the geometric construction analysis, which 
focuses on analyzing the geometric stability of member systems according to their 
construction rules. The objectives of the kinematic analysis are: (1) to evaluate if a 
system is geometrically unchangeable, and to determine whether it can be used as a 
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structure; (2) to study the construction rules of a geometrically unchangeable sys- 
tem, so that the designed structure can support and transmit loads independently; 
(3) to provide the guidance for the force analysis of statically determinate and 
indeterminate structures. 

In this chapter, basic concepts of the kinematic analysis of plane member sys- 
tems, basic construction rules of geometrically unchangeable systems, and the 
computational degree of freedom of member systems will be discussed. 


2.1 Several Concepts of Kinematic Analysis 


2.1.1 Degree of Freedom and Constraint 


To evaluate if a plane system is geometrically unchangeable is actually to distinguish 
whether there exist degrees of freedom of rigid motion in the system. The degree of 
freedom (DOF) refers to the number of independent parameters or coordinates used 
to determine the system’s positions. In other words, DOF is the coordinate number 
that can be changed independently when the system moves. 

Based on the theoretical mechanics, two coordinates xz and y are required to 
determine the position of a mass point shown in figure 2.2a, thus a point has two 
DOFs in the plane. For a rigid body in the plane shown in figure 2.2b, a third 
independent coordinate ø is also required to determine its position in addition to 
zand y, so a rigid body has three DOFs in the plane. In the plane member system, 
when the member deformation is neglected, any member or geometrically 
unchangeable part composed of multiple members can be treated as a rigid body, 
which can be named a rigid disc. Therefore, a rigid disc also has three DOFs in the 
plane. 

Generally, engineering structures are all geometrically unchangeable, and the 
DOF of the structure is zero. The DOF of the geometrically changeable system is 
always positive, and vice versa. 


(a) y 


Fic. 2.2 — Degrees of freedom of (a) a mass point and (b) a rigid body in a plane. 


When some restriction devices are applied on a point or a rigid disc, its DOF 
will decrease. The restriction device is named a constraint, and the constraint 
number equals the decreased number of DOF. In a plane system, the commonly 
used constraints among members or between members and supports are links, 
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hinges, and rigid joints. As shown in figure 2.3a, a link is used to constrain two rigid 
discs. Two independent rigid discs have 6 DOFs in the plane, but when they are 
constrained by a link, three coordinates are required to determine the position of 
rigid disc I and only two coordinates are needed to determine the position of rigid 
disc II, so the DOF of the system is 5. Therefore, one link is equivalent to 1 
constraint, which can decrease 1 DOF. As shown in figure 2.3b, two rigid discs are 
constrained by one hinge. For this system, 3 coordinates are required to determine 
the position of rigid disc I and only 1 coordinate is needed to determine the position 
of rigid disc II, thus this system has 4 DOFs. As a result, 1 hinge is equivalent to 2 
constraints, which can decrease 2 DOFs. Figure 2.3c demonstrates a system com- 
posed of two rigid discs, which are connected with 1 rigid joint, and the system turns 
into an extended rigid disc, so it has 3 DOFs. Accordingly, 1 rigid joint is equivalent 
to 3 constraints, which can decrease 3 DOFs. 


@ ©) y 
II 


Fic. 2.3 — (a) Link, (b) hinge, and (c) rigid joint used to restrain two rigid discs. 


In fact, constraints can be classified into simple constraints and complex con- 
straints. A link that connects two points is called a simple link, and it is equivalent to 
1 constraint. A link connecting three or more points can be named a complex link, as 
shown in figure 2.4a. Three points have 6 DOFs in the plane, and their DOF is 
reduced to 3 when they are constrained by a link. Thereby, a complex link con- 
necting 3 points is equivalent to 3 constraints, i.e., 3 simple links. By analogy, from 
the viewpoint of decreasing DOF, a complex link connecting | points is equivalent to 
21— 3 simple links. 

A hinge or rigid joint connecting two rigid discs is called a simple hinge or simple 
rigid joint, while it can be named a complex hinge or complex rigid joint respectively 
when it connects more than two rigid discs, as shown in figure 2.4b, c. In the same 
way, a complex hinge or a complex rigid joint which connects rigid discs is equivalent 
to l— 1 simple hinges or simple rigid joints, i.e., 2(1- 1) or 3(l— 1) constraints 
respectively. 

However, it is noted that not all constraints can decrease the DOF of a system. 
When a constraint is added to a system, the DOF does not decrease, and then the 
constraint is called a redundant constraint. As shown in figure 2.5, point A has 2 
DOFs in the plane, and it is connected with the foundation with two non-collinear 
links 1 and 2. Then, point A is completely fixed, and its DOF is 0. If one more link 3 
is added, the DOF of the system will still be 0, so the link can be regarded as a 
redundant constraint. It should be noted that the number of redundant constraints 
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of a system is determined, while their locations are not unique and undetermined. In 
the system shown in figure 2.5, any link can be regarded as the redundant constraint 
of the other two links. Besides redundant constraints, other constraints are called 
required constraints, i.e., the minimum number of constraints required to make a 
system geometrically unchangeable. 


(a) (b) (c) 


simple link Il 
OO Il 


complex link 1 
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Fic. 2.4 — (a) Complex link, (b) complex hinge, and (c) complex rigid joint used to restrain 
multiple rigid discs. 


Hence, to determine if a system is geometrically unchangeable, it is necessary to 
distinguish required constraints from redundant constraints. Only the required 
constraint has an effect on the DOF of a system, while the redundant constraint has 
no effect. 

Two conditions are required for the construction of a geometrically unchange- 
able system with members, i.e., enough constraints or connections and a suitable 
arrangement of them. 


Fic. 2.5 — System with a redundant constraint. 


2.1.2 Instantaneously Changeable System and Constantly 
Changeable System 


Geometrically changeable systems can be classified into instantaneously changeable 
systems and constantly changeable systems. The instantaneously changeable system 
is a special case of the geometrically changeable system. As shown in figure 2.6a, 
point A is constrained on the foundation with two collinear links. Point A can move 
along the common tangent of circular arcs I and II. Actually, only 1 DOF (in the 
horizontal direction) of point A is reduced, and the DOF of the system is 1, so it isa 
geometrically changeable system. However, when point A has a tiny displacement 6 
along the movable direction, the two links become non-collinear, and the movements 
of point A along two directions can be constrained. Therefore, the DOF of the 
system is zero, and it turns into a geometrically unchangeable system. This kind of 
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system, which is originally geometrically changeable and will become geometrically 
unchangeable after a tiny movement, is called an instantaneously changeable 
system. Besides, a changeable system that can take large rigid body displacement is 
called a constantly changeable system, as shown in figure 2.6b. A constantly 
changeable system may have redundant constraints, but an instantaneously 
changeable system must have one or more redundant constraints. Even under a very 
small load, an instantaneously changeable system will have extremely large internal 
forces, which will lead to system destruction, and thus it cannot be used as an 
engineering structure. 


Fic. 2.6 — (a) Instantaneously changeable system and (b) constantly changeable system. 


2.1.3 Instantaneous Hinge 


As shown in figure 2.7, rigid disc I is attached to rigid disc II with two non-collinear 
and non-parallel links. Assuming rigid disc II is fixed, then rigid disc I has only two 
constraints, so its DOF is 1. When rigid disc I moves, link AB will rotate around B, 
so A will move along the tangent of AB. Similarly, C will move along the tangent of 
CD. Therefore, rigid disc I will have a small rotation around the intersection point O 
of AB and CD. Point O is the instantaneous rotation center of rigid discs I and II, 
and its effect is equivalent to connecting rigid discs I and II with a hinge at point O. 
Therefore, from the viewpoint of instantaneous tiny movement, the constraint effect 
of two links connecting two rigid discs is equivalent to a simple hinge on the 
intersection point. The location of the hinge changes with the movement of the links, 
hence it is called an instantaneous hinge. In addition, the hinge is not real, so it is 
also called a fictitious hinge. 


Fic. 2.7 — Instantaneous hinge. 
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There is a special case, namely, if two parallel links are used to restrain two rigid 
discs, as shown in figure 2.8a, then these two links are assumed to have an inter- 
section at the infinity (00) point. In other words, the equivalent instantaneous hinge 
of these two links is at the infinity point, which is named an infinity instantaneous 
hinge. Tiny rotation around the infinity instantaneous hinge degenerates into the 
translation along the perpendicular direction of these two links, as displayed in 
figure 2.8b, in which tiny displacements of points A and C are perpendicular to these 
two links. 


Intersecting at œ point 


Fic. 2.8 — Rigid discs restrained with two parallel links. 


When the concept of infinity instantaneous hinge is applied in the kinematic 
analysis, four conclusions about the œ point and œ line can be adopted: 


(1) Every direction has a © point (the intersection of the parallel lines of the 
direction). 
(2) Different directions have different © points. 
) All the œ points are on the same line, i.e., the © line. 
(4) All the finite points are not on the © line. 


These four conclusions are helpful to analyze the construction rules of the plane 
member system which is connected by multiple parallel links. 


2.2 Basic Construction Rules of Plane Geometrically 
Unchangeable Systems 


To analyze and determine if a plane member system is geometrically unchangeable, 
basic construction rules of the geometrically unchangeable system without redun- 
dant constraints need to be studied first. Basic rules of the geometrically 
unchangeable system constructed with points and rigid discs are discussed in this 
section, and some examples of the kinematic analysis are presented. 


2.2.1 The Rule of Pin-Joined Member System 


To establish a geometrically unchangeable system with a point and a rigid disc in the 
plane, if the rigid disc is fixed, only two non-collinear links are needed to fix the point 
on the rigid disc, as shown in figure 2.9, and then the system is geometrically 
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unchangeable without redundant constraints. In this context, these two 
non-collinear links are named as a pin-joined member system. 

The rule of the pin-joined member system can be concluded as: a point and a 
rigid disc are connected with two links, the three hinges are non-collinear, and then 
the system is geometrically unchangeable. This is the connection way of a point and 
a rigid disc to establish a geometrically unchangeable system without redundant 
constraints. 

Obviously, if a pin-joined member system is added to a rigid disc, then the 
system is still geometrically unchangeable with no redundant constraints. Hereby, 
the addition or deletion of a pin-joined member system does not change the geo- 
metric stability of the original system. 


Fic. 2.9 — Pin-joined member system. 


2.2.2 The Rule of Two Rigid Discs 


To fix two rigid discs, if one of them is fixed, then another rigid disc has 3 DOFs 
relative to the fixed one, and three links are needed to fix this rigid disc in theory, as 
shown in figure 2.10a, b. The required precondition is that these three links are not 
concurrent or parallel with each other, because the constraint effect is equivalent to 
one hinge (or one fictitious hinge) in these two cases, which means only 2 DOFs can 
be reduced. 

The rule of two rigid discs can be concluded as if two rigid discs are connected by 
three links, these three links are not concurrent, and then the system is geometrically 
unchangeable without redundant constraints. 


A(c point) 


(a) (b) (©) 


Fic. 2.10 — Two rigid discs fixed by three links (a), by two parallel links and another link (b), 
or by one link and one hinge (c). 
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As the constraint effect of two links is equivalent to a hinge, it is concluded that if 
two rigid discs are connected by a link and a hinge, three hinges are not collinear, 
and then the system is geometrically unchangeable without redundant constraints, 
as shown in figure 2.10c. 


2.2.3 The Rule of Three Rigid Discs 


To fix three rigid discs, if one of them is fixed, then the other two have 6 DOFs, and 
three hinges are needed to establish a geometrically unchangeable system in theory, 
as shown in figure 2.1la. The required precondition is that the three hinges should 
not be collinear. 

The rule of three rigid discs can be concluded as: if three rigid discs are connected 
in pairs with three hinges, these three hinges are not collinear, and then the system is 
geometrically unchangeable without redundant constraints. 

Hinges connecting the three rigid discs can be real hinges or fictitious hinges. In 
other words, any of the three hinges can be replaced by equivalent links, and the rule 
of three rigid discs is still applicable, as displayed in figure 2.11b. 

The above paragraphs illuminate several basic rules to construct geometrically 
unchangeable systems without redundant constraints. These rules can be used to 
decide whether some simple plane member systems are geometrically unchangeable 
and whether the systems have redundant constraints, which are the specific appli- 
cations in the kinematic analysis of these basic rules. 

Before introducing the specific applications of these basic rules, their common 
points are first analyzed here. Actually, the rule of the pin-joined member system, 
the rules of two rigid discs and three rigid discs are all based on the same law, 
i.e., the geometric shape of a hinged triangle with given side lengths is uniquely 
determined. A hinged triangle is the simplest geometrically unchangeable system 
without redundant constraints. Therefore, the basic rule of the plane geometrically 
unchangeable system can be named the rule of the hinged triangle uniformly. The 
preconditions of these three basic rules include two links non-collinear, three links 
non-concurrent, and three hinges non-collinear, whose purposes are to guarantee the 
construction of the stable hinged triangle. 


(a) (b) AC °° point) 


Fic. 2.11 — Three rigid discs fixed by three real or fictitious hinges. 


To construct a geometrically unchangeable system without redundant con- 
straints, its assembling processes can be divided into two categories: 

(1) To perform the assembling from the foundation: the foundation is regarded as 
the basic rigid disc, and surrounding parts (a joint, a rigid disc, or two rigid discs) 
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are fixed on the basic rigid disc according to the basic rules to form an extended rigid 
disc. Then, the entire system is assembled one by one, from near to far rigid discs and 
from small to large rigid discs in terms of the basic construction rules. Figure 2.12 
demonstrates an example of the assembling process. 

The member system displayed in figure 2.12 is assembled from the foundation 
and through repeated applications of the basic construction rules, and different basic 
rules can be used to analyze the assembling process. With the rule of the pin-joined 
member system, this system can be considered to be constructed from the founda- 
tion and with the additions of pin-joined member systems C, D, and E in sequence. 
With the rule of two rigid discs, the foundation is regarded as the basic rigid disc, 
which composes an extended rigid disc with pin-joined member system C, and the 
extended rigid disc is named rigid disc I. In addition, the hinged triangle BDE is a 
geometrically unchangeable system without redundant constraints, which consists of 
three links connected in pairs, and it is named rigid disc I. Rigid disc II is fixed on 
the rigid disc I through link CD and hinge B, and then the entire system is formed. 
In the same way, with the rule of three rigid discs, link CD can be regarded as rigid 
disc III, and then rigid disc II and III are fixed on the rigid disc I with three 
non-collinear hinges, and the final geometrically unchangeable system without 
redundant constraints is formed. 


B 


Fic. 2.12 — Plane member system with three pinned joints. 


(2) To perform the assembling from the interior: firstly one or several rigid discs 
from the interior of the member system is chosen as the basic rigid discs, and then 
the surrounding parts are assembled based on the basic construction rules to obtain 
one or several extended basic rigid discs. Finally, the extended basic rigid discs are 
assembled with the foundation to form the entire system. Figure 2.13 illustrates an 
example of the assembling process. 

Figure 2.13 displays a plane member system with curved members. Curved 
member AC and pin-joined member system D form a geometrically unchangeable 
system without redundant constraints, which is named as rigid disc I. In the same 
way, curved member BC and pin-joined member system E are named rigid disc II. 
These two rigid discs are connected with link DE and hinge C, and the three hinges 
are not collinear. Therefore, they form a geometrically unchangeable system based 
on the rule of two rigid discs, i.e., an extended rigid disc. The extended rigid disc is 
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Fic. 2.13 — Plane member system with curved members. 


connected with the foundation through three links that are not concurrent, and then 
the original system is geometrically unchangeable without redundant constraints 
with another application of the rule of two rigid discs. 

The geometrically unchangeable system which does not depend on the founda- 
tion is called the interior unchangeable system, and otherwise, it is called the interior 
changeable system. From the above examples, some general conclusions can be 
obtained: (1) If the interior of the system and the foundation are connected with 
three links that are not concurrent, then the geometrically unchangeable charac- 
teristic of the system only depends on the interior. (2) If the interior unchangeable 
system and the foundation are connected with three links that are not concurrent, 
then it is still geometrically unchangeable. (3) If the interior changeable system is 
connected with the foundation in the same way, then it is still geometrically 
changeable. 

From the above conclusions, an analysis skill can be summarized: a system which 
is formed by connecting the foundation with three non-concurrent links can be 
analyzed by disconnecting it with the foundation. In other words, for the plane 
member system the interior of which is connected with the foundation through three 
constraints (three links which are not concurrent), the kinematic analysis can begin 
from the interior of the system, and then consider the connections with the 
foundation. 

Next, the kinematic analysis of some plane member systems will be performed 
with the three basic rules and two assembling processes, and the application skills 
are discussed. 


Example 2.1. Perform the kinematic analysis for the plane system shown in 
figure 2.14a. 


Fic. 2.14 — Member system for example 2.1. 
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Solution: The system is connected to the foundation through three links that are not 
concurrent, so the analysis can be performed by disconnecting the system from the 
foundation, as shown in figure 2.14b. This system is bilateral symmetry when 
deleting pin-joined member systems 1, 2, 3, 4, and 5 in sequence, and then only links 
AB and BC are left. Obviously, this system is geometrically changeable. 


Example 2.2. Perform kinematic analysis for the two systems shown in figure 2.15a, b. 


oq, 1) 


Fic. 2.15 — Member system for example 2.2. 


Solution: The system shown in figure 2.15a is analyzed first. There are 5 constraints 
between the interior of the system and the foundation (more than three con- 
straints), and the kinematic analysis cannot be performed by disconnecting the 
interior of the system from the foundation, so the analysis should begin from the 
foundation. Points A and C are connected with the foundation with two links 
respectively to form an extended rigid disc, which can be named rigid disc I. The 
T-shape member BEF can be named rigid disc II. Rigid discs I and II are connected 
through the link at point B and the fold members ADE and CGF. The constraint 
effects of ADE and CGF are equivalent with links AE and CF respectively. The 
system is symmetry about axis BH, so these three links are certainly concurrent at 
point O (I, II), and this point is the instantaneous rotation center of rigid disc II 
relative to rigid disc I. When rigid disc II rotates a small angle, the three links will 
be non-concurrent, and then the system becomes geometrically unchangeable 
without redundant constraints. Therefore, the system is an instantaneously 
changeable system. 

Then, the system shown in figure 2.15b is analyzed. In the same way, points A, 
B, C and the foundation can be regarded to form an extended rigid disc I and BEF is 
rigid disc II. These rigid discs are connected with hinge B and fold members ADE 
and CGF, and the equivalent members of the fold members do not go through hinge 
B. Therefore, the system is geometrically unchangeable, but it has one redundant 
constraint. 
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Example 2.3. Perform the kinematic analysis for the system shown in figure 2.16a. 


Solution: Figure 2.16a demonstrates a plane member system formed by simple 
members connected with hinges. When performing the kinematic analysis, each 
member can be regarded as a rigid disc, or as a link constraint among rigid discs. 
Then, according to the choice, there are different methods for the kinematic analysis. 
For this example, two methods are available. 

With the first method, three members shown in figure 2.16b can be regarded as 
rigid discs I, II, and III, and then other members are regarded as the constraints 
among rigid discs. Any two rigid discs are connected with two links, and the con- 
straint effect is equivalent to one fictitious hinge. According to the geometric sym- 
metry of the system, it is obvious that these three fictitious hinges are collinear, so 
the interior of the system is instantaneously changeable. 

With the second method, three members shown in figure 2.16c can be regarded 
as rigid discs and other members are regarded as the constraints, and then any two 
rigid discs are connected with two parallel links, i.e., the equivalent fictitious hinge is 
at the infinity point. According to the conclusion of the infinity point in the pro- 
jective geometry, all the infinity points are collinear. Therefore, the interior of the 
system is instantaneously changeable. 

It can be seen from the above examples that the basic construction rules of a 
geometrically unchangeable system can be used to perform the kinematic analysis. 
In general, there are two analysis methodologies: addition and deletion. For some 
systems, the addition analysis methodology can be used. Beginning from one or 
several rigid discs, the whole system is formed step by step according to the rules. 
For other systems, the deletion analysis methodology can be used. Deleting the 
pin-joined member system from the system gradually, or disconnecting the system 
from the foundation, aims to reduce the analysis complexity. When analyzing dif- 
ferent plane systems with the three basic construction rules, the key problem is 
which parts should be chosen as rigid discs and which parts should be chosen as 
constraints. 


(a) 


(b) 
Od, 1) 


O(I, M) 
A 


foam 


K-------> OQI, I 


Fic. 2.16 — Member system for example 2.3. 
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2.3 Computational Degree of Freedom of Plane Member 
Systems 


Using the rule of the hinged triangle, the kinematic analysis can be performed for 
general plane member systems, and the following two questions can be answered, 
and some conclusions can be concluded: 


(1) Whether the system is geometrically changeable? What is the number S of DOF? 
(2) Whether the system has redundant constraints? What is the number n of 
redundant constraints? 


If S > 0, then the system is geometrically changeable and it cannot be used as a 
structure. It is a constantly changeable system when n = 0, and it is an instanta- 
neously changeable system or a constantly changeable system when n > 0. If S = 0, 
then the system is geometrically unchangeable. It is a statically determinate 
structure when n = 0, and it is statically indeterminate when n > 0. 

However, for some complex member systems, it is very difficult to perform the 
kinematic analysis based on the rule of the hinged triangle, and then how to 
determine the geometric stability of the system and get S and n? A system is 
composed of parts (points and rigid discs) and constraints. The DOF S of the system 
can be solved by subtracting the number of the required constraints from the sum of 
the DOF of all the parts when they all are independent. However, for complex 
systems, the required constraints cannot be determined directly in general. 
Therefore, the computational degree of freedom W is introduced, and then some 
useful conclusions about S and n are obtained based on W. 

The computational degree of freedom of the system is defined as the total DOF a 
of all the parts minus the total constraint number d 


W=a-d (2.1) 
According to the above equation, the solution of W only needs to determine the 
total number of the DOF and the total number of constraints, which are relatively 


easy. Next, the relation between the computational degree of freedom and the DOF 
is further discussed. According to the definition of the DOF 


S=a-c (2.2) 
in which c is the number of the required constraints, and the number n of redundant 
constraints is expressed as 

n=d-c (2.3) 

Based on the above equations, it can be concluded that 
S-W=n (2.4) 
Therefore, the difference between the DOF S of the system and the computa- 


tional degree of freedom W equals the number n of redundant constraints. In 
addition, S and n are always larger than or equal to 0, so 
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S> W,n> -W (2.5) 


The above equations show the relations among S, W, and n. W is the lower 
bound of S, and — W is the lower bound of the required constraint number n. 
According to these relations and the value of W, which may be positive, negative, or 
zero, some qualitative conclusions can be get: 


(1) W> 0, then S > 0, and the system is geometrically changeable. 

(2) W = 0, then S = n. If the redundant constraints do not exist, i.e., n = 0, then 
the system is geometrically unchangeable, and it is statically determinate. If 
there are redundant constraints, i.e., n > 0, then the system is geometrically 
changeable. 

(3) W < 0, then n > 0, and the system has redundant constraints. If the system is 
geometrically unchangeable, then it is statically indeterminate. 


Then, W > 0 is the sufficient condition of a geometrically changeable system, 
which implies that the total constraint number of the system is less than the total 
number of DOF. W <0 is the necessary condition of a geometrically unchangeable 
system, which means the total constraint number of the system is not less than the 
total number of DOF. As long as the connection method of constraints is proper, the 
system is geometrically unchangeable. 

When solving the computational degree of freedom Wof the system, a part of the 
system should be regarded as parts, and the other part should be regarded as 
constraints, in which the complex constraints should be converted into equivalent 
simple constraints. A plane member system can be regarded as being composed of 
two parts: hinges and rigid discs, so three systems can be adopted to solve W, and 
thus three methods can be used. The first method regards rigid discs as parts, and 
the system is named a rigid disc system. The second method regards hinges as parts, 
and then the system is named a hinged system. The last method regards the system 
as a combination of hinge and rigid disc parts. The methods to solve Wof these three 
systems are introduced as follows. 


2.3.1 Computational Degree of Freedom of Rigid Disc 
System 


As mentioned above, a rigid disc system takes rigid discs as parts, and the system 
can be regarded as being composed of rigid discs which are constrained with rigid 
joints, hinges, and links. Assuming the numbers of rigid discs, simple rigid joints, 
simple hinges, and simple links are m, g, h, and b, respectively. According to 
equation (2.1), the computational degree of freedom W of the rigid disc system is 
written by 


W = 3m — (3g+ 2h + b) (2.6) 
It should be noted that the constraint number in the equation refers to the 


number of simple constraints, so complex constraints in the system need to be 
turned into equivalent simple constraints. In addition, the interior of rigid discs 
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should have no redundant constraints, otherwise, the redundant constraints should 
be counted in the total constraint number. 


Example 2.4. Solve the computational degree of freedom W of the plane member 
system shown in figure 2.17. 


7 


Fic. 2.17 — Member system for example 2.4. 


Solution: Members in the system are regarded as rigid discs, and the number is 4. 
Rigid discs are constrained with hinges, the number of which is 4. In addition, three 


links are used to fix the rigid discs on the foundation. According to equation (2.6), 
m = 4, h = 4, b = 3. So 


W =3m—-2h-b6=3x4-2x4-3=1 


Then the DOF S of the system is larger than 0, and the system is geometrically 
changeable. 


Example 2.5. Solve the computational degree of freedom W of the system shown in 
figure 2.18. 


Fic. 2.18 — Member system for example 2.5. 


Solution: Members in the system are regarded as rigid discs, the number of which is 
7, and they are constrained with hinges. The difference with the above example is 
that the two hinges on the lower part of the system connect three rigid discs 
respectively, so these hinges are complex hinges, and they should be converted to 
equivalent simple hinges. According to section 2.1.1, a complex hinge or a complex 
rigid joint connecting n rigid discs is equivalent to n — 1 simple hinges or simple rigid 
joints, so each of these two complex hinges is equivalent to two simple hinges 
respectively. As a result, the system in figure 2.18 has 9 simple hinges in total. 
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In addition, the system also has three link constraints. According to equation (2.6), 
then 


W =3m-2h-b=3x7-2x9-3=0 


There are no redundant constraints in the system, so the system is geometrically 
unchangeable. 


Example 2.6. Solve the computational degree of freedom Wof the system shown in 
figure 2.19a. 


(a) (b) 


Fic. 2.19 — Member system for example 2.6. 


Solution: Figure 2.19a shows a rectangle rigid disc that is fixed on the foundation 
with three links. Thus, does the computational degree of freedom of the system equal 
to zero? The answer is negative. The rectangle rigid disc is a system including 
redundant constraints, so it should be converted to a rigid disc without redundant 
constraints as well as additional constraints. In this way, the rectangle disc can be 
cut off from the middle of a member, so it will have no redundant constraints. 
Thereafter, the left and right cross sections at the cut point are constrained with 
three links as shown in figure 2.19b, and their relative horizontal, vertical, and 
angular displacements are restricted, so the system is equivalent to the original 
system. Finally, the computational degree of freedom can be calculated according to 
equation (2.6), 


W =3m-6=3x1-6=-3 


2.38.2 Computational Degree of Freedom of the Hinged 
System 


The hinged system can be regarded as being formed by hinges constrained by links. 
Assuming the hinge number of the hinged system is j, the number of links is b, then 
the computational degree of freedom W is expressed as 


W =2)-b (2.7) 
Similarly, the link constraint in the above equation refers to simple links, and if 


there are complex links in the system, the complex links should be converted to 
equivalent simple links. 
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Example 2.7. Solve the computational degree of freedom Wof the system shown in 
figure 2.17. 


Solution: The system shown in figure 2.17 has been solved in example 2.4 as a rigid 
disc system. Here, the system is viewed as a hinged system. There are 4 hinges in the 
system and 4 links among hinges. Meanwhile, the system is fixed on the foundation 
with 3 links, so there are 7 link constraints. According to equation (2.7), the com- 
putational degree of freedom is 


W=2);-6=2x4-7=1 
The result is the same as that of example 2.4. 


Example 2.8. Calculate the computational degree of freedom Wof the system shown 
in figure 2.20. 


Fic. 2.20 — Member system for example 2.8. 


Solution: The system in figure 2.20 has 8 pinned joints, and there are 12 link con- 
straints among the joints. Meanwhile, the system is fixed on the foundation with 4 
links, and it totally has 16 link constraints, so 


W =2j-b=2x8-6=0 


Example 2.9. Solve the computational degree of freedom Wof the system shown in 
figure 2.18. 


Solution: There are several pinned joints in the system displayed in figure 2.18, so it 
is suitable for being analyzed as the hinged system. The system totally has 7 hinges, 
and there are 7 links among the hinges. However, it is worth noting that there are 
two links in the upper part of the system which connects 3 hinges respectively, so 
they are complex links. According to section 2.1.1, a complex link connecting 
n points is equivalent to 2n — 3 simple links, so the complex link in this system is 
equivalent to 3 simple links. Therefore, there are a total of 3 + 3 + 5 simple links 
among hinges, and the system is fixed on the foundation with 3 links. Accordingly, 
the computational degree of freedom of the system is 


W=2j)-b=2x7-14=0 


The result is consistent with that of example 2.5. 
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2.8.3 Computational Degree of Freedom of the Mixed 
System 


For some systems, whether it is solved as the rigid disc system or hinged system, there 
will always be complex constraints, and the complex constraints should be converted 
to equivalent simple constraints, which further increase the computational com- 
plexity. For avoiding this situation, when calculating the computational degree of 
freedom of some systems, one part of the system can be regarded as the rigid disc 
system, and the other part can be regarded as the hinged system. Accordingly, the 
computational degree of freedom of a mixed system is formulated as 


W = 3m+2j— (3g9+2h+ b) (2.8) 


in which m is the number of rigid discs in the rigid disc system, 7 is the number of 
hinges in the hinged system, g and hare the numbers of simple rigid joints and simple 
hinges in the rigid disc system, and 6 is the number of simple links in the system. 
The system shown in figure 2.18 is still used as an example here, and it includes 
complex hinges and complex links, so there will be complex constraints no matter 
whether the system is treated as a rigid disc system or a hinged system. Thus, the 
system can be treated as a mixed system. Members connecting several hinges are 
regarded as rigid disc parts, and hinges connecting several members are regarded as 
hinge parts. Therefore, members AC, and AF are regarded as rigid discs, and the 
number of rigid joints and hinges between them is 0 and 1, respectively. The other part 
of the system is regarded as the hinged system, and there are 2 hinges (D and E), 5 links 
among the hinges, and rigid discs. In addition, there are 3 links between the system and 
the foundation. Thus, the computational degree of freedom of the mixed system is 


W = 3m+2j — (3g+2h4+ 6) =3x242x2-—(2x14+8)=0 
The result is consistent with that of examples 2.5 and 2.9. 


Example 2.10. Solve the computational degree of freedom Wof the system shown in 
figure 2.21. 


Fic. 2.21 — Member system for example 2.10. 


Solution: The system shown in figure 2.21 also includes complex links and complex 
hinges. In the same way, members connecting several hinges are regarded as the rigid 
disc system, so the number of the rigid discs is 2, and the number of hinges between 
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rigid discs I and II is 1. The other part is regarded as the hinged system, and there 
are 4 hinges A, B, C, and D. The number of link constraints in the system is 12. 
Hence, the system can be regarded as the mixed one, and the corresponding 
computational degree of freedom is easy to be calculated as 


W = 3m+2j- (3g+2h+ bd) =3x24+2x4-(2x1412) =0 


As indicated in the above examples, the system can be treated as the rigid disc 
system, hinged system, or mixed system as needed, which is helpful to solve the 
computational degree of freedom W quickly and accurately, and then to perform the 
kinematic analysis. 


2.4 Geometrical Stability and Static Determinacy 
of Systems 


The kinematic analysis can not only determine the geometrical stability but also can 
illustrate the static determinacy of systems. Static determinacy refers to that if all 
the reactions and the internal forces of a system under arbitrary loads can be 
determined by the static equilibrium conditions. In this section, the relation between 
the geometrical stability and the statically determinacy of systems will be discussed. 

Generally, constantly changeable or unstable systems cannot keep equilibrium 
under arbitrary loads, i.e., the equilibrium condition does not hold, so the equilibrium 
equation has no solution. A constantly changeable system cannot be used as a 
structure. 

The instantaneously changeable system has been analyzed in section 2.1, and it 
will have infinite internal forces even under a very small load, and the equilibrium 
equation also has no solution. Therefore, the instantaneously changeable system 
cannot be used as a structure either, and the application of a structure close to the 
instantaneously changeable system should be avoided in structural design. 

If the system is geometrically unchangeable, then it will maintain equilibrium 
under arbitrary loads, so the equilibrium equation certainly has a certain solution. 
However, for geometrically unchangeable systems without or with redundant con- 
straints, their solutions are different. 

The simply supported beam shown in figure 2.22a is a geometrically 
unchangeable system without redundant constraints, and it has three unknown 
support reactions. Beam AB (rigid disc) can be regarded as a free body, and then 
three equilibrium equations can be formed to uniquely determine the support 
reactions. Any cross-section of beam AB can be determined with the section method 
after the support reactions are solved. Therefore, the system is statically deter- 
mined. A geometrically unchangeable system without redundant constraints can be 
named a statically determinate structure. The system shown in figure 2.22b is added 
a link based on the geometrically unchangeable system in figure 2.22a, and it is 
geometrically unchangeable with redundant constraints. When beam AB is regarded 
as a free body, the number of unknown support reactions is 4, which is bigger than 
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the number of the equilibrium equations. Thus, there are infinite sets of solutions for 
equilibrium equations, or in other words, the solution cannot be uniquely deter- 
mined with the equilibrium equations. Therefore, a geometrically unchangeable 
system with redundant constraints is statically indeterminate, which can be named a 
statically indeterminate structure. The support reactions and internal forces of a 
statically indeterminate structure can be solved in conjunction with the deformation 
compatibility condition. 


(a) F (b) F 
„A B 3 B 
ie ie 
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Fic. 2.22 — (a) Statically determinate system and (b) statically indeterminate system. 


In summary, only the geometrically unchangeable system without redundant 
constraints is statically determinate. In other words, the geometrical stability of a 
statically determinate structure is geometrically unchangeable and has no redun- 
dant constraints. A system has redundant constraints on the basis of a statically 
determinate structure is a statically indeterminate structure. In this way, a structure 
can be determined as statically determinate or statically indeterminate through the 
study of the kinematic analysis of member systems in this chapter. 


Problems 


2.1 Perform the kinematic analysis of the systems shown in the following figures. 


(e) (f) 


Fic. P2.1 
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2.2 Perform the kinematic analysis of the systems illustrated in the following figures. 


Fic. P2.2 


2.3 Perform the kinematic analysis of the systems demonstrated in the following 
figures. 


(a) 


5 M 


Fic. P2.3 


2.4 Perform the kinematic analysis of the system shown in the following figures. 


(a) (b) (œ) 


Fic. P2.4 
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2.5 Perform the kinematic analysis of the systems displayed in the following figures. 


@) (b) ©) , 
Fic. P2.5 


2.6 Solve the computational degree of freedom W of the systems exhibited in the 
following figures. 


(a) (b) 


Fic. P2.6 


2.7 Solve the computational degree of freedom W of the systems shown in the 
following figures. 


(b) 


(œ) (d) n 


Fic. P2.7 


Chapter 3 


Analysis of Statically Determinate 
Structures 


For statically determinate structures, all the reactions and internal forces can be 
determined by solving the static equilibrium conditions. Statically determinate 
structures are widely used in practical engineering applications, because of various 
advantages, e.g., the force analysis is simple, the force state of the structure is not 
influenced by the material, no redundant members are needed for engineering 
constructions, and the material and cost saving, etc. Figure 3.1 shows several typical 
structures, which are a train axle, a bus shelter, a railway bridge, and a crane bridge 
in the plant, respectively, and their computational diagrams can be treated as 
statically determinate structures for the force analysis through approximations and 
simplifications. 


Fic. 3.1 — Typical statically determinate structures. 
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According to the feature of geometrical construction, typical plane statically 
determinate structures can be categorized as single-span statically determinate 
beams, multi-span statically determinate beams, statically determinate plane trus- 
ses, statically determinate plane frames, composite structures, three-hinged arches, 
etc. Although the force analysis of different statically determinate structures can be 
addressed by establishing equilibrium equations of the selected free body, their force 
analysis has different characteristics due to different features of the geometrical 
construction. By grasping these characteristics, the force analysis for various stati- 
cally determinate structures can be performed quickly and accurately. In this 
chapter, the relation between the geometrical construction and the force analysis, 
and the general solution order of internal forces are discussed for different statically 
determinate structures. The content includes the solution of support reactions and 
internal forces, drawing of internal force diagrams, analysis of mechanical perfor- 
mances, and so on. 


3.1 Single-Span Statically Determinate Beams 


Beams are frequently used in engineering structures, and they mainly generate 
bending internal forces under loads, and their force analysis is the foundation of 
the mechanical analysis of other structures. In the mechanics of materials, defi- 
nitions of the internal forces of the beam, relations among internal forces, and 
corresponding solution methods have been studied. In this section, the internal 
forces of a single bending member and their solution are reviewed and supple- 
mented with the single-span statically determinate beam as an example. This 
section is the foundation of the structural analysis in the following sections 
because complex member structures can be split into multiple single members to 
perform the force analysis and hence understand its whole mechanical 
performance. 


3.1.1 Single-Span Statically Determinate Beams 
and Internal Forces 


Most single-span statically determinate beams can be divided into three categories, 
and their computational diagrams are shown in figure 3.2. 


(1) Simply supported beam. One end of the beam is constrainted with a pin sup- 
port, and the other end is constrainted with a roller support, as displayed in 
figure 3.2a. 

(2) Cantilever beam. One end of the beam is fixed, and the other end is free, as 
shown in figure 3.2b. 

(3) Simply supported extended beam. The beam is simply supported, but 
one or two ends of the beam extend out of the supports, as shown in 
figure 3.2c, d. 
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Fic. 3.2 — Single-span statically determinate beams. 


The above single-span statically determinate beams all have three support 
reactions, and only the vertical reactions arise if the beam only has vertical loads. If 
the whole beam is treated as a free body, with the 3 equilibrium equations of a 
general planar force system: 


So F,=0, X F=0, )>M=0 


in which M is the bending moment of all the external forces to an arbitrary point in 
the plane of the force system, then all 3 reactions can be solved. 

If a structure is in the equilibrium state under a force system, then any part of 
the structure is in equilibrium. Therefore, if the structure is split along the section 
in which the internal forces need to be solved, the part at any side of the section 
can be treated as a free body, and the equilibrium condition is utilized to calculate 
the internal forces. This basic force analysis method is called the method of 
sections. 

The simply supported beam shown in figure 3.3a is truncated at the middle 
section of the beam, and the left part of the beam is treated as a free body. Then 
there are three internal forces in this section: the axial force Fy, the shear Fs, and 
the moment M, as shown in figure 3.3b. 

The axial force Fy is the stress resultant on the section along the axial direction 
of the member, which numerically equals the algebraic sum of the projection along 
this direction of all the external forces on the free body, and tensile force is specified 
to be positive. The shear Fg is the stress resultant at the section along the normal 
direction of the member axis, which numerically equals the algebraic sum of the 
projection along this direction of all the external forces on the free body, and shear 
rotating clockwise around the free body is considered to be positive. The bending 
moment M is the moment of stress at the section with respect to the centroid, which 
numerically equals the algebraic sum of the moment of all the external forces on the 
free body with respect to the centroid of the section and the bending moment which 
makes the lower fibers of the beam at the section in tension is specified to be 
positive. 


F, 
(a) F, P (b) P M 
| 3. 
d A 


Fic. 3.3 — (a) Simply supported beam, (b) three internal forces on the section. 
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In structural mechanics, the positive and negative signs should be labeled on the 
axial force and shear diagrams of the beam. However, for the convenience of the 
structural analysis and design, moment diagrams are often drawn on the tensile side 
of the beam, without labeling the signs, and it is different from the convention of 
some textbooks on mechanics of materials in which bending moments are marked on 
the compressive side of the beam. 


3.1.2 Relations Between Loads and Internal Forces 


(1) Differential relations between loads and internal forces 


In a straight beam with continuously distributed loads, a differential element is 
treated as a free body, the length of which is dz, as shown in figure 3.4, where qis the 
intensity of the vertical distributed load, Fs and M are the shear and the moment of 
the left section, Fs + dFs and M+ dM are the shear and moment of the right 
section. According to the equilibrium conditions of the differential element, three 
differential equations for the relations between loads and internal forces can be 
derived: 

dFg 
—=- 3.1 
ae oo (3.1) 
dM 
— = Fs (3.2) 
dz 
M 


dr g =q (3.3) 


q 


TEET 
uA | msan 


Fs Fs+dFs 
kd y 


Fic. 3.4 — Differential element in a straight beam with continuously distributed loads. 
These differential equations are equilibrium equations of the differential element, 


which indicate the relations between the internal forces and continuously distributed 
loads of the beam. 
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(2) Incremental relations between loads and internal forces 


A differential element in a straight beam with a concentrated load is treated as a 
free body, as shown in figure 3.5, in which F, is a vertical concentrated force, and Mo 
is a clockwise couple moment. According to the equilibrium conditions, two incre- 
mental relations between the concentrated loads and internal forces can be achieved: 


AFs = —Fp (3.4) 
AM = Mo (3.5) 
Fp 
p 
M ct /MN D M+AM 
FAF; 


Fic. 3.5 — Differential element in a straight beam with a concentrated load. 


(3) Integral relations between loads and internal forces 


Segment AB is extracted from a straight beam with arbitrarily distributed loads, 
as shown in figure 3.6. Integration with equations (3.1) and (3.2) yields: 


Pees f “jäs (3.6) 


TA 


Mp = Ma + mi Fs(x)dz (3.7) 


LA 


As indicated from the above two equations, the shear of end B equals the shear of 
end A subtracting the area of the distributed load q(x), and the moment of end B 
equals that of end A adding the area of the shear diagram. 


Fa qx 
Cf {> a, 
A B Fp 


Fic. 3.6 — Segment AB with arbitrary distributed loads. 


According to the above relations between loads and internal forces, some 
deductions can be further concluded: 
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(1) For a member segment without vertical loads, its shear is constant, and its shear 
diagram is a straight line parallel to the member. Its moment diagram is an 
inclined straight line, the slope of which numerically equals the shear of the 
member. 

(2) For a member with vertical uniformly distributed loads, its shear diagram is an 
inclined straight line, the slope of which numerically equals the intensity of the 
uniformly distributed loads, but the signs are opposite. The moment diagram is 
a quadratic parabola. 

(3) When there is a vertical concentrated force or couple moment on the member, 
the shear or moment will have an abrupt change, and the variation equals the 
value of the load. The moment diagram will have a cusp at the section where the 
concentrated force is applied, and the direction of the cusp is identical to that of 
the concentrated force. The couple moment has no influence on the shear. 

(4) At the section where the shear is zero, the tangential direction of the moment 
diagram is parallel to the member, and the moment has an extremum. 


With the above relations and deductions, the internal force diagrams can be 
quickly drawn and verified based on the external forces and reactions of the bending 
member. 


3.1.3 Method of Segmental Superposition 


The drawing of moment diagrams for the straight members in a structure can be 
simplified with the method of segmental superposition, which is helpful to draw the 
moment diagram rapidly and accurately. 

Herein, the drawing methods of moment diagrams for arbitrary straight mem- 
bers are discussed. Figure 3.7a shows a simply supported beam with complex loads, 
which are different in different segments. For drawing the moment diagram of the 
whole beam, the simply supported beam can be divided into multiple segments, and 
each segment is equivalent to a simply supported beam subjected to the couple 
moments at the beam ends and transverse loads. The moment diagrams can be 
calculated separately for the couple moments at the beam ends and transverse loads, 
and they are superimposed to obtain the moment diagram of the equivalent simply 
supported beam. Finally, the moment diagrams of multiple segments are joined, and 
then the moment diagram of the whole beam is obtained. 

Segment AB of the simply supported beam is used as an example here to explain 
the principle of the method of segmental superposition. Figure 3.7b shows the free 
body of segment AB, and it is under moments Ma and Mpg, axial forces Fy, and 
Fyp, shears F's, and Fsg on the beam ends besides the uniformly distributed load 
q. For explaining the characteristics of the moment diagram of segment AB, it is 
compared with the simply supported beam shown in figure 3.7c. Assuming the 
simply supported beam is under the same uniformly distributed load q and the same 
couple moments M, and Mg at the beam ends, the vertical support reactions are 
labeled as Pos and Fop. Solving Fsa, Fsp, Pua and Fos shown in figure 3.7b, c with 


the equilibrium equations respectively, it is obvious that Fs, = F},, Fse = Fip» 
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Fic. 3.7 — Force analysis of a simply supported beam with method of segmental 
superposition. 


so the moment diagrams of figure 3.7b, c are the same. Therefore, the drawing of the 
moment diagram of an arbitrary straight member segment can be formulated as the 
problem of drawing the moment diagram of the equivalent simply supported beam. 
Then, the drawing method of the moment diagram of the equivalent simply sup- 
ported beam shown in figure 3.7c will be discussed. The loads on the simply sup- 
ported beam can be divided into two parts: the load q within the span and the couple 
moments M, and Mg at the beam ends. According to the superposition principles: 
when there are multiple loads on a beam at the same time and under small defor- 
mation and linear elastic material conditions, the internal forces at an arbitrary 
section are equal to the algebraic sum of the internal forces when the loads act 
independently. With the couple moments at the beam ends acting alone, the 
moment diagram (M diagram) is a straight line as shown in figure 3.7d. With load 
q within the span acting alone, the moment diagram (M° diagram) is shown in 
figure 3.7e. Superposing the M and M? diagrams, the total moment diagram 
(M diagram) is obtained, as shown in figure 3.7f. It should be noticed that the 
overlying of moment diagrams is the superposition of longitudinal coordinates, 
which is not the simple splicing of diagrams. The relation of the three longitudinal 
coordinates M, M? and M shown in figure 3.7f satisfies: 


M(2)+ M(x) = M(x) 
Example 3.1. Draw the internal force diagram of the simply supported beam shown 
in figure 3.8a. 


Solution: Firstly, solve the whole equilibrium equations of the simply supported 
beam to get the support reactions: 
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F,, = 5kN-m(f) 


Fy = 3kN-m(f) 


Draw the moment diagram of the simply supported beam using the method of 
segmental superposition. Firstly, the simply supported beam AH is divided into 
three segments: AC, CE, and EH, and certainly AC or EH can be further divided 
into two segments. Segments AC, CE, and EH can be formulated as the simply 
supported beams shown in figure 3.8b-d. 

Then solve the couple moments at the ends of the three simply supported beams, 
respectively. In figure 3.8b, end A is a pin support in the original simply supported 
beam, so the moment Ma = 0. The couple moment at end C equals the bending 
moment of the corresponding section in the original structure. Segment AC of the 
original structure is treated as a free body, and its equilibrium equations can be 
established, then 


Mo = Fyn xX 2m— Fp x 1m =6kN-m 


In the same way, the couple moments at the ends of the equivalent simply 
supported beams CE and EH can be obtained 


My = 0 


Mg = Fg x 2m — M =4kN-m 


With the couple moments at the beam ends acting alone, the moment diagrams 
of the equivalent simply supported beams are shown in figure 3.8e-g. With the loads 
within the span acting alone, the moment diagrams are shown in figure 3.8h-j. 
Then, the total moment diagram of the equivalent simply supported beam is the 
superposition of two-moment diagrams, as shown in figure 3.8k—m. Finally, the 
moment diagram of the original simply supported beam can be obtained by joining 
the moment diagrams of the equivalent simply supported beams of AC, CE, and EH, 
as shown in figure 3.8n. 

Based on the method of segmental superposition, the general procedure to draw 
the moment diagram of a beam is summarized as follows. 


(1) Segmentation. Choose the discontinuous points of the external forces, such as 
the acting points of concentrated loads, the acting points of the couple 
moments, and the start and end points of distributed loads, as the control 
sections to divide the structure into multiple segments. 

(2) Moment determination of control points. Solve all the bending moments of the 
control sections. 

(3) Connecting the line of moment diagram. The lines for connecting the moments 
of the control sections are also called baselines. When there are no loads 
between control sections, the moment diagram of the equivalent simply sup- 
ported beam can be drawn only based on the baselines. 
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Fic. 3.8 — Force analysis for example 3.1. 
(4) Superposition. When there are loads between the control sections, the baselines 


should be superimposed with the moment diagram of the equivalent simply 
supported beam when the loads act alone. 


3.2 Multi-Span Statically Determinate Beams 


In addition to single-span beams, multi-span beams can be used to cross poor 
geological areas in engineering applications, as shown in figure 3.9a for concrete 
multi-span beams of highway bridges. This type of bridge can usually be simplified 


58 Structural Analysis 


as a multi-span statically determinate beam to analyze its force condition, and 
figure 3.9b gives its simplified calculation diagram. 


(a) E 


(b) 


Fic. 3.9 — (a) Multi-span statically determinate beam for highway bridge, (b) the simplified 
calculation diagram. 


From the perspective of geometrical construction, a multi-span statically 
determinate beam can be divided into basic parts and auxiliary parts. The basic part 
does not depend on other parts, and it can bear loads independently and maintain 
geometrical stability. On the contrary, the auxiliary part must rely on the support of 
other parts to bear the load and maintain geometrical stability. Figure 3.10 
demonstrates two construction ways of multi-span statically determinate beams. As 
shown in figure 3.10a, the left cantilever beam AB is the basic part, and the 
remaining segments BC and CD are the auxiliary parts of segment AB in turn. 
Figure 3.10b is composed of cantilever beams AB and CD and a hanging beam BC 
(such as a wooden purlin of the roof frame), and the cantilever beam AB is the basic 
part. Although the cantilever beam CD has only two roller supports, it can maintain 
equilibrium independently under the action of vertical loads. Therefore, the can- 
tilever beam CD is also a basic part under vertical loads, and the hanging beam BC 
is an auxiliary part. 

To clearly show the supporting relation among various parts, the basic part can 
be drawn at the lower layer, and the auxiliary parts can be drawn at the upper layer. 
This kind of diagram is called a cascade diagram. Figure 3.11 shows the cascade 
diagrams of the two multi-span statically determinate beams shown in figure 3.10. 


(a) A B C D ©) A B C D 


Fic. 3.10 — Two construction ways of multi-span statically determinate beams. 


c D 
Fic. 3.11 — Cascade diagrams of two multi-span statically determinate beams. 


From the perspective of the force analysis, the internal forces of a multi-span 
statically determinate beam should be analyzed in the order of load transfer (or the 
order opposite to the geometrical construction): first, calculate the auxiliary part, 
and then calculate the basic part. Reverse the support reactions of the auxiliary part 
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to the opposite direction, which are the loads applied to the basic part. In this way, 
the multi-span statically determinate beam can be disassembled into single-span 
statically determinate beams, which can be solved one by one, to avoid solving the 
simultaneous equations. By joining the internal force diagrams of the single-span 
beams together, the internal force diagrams of the multi-span statically determinate 
beams are obtained. 


Example 3.2. Draw the internal force diagrams of the multi-span statically deter- 
minate beam shown in figure 3.12a. 
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Fic. 3.12 — Multi-span statically determinate beam for example 3.2. 


Solution: The geometrical construction order of the multi-span statically determi- 
nate beam is analyzed first. Under vertical loads, both beams AB and GJ can 
maintain geometrical stability, which is the basic parts, while beams BE and EG 
need to rely on other parts to bear the load, which are the auxiliary parts, and the 
cascade diagram is shown in figure 3.12b. The calculation should be performed in 
the order of the cascade diagrams. First, analyze beam EG, and then analyze beams 
BE and GJ, and finally analyze beam AB. 
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After the support reactions of beam EG are obtained, the reaction at point E is 
applied to beam BE in the opposite direction, and the reaction at point G is applied 
to beam GJ in the opposite direction. In the same way, the reaction at point B of 
beam BE is reversely applied to beam AB. The magnitude of the load and its 
transfer path are shown in figure 3.12c. Then, the moment diagrams for each 
single-span beam can be made with the method of segmental superposition, and 
then the moment and shear diagrams can be drawn according to the differential 
relations between the loads and the internal forces or the equilibrium conditions, as 
shown in figure 3.12d, e. 

In general, the solution of the internal forces of a multi-span statically deter- 
mined beam firstly needs to solve the interaction forces among single-span beams, 
and then to calculate the internal force distribution of each single-span beam. In 
addition, the relations between the moment diagrams and the loads, supports, and 
joints can also be used, and no or only a part of the constraint forces need to be 
solved, for quickly drawing the internal force diagrams of the multi-span statically 
determinate beam, as shown in example 3.3. 


Example 3.3. Draw the moment diagram of the multi-span statically determinate 
beam shown in figure 3.13. 


(a) 1 q qa 


(b) 


Fic. 3.13 — Multi-span statically determinate beam for example 3.3. 


Solution: Firstly, observe the constraints and loads of the multi-span statically 
determinate beam. Among them, point A is the free end of a cantilever, the moment 
of which is zero, and the moment of point B can be easily determined as qa’, the 
upper side of which is in tension. Points C, F and H are hinges, and their moments 
are also zero. Beam FH is equivalent to a simply supported beam, the midpoint G of 
which is subjected to a concentrated load ga. The moment of G is qa?/2, and its 
lower side is in tension. So far, the moments of points A, B, C, F, G, and H have been 
determined. There is no load on the AB and GH segments, so their moment dia- 
grams can be drawn by connecting the moments of points A, B and G, H with 
straight lines. The segments BD and EG also have no loads, and their moment 
diagrams should also be straight lines. For segment BD, its moment diagram can be 
determined simply by connecting the moments of points B and C and extending to 
point D. According to the geometrical relations, the moment of point D can be 
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determined as ga’, and the lower side is in tension. Similarly, by connecting the 
moments of points G and F and extending to point E, then the moment of point E 
can be determined as qa?/2, and the upper side is in tension. Finally, the moments of 
points D and E are connected, and the moment diagram when segment DE is treated 
as a simply supported beam subjected to a uniformly distributed load q is super- 
imposed with the method of segmental superposition. Finally, the moment diagrams 
of segment DE and the entire multi-span statically determinate beam are deter- 
mined, as shown in figure 3.13b. 


Example 3.4. Figure 3.14a illustrates a two-span beam with a uniformly distributed 
load q. Determine the location of hinge D so that the peak value of the negative 
moment is equal to that of the positive moment. 


Fic. 3.14 — Two-span beam for example 3.4. 


Solution: Let x be the distance between hinge D and support B. In figure 3.14b, first 


oak r . + g(l—2) 
analyze the auxiliary part AD, the support reaction of which is = 


2 
moment diagram, in which the peak value of the moment is ae 


Then analyze the basic part DC and reverse the direction of the reaction at point 
D of the auxiliary part to act on the basic part. The peak value of the negative 


, and draw the 


moment is gas + w, 
Make the positive and negative moment peaks equal to each other, that is, 


q(l— r) | q? ql- x)? 


i ene: 


62 Structural Analysis 


Then 
x = 0.1721 


After the location of the hinge is determined, the moment diagram can be drawn 
as shown in figure 3.14c, where the peak values of both positive and negative 
moments are equal to 0.086qP. 


3.3 Statically Determinate Plane Trusses 


3.3.1 Characteristics and Classification of Trusses 


When a beam is subjected to loads, the main internal force is the moment. However, 
the stress distribution on the section of the beam is not uniform, so the material 
strength cannot be fully utilized. A truss is a lattice system composed of members. 
When loads only act on the joints, each member only has axial force, and the stresses 
on the section are evenly distributed, so the material strength can be fully utilized and 
trusses can be used to cross a large span. Therefore, truss structures are often applied 
in large-span factory buildings, stadiums, and bridges. Herein, the characteristics and 
internal force analysis of statically determinate plane truss are discussed. 

The truss structure is often simplified as an ideal truss during analysis. An ideal 
truss should meet the following three conditions: 


(1) Joints of the truss are smooth hinges, and each member can slightly rotate 
around the hinge. 

(2) The axis of each member is straight and passes through the center of the hinge. 

(3) Both the loads and reactions act on the hinge. 


However, the truss structure usually deviates from the ideal condition in actual 
engineering applications. For example, the joints of steel trusses are usually riveted 
or welded, and the angles among members can hardly change. The axes of truss 
members are not always straight, and all the axes at the joints do not completely 
intersect at one point. Moreover, the self-weight and wind load of the members do 
not act on the joints. However, truss members are generally long and thin, and they 
are mainly subjected to axial forces when they meet the geometrical construction 
characteristics of the truss, so the axial forces can often be calculated with the 
calculation diagram of the ideal truss. In engineering design, member axial forces 
calculated according to the ideal truss are generally called main internal forces, and 
additional internal forces due to the difference between the actual situation and ideal 
condition are called secondary internal forces (mainly the secondary moments). 
Only the solution to the main internal forces is discussed herein. It should be noted 
that for modern trusses, the members are usually nearly rigidly connected, although 
they are assumed pin-connected for simplification analysis with neglecting the very 
small errors from the second internal forces. 

Figure 3.15 displays the simplified calculation diagram of a statically determi- 
nate plane truss, and its members can be divided into chord members and web 
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members according to their locations. The chord members are divided into top and 
bottom chords, and the web members are divided into vertical and diagonal bars. 
The horizontal distance between two adjacent joints on the chord member is called 
the panel. The horizontal distance between the supports is called the span length, 
and the maximum vertical distance between the joints of the top and bottom chords 
is called the truss height. 

Statically determinate plane trusses can be classified according to different 
characteristics. According to the characteristics of geometrical construction, they 
can be divided into three categories: 


1) Simple truss: a truss originated from the base or a basic hinge-connected tri- 
angle, and then constructed by the addition of pin-joined members, as shown in 
figure 3.16a, b. 

2) Compound truss: a truss is composed of several simple trusses according to the 
basic construction rules of geometrically unchangeable systems, as shown in 
figure 3.16c. 

3) Complex truss: other statically determinate trusses that do not fall into the first 
two categories, as shown in figure 3.16d. 


top chord diagonal bar vertical bar 
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N 
bottom chord panel d 
k span length / , 


> 


Fic. 3.15 — Simplified calculation diagram of a statically determinate plane truss. 
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Fic. 3.16 — (a, b) Simple truss, (c) compound truss, and (d) complex truss. 
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According to the shape, the trusses are also divided into parallel chord truss 
(figure 3.17a), triangular truss (figure 3.17b), parabolic truss (figure 3.17c), and 
trapezoidal truss (figure 3.17d). 


l NAAN j ey, 
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Fic. 3.17 — (a) Parallel chord truss, (b) triangular truss, (c) parabolic truss, and (d) trape- 
zoidal truss. 


3.3.2 Method of Joints 


The main method of the internal force analysis of statically determinate plane 
trusses is to intercept a part of the truss as a free body and to solve the unknown 
member axial forces based on the equilibrium conditions (the tensile force is posi- 
tive). If the free body contains only one joint, it is called the method of joints. If the 
free body contains two or more joints, it is called the method of sections. 

For statically determinate trusses, the computational degree of freedom is 0. 
Taking the joints of a truss as parts, let its number be j. Taking the members as 
constraints (including rods), let its number be b. Then, according to equation (2.7) 


W=2j-b=0 


That is 27 = b. All forces acting on any joint of the truss, including loads, sup- 
port reactions, and axial forces, form a balanced concurrent force system. There are 
two equilibrium conditions for the force system: ZF’, = 0 and XF, = 0, so each joint 
has 2 equilibrium equations. Therefore, j joints have 27 independent equilibrium 
equations, and all the unknown forces of the b constraint members can be deter- 
mined by solving the simultaneous equations. 

The method of joints uses a single joint as a free body, which only has two 
equilibrium equations, and two unknown forces can be determined. Therefore, when 
the number of unknown forces on the joint does not exceed two, the method of joints 
is appropriate. Otherwise, the equilibrium equations of multiple joints must be 
solved simultaneously. The method of joints is suitable for the analysis of simple 
trusses, because the simple truss starts from a hinge-connected triangle and is 
constructed by the addition of pin-joined members in turn, and the last joint will 
only contain two members. Therefore, the analysis of such bars can firstly solve the 
support reactions based on the whole equilibrium conditions of the truss, and then 
begin from the last joint of the geometrical construction as the free body. Following 
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the reverse order of the geometrical construction analysis, the joints are treated as 
free bodies in turn to solve the axial forces of all the bars, avoiding the trouble of 
solving simultaneous equations. 


Example 3.5. Figure 3.18a shows the simplified calculation diagram of a simple 
truss, under the loads shown in the figure. Determine the axial force of each bar. 


Solution: (1) Solve the support reactions 
1 
Fa = Fp = 5X (80KN x 3) = 120KN (1) 


(2) The simple truss can be viewed as the combination of the hinge-connected 
triangle ACD and successively added pin-joined members. The analysis can be 
performed sequentially from the last joint B in the order opposite to the geometrical 
construction. 

First take joint B as a free body, as shown in figure 3.18b, and the unknown 
forces are Fypy and Fypa, which are assumed to be tensile forces. The axial force 
Fypo of the diagonal bar is replaced by its component forces F,pq and Fygq. From 
LF, = 0,120 kN + Fipe = 0, so Fygq = —120 KN. Using the proportional relation, 
Fæa = —120 kN x 3/4 = -90 KN. Finally, from =F, = 0, Fngu + Func = 0, and 
Fypu = 90 kN (tension). 


(3) Analyze joint H 


The free body diagram of joint H is shown in figure 3.18c, where the known 
forces are drawn in the actual directions, and the unknown forces Fyyp and Fyya 
are assumed to be tensile forces. From XF, = 0, Fyyp ~ 90 kN = 0 and Fyyp = 
90 kN (tension). From LF, = 0, 80 kN — Fyuc = 0 and Fyyg = 80 KN (tension). 


(4) Analyze joints G and E in turn 


The free body diagram is shown in figure 3.18d. The unknown forces are Fyqp 
and Fyar, and the axial force Fyqr of the diagonal bar is replaced by the 
component forces F cr and F cr. From LF, = 0, For + 80 kN — 120 kN = 0, 
so F ar = 40 kN. From the geometric proportional relation between F cr and Fyar, 
Figp = 40 kN x 3/4 = 30 KN. Finally, from EF, = 0, Fyer + 30 kN + 90 kN = 0, 
and finally Fyer = —120 kN (compression). 

Then Analyze joint E, from XF, = 0, Fyer = —80 kN (compression). 


(5) Using symmetry 


Since both the truss and loads are symmetrical, the internal forces of the truss 
should also be symmetrical. Therefore, the axial forces of other bars can be directly 
obtained from the calculated member axial forces according to the symmetry. The 
axial forces of the entire truss are exhibited in figure 3.18e. 

The above is the general process of the method of joints. In addition, when 
applying the method of joints, special properties of trusses or joints can also be used 
to speed up the solving process of the internal forces. 
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Fic. 3.18 — Simple truss for example 3.5. 


The first is to use the nature of the joint single-bar to directly determine some 
members with zero axial force in the truss, which is the so-called zero-force bar, or to 
directly determine the relations between the axial forces of certain members. 
A member is called the joint single-bar, the internal forces of which can be deter- 
mined by one equilibrium equation when the joint is treated as a free body. When 
the joint has no load, the axial force of the single bar is zero. Based on this, the 
zero-force bars in the truss shown in figure 3.19 can be quickly determined (the bars 
labeled with two short lines perpendicular to the member axis are zero-force bars), 
simplifying the calculation of the axial forces. 


Fp/2 
(a) N x (b) Fe 


Fic. 3.19 — Quickly determination of the zero-force bars. 


The second is to use symmetry. The symmetry of a truss structure can be used to 
simplify the calculation of the axial forces. If symmetrical structures are subjected to 
symmetrical or anti-symmetrical loads, their internal forces and deformations (also 
called responses) must also be symmetrical or anti-symmetrical. The using of 
symmetry not only will directly reduce the calculation of the structural analysis but 
also can determine the force states of some special members, which also serves the 
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purpose of simplifying the calculation. As shown in figure 3.20a, the truss is a 
symmetrical structure under the action of symmetrical loads, and then its axial force 
distribution is also symmetrical with regard to the symmetry axis. Then, combined 
with the vertical equilibrium condition at point D, members CD and ED can be 
directly determined as zero-force bars. In figure 3.20b, the symmetrical structure is 
subjected to anti-symmetrical load, and its axial forces must be anti-symmetrically 
distributed with regard to the symmetry axis, so member CE can be directly 
determined as a zero-force bar. 


Fic. 3.20 — Symmetrical structures subjected to (a) symmetrical and (b) anti-symmetrical 
loads. 


3.3.3 Method of Sections 


As mentioned above, the method of joints uses joints as the free body, with which 
only 2 unknown forces can be determined each time, and a truss needs to be solved 
according to the construction order. When a joint contains 3 or more unknown 
forces or only the axial forces of some members of the truss need to be solved, the 
method of joints is not suitable. Herein, the method of sections can be used. The 
method of sections uses a section to cut the members and to separate one part from 
other parts to form a free body, and the free body includes two or more joints. 
Herein, all the forces acting on the free body form a plane general force system, and 
three independent equilibrium equations can be established. In this way, if there are 
no more than three unknown forces on the free body, these three equilibrium 
equations can be used to solve the unknown forces. 

The method of sections is suitable for simple trusses and compound trusses. 
Firstly, select an appropriate section, which will truncate no more than 3 members, 
so that the unknown axial forces of the free body can be determined. Secondly, when 
the equilibrium equations are established, try to make each equation contains only 1 
unknown force so that the solution of simultaneous equations can be avoided. 
Finally, the property of a sectional single-bar can be utilized. Regardless of the 
number of unknown axial forces on the section which is taken out by using the 
method of sections, if the axial force of a member can be determined by only one 
equilibrium equation, the member is called a sectional single-bar. Therefore, in some 
cases, more than three members can be truncated with one section. For example, 
among all the truncated members, other members intersect at one point or are 
parallel to each other except for one member, then the member is a sectional 
single-bar, and its axial force can still be determined by solving one equilibrium 
equation. As shown in figure 3.21, member a is a single bar of the section m-m. 
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Fic. 3.21 — Sectional single-bars. 


Example 3.6. Determine the axial forces of bars 1, 2, 3, and 4 of the truss under the 
loads shown in figure 3.22. 


Fic. 3.22 — Plane truss for example 3.6. 


Solution: The first is to solve the support reactions, and it is easy to get the two 
vertical support reactions according to the symmetry, which both are 2.5Fp (‘). 
Firstly, cut bars 1, 2, and 4, make the m-m section as shown in the figure, and 
divide the truss into two parts. Take the left part as a free body, the external loads of 
which includes the support reactions, the loads, and the unknown axial forces of bars 
1, 2, and 4 (each one is a single member of the section). The free body can give 3 
equilibrium equations, so 3 unknown forces can be solved. However, it is necessary to 
avoid solving simultaneous equations when trying to set equilibrium equations, so 
proper equilibrium equations should be chosen and solved in order. Firstly, the 
intersection point D of bars 2 and 4 can be the center to set the moment equilibrium 
equation. In this way, the moments of the axial forces of bars 2 and 4 for point D are 
zero, and the equilibrium equation has only one unknown axial force of bar 1. Then 


X 0 Mp =0, F x 15m— Fp x (10m+5m)+ Fy x 6m=0 


Fa = 2.5 Fp, and then Fy; = —3.75Fp (compression). 
Similarly, the intersection point C of bars 1 and 4 can be the center of the 
moment equilibrium equation, and the axial force of bar 2 can be obtained: 


XO Mc = 0, Fy, x 10 m— Fp X 5 m— Fyo x 6m=0 


Solve the equation, Fy2 = 3.33Fp (tension). 
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After solving Fy; and Fyn, the vertical component Fy. of Fy4 can be determined 
according to the vertical projection equilibrium equation of the free body 


ys F,=0, Fpa +2Fp —2.5Fp =0 


Therefore, Fyna = 0.5 p. Based on the geometric relations, Fxg = 0.65Fp. 

To solve the axial force of bar 3, another section n-n should be chosen as shown in 
the figure. The left part is treated as the free body, and the vertical projection 
equilibrium equation is set to get Fy3 = —0.5Fp. 


3.3.4 Combined Application of the Method of Joints 
and the Method of Sections 


For the internal force calculation of some trusses, sometimes it is difficult using the 
method of joints or the method of sections alone. They can be combined to quickly 
calculate the axial forces of the specific members, which is named the combined 
method. 

Figure 3.23a illustrates a simple truss. Calculate the axial forces of bars 1 and 2. 

When using the method of sections, the section n-n can be taken and the left half 
part is treated as the free body, and the equation obtained from } F, = 0 includes 
two unknown quantities F, and F„2, so another equation needs to be added. This 
supplementary equation can be obtained using the method of joints. Herein, joint D 
is taken as the free body, as shown in figure 3.23b, and a second equation including 
Fy, and Fy can be established based on the joint equilibrium equation. If the two 


y 
equations are combined, the axial forces of bars 1 and 2 can be solved. 


@ F2 Fp Fp Fp F/2 ©) 


Fic. 3.23 — Internal force calculation of a simple truss via combined use of method of joints 
and method of sections. 


Example 3.7. Calculate the axial forces of bars 1, 2, and 3 of the truss shown in 
figure 3.24a. 


Solution: Calculate the support reactions first. 
This is a compound truss, which is not easy to solve with the method of joints alone. 
Section m-m is made firstly to calculate Fy4. The right part of section m-m is 
treated as the free body (the free body figure is omitted), and G is treated as the 
moment center. Then 


XO Mc = 0, Fy, x 4m —6kN x 8m =0 
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Fic. 3.24 — Compound truss for example 3.7. 


Therefore 


Fy4 = 12kN (tension) 


Make another section n-n, and take the left part as a free body (figure 3.24b). 
Take point D as the moment center and decompose Fyp into F, and F, at point G. 


XC Mp =0, 18kN x 4m—3kN x 4m- 6kN x 2m -— 12kN x 4m — Fp x 4m = 0 
Therefore 
Fy =0, F =0, Fro =0 
Then take joint E as a free body (figure 3.24c), and use the projection equation 
to determine Fy, and Fy3. 
Š Fr =0, 12KN — Fis =0 
Therefore 
F3 = 12kN 
Then 
F =12kN, Fy3 = 12kN x V2 = 16.97KN (tension) 


XC F,=0, Fyi + Fy =0 
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Then 
Fy, = —F yg = —12 kN (compression) 


3.4 Statically Determinate Plane Frames 


3.4.1 Characteristics of Frames 


A frame is a member structure composed of beams and columns, the whole or part of 
which are connected by rigid joints. When the member axes, loads, and support 
reactions of the frame are in the same plane and there are no redundant constraints, 
it is called a statically determinate plane frame. From the perspective of deforma- 
tion, there are no relative rotations of all the member ends at the rigid joints of the 
frame, so the angles among the members remain unchanged. From the perspective of 
force, rigid joints can transmit the axial force, shear, and moment, and the moment 
is the main internal force in the frame. A frame has good integrity, great stiffness, 
and large effective usable space, and is widely used in engineering applications. 

Common types of statically determinate plane frames are cantilever frames 
(figure 3.25a), simply supported frames (figure 3.25b), three-hinged frames 
(figure 3.25c), and master-slave frames (figure 3.25d). 


@) © 


© (d) 


Fic. 3.25 — (a) Cantilever frame, (b) simply supported frame, (c) three-hinged frame, and 
(d) master-slave frame. 


3.4.2 Calculation of Support Reactions 


In the analysis of statically determinate plane frames, usually, the support reactions 
are first determined, then the internal forces of the key sections of each member are 
obtained, and finally, the internal force diagram of the frame is drawn. In the 
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calculation of the support reactions of the frame, independent equations should be 
established as much as possible. 

For the simply supported frame shown in figure 3.26, the vertical projection 
equilibrium equation } F, = 0 can be established first to obtain the support reac- 
tions, and then Fc can be obtained. Then calculate the moments to the intersection 
point O of Fac and Fpp, establish the moment equilibrium equation } Mo = 0, and 
solve Fra. Finally, a horizontal equilibrium equation } F, = 0 is established, and 
Frp can be calculated. 


Fic. 3.26 — Calculation of support reactions of simply supported frame. 


As shown in figure 3.27a, the three-hinged frame has four support reactions. 
Then, three whole equilibrium equations and a local equilibrium condition, t.e., the 
moment at hinge C is zero, are used to determine the 4 support reactions. 

Separate the three-hinged frame from the base to form a free body, and establish 
the moment equilibrium equation at point B: 


Sno, Fad ton, Rac- EO 


Second, construct a vertical projection equilibrium equation for the free body, 


= = _ of 
SOF, =0, Fy the =0, Fy => 


ay D) 


Again, establish the horizontal projection equilibrium equation for the free body, 
and the relation between Fa and Fp can be obtained: 


XOF, =0, Fatof-Fm=0, Fra = Fn — of 


Finally, Fa and Fy, can be determined using the equilibrium equation, i.e., the 
moment at hinge C is zero. If the right half of the rigid frame is treated as a free 
body, then 


af 
ei (=) 


l 
J M=0, Faf- Fpz=0, Fæ = 


Therefore 
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(b) 
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Fic. 3.27 — Calculation of support reactions of three-hinged frame. 


It can be seen from the above solution process that generally the support reac- 
tions of the three-hinged frame are coupled in pairs and need to be calculated by 
solving the simultaneous equations. Therefore, establishing independent. static 
equilibrium equations of the support reactions can reduce the computational effort. 
In the frame shown in figure 3.27a, the right half of the frame has no loads and the 
moment at point C is zero, so the action line of the reaction at support B must pass 
through point C. Line BC and the action line of F,, intersect at point O, as shown in 
figure 3.27b. Then, taking point O as the center to establish the moment equilibrium 
equations, F’,, can be determined and used as the breakthrough for solving other 
support reactions: 


So Mo =0, Fea Qf taf Sf=0, Fa =- (e) 


Figure 3.28a shows a master-slave frame with four support reactions. According 
to the geometrical construction analysis, the right part of point C is the basic part, and 
the left part is the auxiliary part. The force analysis should be performed in the reverse 
order of the geometrical construction, from the auxiliary part to the basic part. The 
left part of point C is firstly treated as a free body, as shown in figure 3.28b. Taking 
point C as the center of the moment equilibrium equation, Fp can be obtained: 


1 
XO Mc =0, Frp-a+P-54+qa-5a=0, Fp = —qa 


Then, according to the horizontal projection equilibrium equation of the free 
body 
So Fr =0, Fn t+P-Fio=0, Fro =0 


Again, according to the vertical projection equilibrium condition of the free 
body, it can be determined: 
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XO Fy =0, Fyo-qa=0, Fy = qa 


After obtaining the support reactions of the adjunctive part and the constraint 
forces between the adjunctive part and the basic part, the constraint forces can be 
reversely acted on the basic part, and then the support reactions of the basic part 
can be determined, as shown in figure 3.28c. Cut the basic part from the base as a 
free body, and then the horizontal projection equilibrium equation can be given to 
solve Fa: 


XOF, =0, Fa-Q-F.c=0, Fra =a 


Then, take point A as the center to establish the moment equilibrium 
equation: 


5 5 3 3 3 
y Me =0, Fp a+ Fro Gat @- ea Fy 54-9°50°50=0, Fyp = 2qa 


Finally, according to the vertical projection equilibrium equation of the basic 
part, Fy, is obtained: 


3 1 
XCF, =0, Fya +Fp-q4:30-Fo=0, Fa=34 


Fic. 3.28 — Calculation of support reactions of master-slave frame. 
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3.4.3 Internal Force Analysis and Drawing Internal Force 
Diagram of Frames 


After determining the support reactions of the frame, the internal force analysis and 
drawing an internal force diagram of the frame can be performed, and the steps are 
usually presented as follows. 


1) Segmentation: Divide the frame into several segments according to the joints 
and load discontinuity points. 

2) Shape determination: Determine the shape of the internal force diagram in 
terms of the loads in each segment. 

3) Evaluation: The internal forces of each key section are evaluated with the 
method of sections or the internal force calculation formulas. 

4) Drawing: According to the internal forces of key sections and the lateral loads, 
combined with the method of segmental superposition, draw the internal force 
diagrams of the frame. 


Example 3.8. Solve the support reactions of the simply supported frame shown in 
figure 3.29a and draw the moment, shear, and axial force diagrams. 


Solution: (1) Determine the support reactions of the simply supported frame. 
Use the three whole equilibrium conditions to obtain the support reactions: 
F.a = 80 KN, Fa = 20 kN, Fp = 60 KN. 


(2) Solve the internal forces of member ends and draw the internal force diagrams of 
each member. 


The frame is divided into two parts: members AB and BD, and then they are 
solved separately, in which the key problem is to determine the internal forces of 
member ends at joint B. Member AB is taken as a free body, as shown in 
figure 3.29b. 

Establish the equilibrium equations of the free body to determine the internal 
forces at end B of member AB: 


XOF, =0, Fepat+20x 4- Fra =0, Fopa = 0 
XO F,=0, Fapa — Fya =0, Fypa = 20kN 


X0 Mp =0, Mpa +20 x 4x 2-F,, x 4=0, Mpa = 160kN-m 


The method of segmental superposition is used to draw the moment diagram of 
AB shown in figure 3.29c. 

Then, using joint B as a free body, as shown in figure 3.29d, the internal forces at 
end B of member BD can be determined according to the joint equilibrium 
equations. 


Fspp = —Fypa = —20 kN, Fyen = Fspa =OKN, Mep = Mpa = 160kN-m 
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Fic. 3.29 — Simply supported frame for example 3.8. 


According to the internal forces at the end of member BD, the method of seg- 
mental superposition can be used to determine the internal forces at each section of 
member BD, and then draw the moment diagram of the entire simply supported 
frame, as shown in figure 3.29d. The shear and axial force diagrams of the frame can 
also be obtained by joining the shear and axial force diagrams of each member, as 
shown in figure 3.29e, f. 


Example 3.9. Draw the moment diagram of the cantilever frame shown in 
figure 3.30a. 


Solution: For the cantilever frame, the support reactions can be calculated first, or 
the moment diagram of the member can be drawn directly from the cantilever end, 
which is used in this example. According to the geometrical construction and load 
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Fic. 3.30 — Cantilever frame for example 3.9. 


distribution, the frame can be divided into four members: CD, BE, DB, and BA, and 
the calculation can be performed from outside to inside. 


(1) First analyze member CD. With member CD as a free body, as shown in 
figure 3.30b, its equilibrium equation is used to determine the internal forces 


at end D: 
Fspc =0, Fypc = 0, Mpc +2qa° =0, Mpc = —2qa” 
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(2) Analyze joint D to determine the internal forces at end D of member BD, as 
shown in figure 3.30c: 


Fspp =0, Fypop =9, Mpg = —Mpc = 240” 


(3) Analyze member DB to determine the internal forces at end B of member DB, 
as shown in figure 3.30d: 


Fxypp = 0 
Fspp +6qa = 0, Fspp = —6qa 
5 Mg =0, Mpp — Mpg + 6qa -2a = 0, Mpp = —10qa? 


(4) Analyze the inclined member BE in figure 3.30e, and determine the internal 
forces at end B by the equilibrium equations: 


SOF, =0, Fyer +q:4a-sing=0, Fryer = —4¢qa-0.6 = —2.4qa 
> F,=0, Fsge-— q-4a-cosa=0, Fsgr = 4qa- 0.8 = 3.2¢a 


X Mp = 0, Mpg — q: 4a- 2a=0, Mpg = 8qa? 


(5) Analyze joint B in figure 3.30f, and establish the equilibrium equations to 
determine the internal forces at end B of member AB: 


OF, =0, Fsga + Fyen — Fspe sina — Fnyser cosa = 0, Fsga =0 
X F, =0, Fygea — Fspp + Fspe > cosa — Fyer sing = 0, Fypa = —10qa 
>> Mp =0, Mpa — Mep — Mpe =0, Mpa = —2¢0? 


(6) Finally, analyze member AB in figure 3.30g, to find the internal forces at end A 
of member AB: 


Fyag = Fypa = —10qa 
Fgan — Fspa —2¢:4a=0, Fsag = 8qa 
Map — Mpa — 2q:-4a-2a=0, Mag = 14qa? 


So far, the internal force analysis of all the member ends of the frame has been 
completed. Using the method of segmental superposition, the internal force dia- 
grams of each member can be drawn and finally connected to form the internal force 
diagram of the frame. The moment diagram is shown in figure 3.30h, and the shear 
and axial force diagrams can also be drawn similarly. 


Example 3.10. Draw the moment diagram of the three-hinged frame shown in 
figure 3.31a. 
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Fic. 3.31 — Three-hinged frame for example 3.10. 


Solution: (1) Solve the support reactions 
X0 Mg =0, Fya-4+20-30-2=0, Fy, = 10kN 
S > Fy, =0, Fp = 30—- Fy, = 20kN 
X0 Mc =0, Fy: 2- Fe-4=0, F = 10kN 
XOF, =0, Fra = Fm = 10kN 


(2) Draw the moment diagram of the frame. The key problem is to determine the 
moments of member ends at joints D and E, so members AD and BE are 
analyzed first, as shown in figure 3.31b. For member AD, 


> Mp =0, Mpa = Fi: 4=40kN-m 


For member BE, 
X Mp =0, Meg =—F.p-4=—40kN-m 
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Then, according to the joint equilibrium conditions, as shown in figure 3.31c, 
Mpc and Mg can be determined: 
Mpc = Mpa — 20 = 20kN-m 
Mec = — MEg = 40kN-m 
According to the property of the hinge, the moment at point C Me = 0. 
According to the method of segmental superposition, the moment diagram of each 


segment can be directly drawn, and finally, the moment diagram of this three-hinged 
frame can be combined, as shown in figure 3.31d. 


Example 3.11. Draw the moment diagram of the master-slave frame shown in 
figure 3.32a. 


(a) (b) 
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Fic. 3.32 — Master-slave frame for example 3.11. 
Solution: For the master-slave frame, the adjunctive part should be calculated first, 


then the basic part. As shown in figure 3.32a, the frame AGEC is the adjunctive 
part and acts on the basic part CDB through point C. Therefore, AGEC should be 
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analyzed firstly as a free body in figure 3.32b. After determining the internal forces 
at point C of the adjunctive part, the internal forces can be used to react on the basic 
part, and then the basic part can be analyzed as a free body in figure 3.32c. After 
that, the basic part can be split into single members to determine the internal forces 
of the key joint F. Finally, the bending moment diagram of the entire structure is 
determined and drawn according to the method of segmental superposition, as 
shown in figure 3.32d. 

After completing the moment diagram, the indirect method can also be used to 
determine the shears and axial forces of the frame, the basic idea of which is to take a 
member as a free body, establish moment equilibrium equations, calculate the shears 
based on the moments of member ends, and draw the shear diagram. Finally, taking 
the joint as a free body, the axial force is obtained from the shears of the member 
ends using the projection equilibrium, and then the axial force diagram can be 
drawn. 


Example 3.12. Draw the internal force diagrams of the portal frame under a uni- 
formly distributed load in figure 3.33a. 


Solution: (1) Solve the support reactions of frame 


My =0, 6kNx3m-—Fpx12m=0, F = 1.5KN (1) 
>> Mp =0, 6KN xX 9m— Fa x12m=0, Fya =4.5kN (f) 
XY Fe = 0, Fra — Fe = 0, Fra = Fiz 

>> Mc = 0 (Consider the right part of hinge ©), 


F, x 6.5m- Fpx6m=0, F, = 1.385kN (—) 
Faa = 1.385 kN (—) 


(2) Draw the moment diagram M 


Firstly, calculate the moments of member ends, draw them on the tensile side of 
the member axes and connect them with straight lines, and then superimpose the 
moment diagram of the simply supported beam. 

Take member DC as an example, 


Mpc = —1.385 kN x 4.5 m = —6.23kN-m 
Mcp = 0 


The moment of the center point of member DC is 
1 1 
5 X (—6.23KN-m) + 3x 1kN/m x (6 m)’ = 1.38kN-m 


The moment diagram M is shown in figure 3.33b. 
(3) Draw the shear diagram Fs 


The shear of a member end can be solved with direct and indirect methods. 
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1 kN/m 


1.385 k | 
385 kN 1.5 KN 


© ay Na 


-0.839 YX Ás kN 


1.86 KN 0.985 kN 


Fic. 3.33 — Portal frame for example 3.12. 
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For members AD and BE, one side of the section can be taken as a free body, and 
the shears of member ends can be obtained by the direct method as follows: 


Feap = Fspa = —1.385 kN 
Fspe = Fogg = 1.385 kN 


For members CD and CE, they can be taken as free bodies (figure 3.33e, f), and 
the indirect method can be used to solve the shears of member ends as follows: 


1 
Fspc = 633m x (6.23kKN-m+6kN x 3 m) = 3.83kN 
1 
Fscp = 533m * (6.23 kN-m — 6KN x 3 m) = —1.86 kN 
1 
= Fogo = ~=.— X (—6.23kN-m) = —0.985 kN 
Fsce = Fsec aa (—6.23 kN-m) 0.985 


The shear diagram Fy is exhibited in figure 3.33c. 
(4) Draw the axial force diagram Fy 


Axial force at the member end can be solved with direct and indirect methods, 
respectively. 

For members AD and BE, one side of the section can be taken as a free body, and 
the axial forces at member ends are obtained as follows: 


Fyap = Fypa = —4.5kN 
As for the axial forces at the ends of members DC and CE, the joints can be used 


as free bodies. Taking joint D as a free body (figure 3.33g), and establishing the 
projection equation along the axis of member DC, Fypc can be obtained as follows: 


Fypc + 1.384kN cosa+4.5kN sina = 0 
Fypo = —2.74kN 


Similarly, from the free body diagram of joint E (figure 3.33h), the projection 
equation is taken with EC as the axis: 


Fyec = —1.384kN cosa —1.5kN sin & = —1.789kN 


Because there is no load on member EC along its axis direction, the axial force 
along the member is unchanged, that is, 


Fyce = —1.789 kN 
For solving Fycp, the free body diagram shown in figure 3.33i can be used, 


X F, = 0, —Fyep cosa+1.86kN sina + 0.985 kN sin æ — 1.789kN cosa = 0 
Fycp = —0.839 kN 


The axial force diagram Fy is displayed in figure 3.33d. 


84 Structural Analysis 


(5) Validation 


Any part of the frame can be intercepted to check whether the equilibrium 
conditions are met. For example, the free body of joint C (figure 3.331) can be used 
to validate X, F, = 0. 


3.4.4 Quick Drawing of Moment Diagrams of Statically 
Determinate Frames 


The internal force analysis of statically determinate frames is not only required by 
strength calculation but also the basis for displacement calculation and analysis of 
the statically indeterminate frames, especially the drawing of moment diagrams, 
which are widely used in the following sections and need to be thoroughly mastered. 
In some cases, the moment diagram of statically determinate frames can be drawn 
quickly and accurately according to the characteristics of the loads, which will get 
twice the result with half the effort. For example, for a cantilever frame, the moment 
diagram usually can be drawn directly without calculating the support reactions. 
For a three-hinged or master-slave frame, in general, it is not necessary to find all 
the support reactions, only the support reactions perpendicular to the member need 
to be solved, and the drawing of the moment diagram can begin from the support. In 
addition, the relations between the moment diagram and loads, supports and joints, 
as well as the structure symmetry, can be used to quickly draw the moment diagram. 


Example 3.13. Draw the internal force diagram of the frame shown in figure 3.34a. 


Solution: The figure shows a three-hinged frame. When drawing the moment dia- 
gram, it is not required to solve all the unknown support reactions, and only support 
reactions perpendicular to the member need to be calculated first, where the dia- 
gram can be drawn from. For the frame shown in the figure, because there are no 
loads on the left half of the frame and the moment at point C is zero, the action line 
of the support reaction of point A must pass through point C. Then, the moment 
equilibrium equation is established centered at point O, which is the intersection 
point of AC and BD, and the horizontal support reaction F,g of point B can be 
obtained. 
M 
XOD Mo =0, Frp-2a-M=0, Fp == 
2a 
Because Fp does not generate moments on member BD, the moments of 
member BD can be determined by Fp, and the moment diagram can be drawn as 
shown in figure 3.34b. Then, Mpc can be obtained based on the equilibrium con- 
dition of joint D. In addition, C is a hinge, so its moment is zero. There is a couple 
moment M at the right side of joint C, so Mcp equals to M and the upper side is in 
tension. Because there are no other loads on member CD, the moment diagram of 
member CD can be drawn by connecting Mcp and Mpc with a straight line. Then, 
the moment diagram of member CE can be determined according to the properties 
of the joints and the relations between loads and internal forces. The moment Mcg is 
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(a) i (b) 


moment diagram 


(c) (d) 
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M/2a 


shear diagram axial force diagram 


Fic. 3.34 — Three-hinged frame for example 3.13. 


zero, and the moment diagram of member CE is a straight line and parallel to the 
moment diagram of member CD, so Mpc can be concluded as M/2. Finally, 
according to the equilibrium condition of joint E, Mga = Mec = M/2, and 
according to the properties of the pin support, it can be known that Mar = 0, and 
the moment diagram of member AE can be obtained by line connecting. 

After drawing the moment diagram of the frame, the indirect method can be 
used to draw the shear and axial force diagrams based on the moment diagram of 
the frame. The shear diagram of member BD can be drawn by Fp. In order to draw 
the shear diagram of member DC, member DC can be taken as a free body, as shown 
in figure 3.34c. Taking moments with C as the center, then 


M 
XO Mc =0, M — Mpc — Fspc- a= 0, spc = 55 


From the equilibrium relation of joint D, as shown in figure 3.34d, then: 
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M 
2a 


M 
Frpp = Fspc = 3a? Fyne = Fspp = — FB 


Then shear and axial force diagrams can be drawn, as shown in figure 3.34e, f. 


Example 3.14. Quickly draw the moment diagram of the frame shown in 
figure 3.35a. 


Fic. 3.35 — Master-slave frame for example 3.14. 


Solution: In this master-slave frame, members AB, CE, and FG are all cantilever 
structures, so their moment diagrams can be drawn directly. Then according to the 
equilibrium condition of joints, Mgp can be determined, and Mp is zero, which can 
be connected and extended to determine the moment diagram of member BE. In the 
same way, according to the equilibrium conditions of joint E, Mpq can be deter- 
mined, and the moment at the hinge of member EG is zero, so the moment diagram 
of member EG can be drawn. Finally, Magy can be determined based on the equi- 
librium condition of joint G, and Mep is equivalent to a couple moment acting at 
member EH, so the moment diagrams of the left and right sides of joint G should be 
parallel to each other, and the moment diagram of member GH is determined 
accordingly. The moment diagram of the frame is demonstrated in figure 3.35b. 


3.5 Statically Determine Composite Structures 


A composite structure refers to a structure composed of links and beams. Among 
them, links are only subjected to axial force, while beams are subjected to the 
moment, shear and axial force at the same time. Composite structures are often used 
in load-bearing structures such as roof trusses, crane beams, and bridges (as shown 
in figure 3.36). The internal forces of beams are mainly moments, and they are 
generally made of reinforced concrete. The internal forces of links are mainly tensile 
forces, and links are generally made of steel. 


ao, () = 


Fic. 3.36 — (a) Roof truss and (b) simplified calculation diagram. 
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1. Force analysis of statically determined composite structures 


The basic principle of the force analysis of statically determined composite 
structures is the same as the one for general statically determined structures. 
Usually, the support reactions are first obtained, and then the axial force of each link 
is calculated. Finally, the internal forces of beams are analyzed. When the composite 
structure is analyzed and calculated with the method of sections, considering that 
the beam has not only the axial force, but also the moment and shear, it is necessary 
to avoid truncating beams. In addition, the statically determined composite struc- 
ture generally has a key link. The axial force of the link can be obtained first with the 
method of sections. 


Example 3.15. Perform the internal force analysis on the composite structure shown 
in figure 3.37a, calculate the axial forces of the links, and make the moment diagram 
of the beams. In the figure, a = 4 m, h = 3 m, q = 15 kN/m, Fp = 30 KN. 


Fic. 3.37 — Composite structure for example 3.15. 


Solution: Firstly, solve the support reactions according to the whole equilibrium 
equations. 


XO F=0, heat 
X Mp = 0, Fyx -4a—q-2a-3a—Fp-a=0, Fa = 97.5kN 
So F,=0, Fyat Fy =9-2a+ Fp, Fp = 52.5KN 


Then, in order to avoid truncating the beam, take section I-I along point C to 
divide the composite structure into two parts. Take the left half as a free body, and 
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establish the moment equilibrium equation with point C as the center to obtain the 
axial force Fypa of the key link EG, as shown in figure 3.37b. 


XO Mc =0, Fyy:2a-q-2a-a-Fyrg:h=0, Fyec = 100kN (tension) 
XOF, =0, Fyon =—Fyec, Fycp = —100kN (compression) 
x F,=0, Fscp+q:2a= Fya, Fscp = —22.5 kN 


Mpc = — qa: 5 — Fgcp : a = —30kN-m (the upper side is in tension) 


Take joint E as a free body, as shown in figure 3.37c, then 


Finta = Foe, Fonea = 100 kN 


Therefore, Fypa = 125 kN, F nea = 75 KN, then 


FNED = — INEA, FNED = —75 kN (compression) 


In the same way, take the right side of point C as a free body, then 


Fycr = —100kN 
Foor = —22.5 kN 
Fyer = 125 kN 
Fyer = —75kN 


Mec = Fscr - a = —90kN-m (the upper side is in tension) 
Finally, the internal force diagram of the structure is shown in figure 3.37d. 


Example 3.16. Draw the internal force diagram of the bottom-supported pentagonal 
composite roof truss shown in figure 3.38a. 


Solution: (1) Calculation of the internal forces of the links 

This structure is made up of the left and right parts ACD and BCE, which have 
no redundant constraints and are connected with hinge C and link DE. Thus, the 
structure is statically determined. When calculating the internal forces, section I-I 
can be made first to cut hinge C and link DE (figure 3.38b). In terms of the moment 
equilibrium equation } M, = 0, then we have 


6kN x 6 m—1kN/m x 6m x 3 m— 1.2 Fypg = 0 


Therefore 


Fypr = 15kN 
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Fic. 3.38 — Pentagonal composite roof truss for example 3.16. 


From joints D and E, the axial forces of all the links can be obtained. The 
calculation results are shown in figure 3.38b. 
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(2) Internal force diagrams of the beams 


Loads of member AFC are shown in figure 3.38c. After combining the vertical 
forces on joint A, the force diagram is shown in figure 3.38d. The internal force 
diagram is obtained as shown in figure 3.38e. The corresponding description is 
presented as follows. 

The shear and axial force of any section can be calculated based on formulas as 
follows: 


Fs = F, cosa — 15 sin « 
Fy = — Fysing — 15 cosa 
where F, is the resultant of the vertical forces on the section. In the 


figure, sina = 0.0835 and cosa = 0.996. Therefore, the shear and axial forces at 
end A are 


Fsar = 2.5kN cosa — 15kN sina 
=2.5kN x 0.996 —15kN x 0.0835 
= 1.24 kN 


Fyap = —2.5kN sina — 15kN cosa 
= —2.5kN x 0.0835 —15kN x 0.996 
= —15.15 kN 


The maximum moment in the span occurs when the shear is zero, and its hori- 
zontal coordinate is represented by 2’ (figure 3.38d). By 


Fs = Fy cosa —15kN sina = 0 


Then 
F, = 15kN tana, insection AF , F} = 2.5kN — qa’ 
That is 
2.5kN — qa’ = 15kN tan g 
Then 


2.5 kN 15kN 0.5m 


I 


7” =IkRN/m 1kN/m™ 6m am 
Therefore, the maximum moment is 
My = 2.5kN x 1.25m — 15kN x (> x 1.25m 
m 


1 
— (1iavm x 1.25m x 1.25m x 5) 
= 0.78 kN-m 
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2. Force characteristics of composite roof trusses 


Example 3.16 and three cases as shown in figure 3.39a-c (f = 1.2 m, while fı/ fo is 
different) are discussed below. 

There are two main factors affecting the internal force state of the 
under-supported pentagonal composite roof truss: 


(1) Ratio of height to span f/1 
The axial force Fypg can be calculated using the thrust formula of the 
three-hinged arch (see equation (3.10) in the next section): 


M? 
Fype = —£ 
f 


The axial force Fypr of the lower chord DE is inversely proportional to f (the 
smaller the ratio of height to span, the larger the axial force Fypg), and it has 


nothing to do with fı and f (in figure 3.39, although f,/f, is different, Fypp has the 
same value). 


b) f,=0.5m f,=0.7m 1.25 m 


4.5 kN-m 


Fic. 3.39 — Three cases of composite structure. 


(2) Ratio fi/f 


In figure 3.39, since Fypp has the same value, the change of the axial forces of 
other chords is not large, while the change of the moments of the upper chords is 
large. 
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When fi = 0, the slope of the upper chord is zero, it is an under-supported 
composite structure with parallel chords (figure 3.39a). Herein, all the upper chords 
have negative moments, and the upper chord AFC is equivalent to a cantilever beam 
supported at points A and F. 

When f = 0, it is a three-hinged arch roof truss with tie rods (figure 3.39c). 
Herein, all the upper chords have positive moments, and the upper chord AFC is like 
a simply supported beam supported at points A and C. 

When fi = 0.5 m and fp = 0.7 m, the negative moment at joint F of the upper 
chord and the maximum positive moment within two spans are approximately equal 
in value (figure 3.39b), and that value is much smaller than that of two limited cases 
in figure 3.39a, c. 


3.6 Three-Hinged Arches 


In the construction of houses, hydraulic structures, and bridges, arches are a very old 
structure form but are still widely used at present. The characteristic of the arch 
structure is that horizontal thrust will arise at the arch support under vertical loads. 
Therefore, the arch is also called a thrust structure. Due to the thrust of the arch 
support, the arch is mainly subjected to the axial compression, while the moment 
and shear on the section are small. This force characteristic makes an arch suitable 
to be constructed using relatively cheap natural materials with high compressive 
strength and low tensile strength, such as brick, stone, and concrete, so arches have 
been widely used since ancient times. 

There are many types of arches, which can be divided into three-hinged arches 
without redundant constraints (figure 3.40a, b), and two-hinged and hingeless arches 
with redundant constraints (figure 3.40c, d) based on the geometrical construction. 

The three-hinged arch is a statically-determined arch structure. Due to the 
existence of horizontal thrust, the three-hinged arch shown in figure 3.40a has cer- 
tain requirements on the base. When the horizontal resistance of the base is weak, an 
arch with a horizontal tie rod should be used, as shown in figure 3.40b. Herein, the 
horizontal thrust of the support will be provided by the tie rod. 


(a) (b) 
(c) @ 


Fic. 3.40 — (a, b) Three-hinged arch, (c) two-hinged arch, and (d) hingeless arch. 


Analysis of Statically Determinate Structures 93 


The axis of the three-hinged arch is usually a parabola or arc, and sometimes a 
catenary is also used. In practical applications, a suitable axis form should be selected 
according to the characteristics of the loads. The mechanical properties of the arch 
are closely related to the ratio of arch height fto span l, so the ratio of height to span 
f/ lis its basic parameter (shown in figure 3.41). In engineering applications, the ratio 
of height to the span of the arch is usually between 1 and 1/10. 


arch height f 


arch toe 


m span / í i 


Fic. 3.41 — Three-hinged arch. 


3.6.1 Support Reactions and Internal Force Calculation 
of Three-Hinged Arches 


Take the three-hinged arch under vertical loads shown in figure 3.42a as an example 
to illustrate the calculation process of the support reactions and internal forces. In 
order to facilitate the comparison of the mechanical performance between arches 
and beams, figure 3.42b displays a reference simply supported beam with the same 
span, loads, and action locations as a three-hinged arch, and the force analysis is 
performed simultaneously. 


(a) 
(c) 
Ji >= Fn 
Fu ? b 
=m 
a 
X 
(b) Fi Fz 


0 0 yA 
Fe. Fe 


Fic. 3.42 — Support reactions and internal force calculation of three-hinged arches. 
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The support reactions of the three-hinged arch are analyzed, and the whole equi- 
librium of the three-hinged arch is considered first. As shown in figure 3.42a, the arch is 
treated as a free body, and the moment equilibrium equations are formulated at points 
A and B, respectively. The vertical support reactions at points A and B can be 
obtained: 


My =0, Fy = 


Mp =0, Fy = 


(Fia + F202) (3.8) 


aHaj H 


(Fibi + F2b2) 


Similarly, the vertical support reactions of the reference simply supported beam 
can be obtained, and 


Fy, = F° 
pe A (3.9) 
Fp = Fe 


In addition, from the horizontal projection equilibrium equation of the free body, 
it can be concluded as: 


Fra = Fp = Fu 


Herein, Fy represents the horizontal support reaction of the three-hinged arch 
under loads, i.e., the thrust force. In order to solve Fg, the left half of the arch can be 
taken as a free body, and the moment equilibrium equation of point C is established, 
then 


So Mc =0, Fach- Fi (h-a) Fa f =0 
Fach — Fi- (h — a) 
f 


Then analyze the moment of section C of the reference beam at the corre- 
sponding position of the top hinge of the three-hinged arch. 


Fy = 


MÈ = Fig h — Fi (h — a) 
Therefore, the thrust of the three-hinged arch is 


=i 
f 


It can be seen that the vertical support reaction of the three-hinged arch is the 
same as that of the reference beam. The thrust Fy is equal to the ratio of the moment 
of section C of the reference beam to the arch height f Its value is only related to the 
locations of three hinges and has nothing to do with the curve shape of the arch axis 
among hinges, i.e., only related to the ratio of height to span f/lof the arch. When the 
loads and arch span are constant, the thrust Fy is inversely proportional to arch 
height f, i.e., the lower the arch, the greater the thrust. If the arch height approaches 
0, the thrust tends to infinity, and the three hinges A, B, and C are on one straight 
line such that the arch becomes a geometrically changeable system. 


Fu (3.10) 
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After the support reactions are obtained, the internal forces of any section D of 
the arch can be obtained by the method of sections. However, when selecting the 
section, it should be noted that the arch axis is a curve. The section should be 
orthogonal to the arch axis, i.e., perpendicular to the tangent of the arch axis. The 
moment of the section is M, the shear is Fs (along the direction of the section), and 
the axial force is Fy (perpendicular to the section), as shown in figure 3.42c. The 
moment and shear at the corresponding section D of the reference beam are marked 
as M? and F}, respectively. 

Solve the moment of the section of the arch first, taking the left side of section D 
as a free body, and establish the moment equilibrium equation, then 


X Mp = Fyn - Fa-y— Fi (z-a)-M=0 
The moment of section D of the arch can be determined 
M = Fa: x— Fi- (x— a)-— Fay 
And 


Fya = Fia 
M? = Fiy x- Fi- (x— a) 


Then 
M = M° — Fy -y (3.11) 


The moment M is positive when the inside of the arch is in tension. It can be seen 
that the moment of any section of the three-hinged arch is equal to that of the 
corresponding section of the reference beam minus Fy- y caused by the thrust of the 
arch. The moment is smaller than that of the reference beam because of the thrust. 

Then calculate the shear and axial forces of the section. The shear is positive 
when it makes the free body rotate clockwise, and axial force is positive when the 
free body is in tension. Define the angle between the tangent of the arch axis and the 
horizontal line as ø. @ is positive in the left half of the arch, and is negative in the 
right half. Establish the projection equilibrium equations of the free body in the 
direction of the shear and axial force of section D 


fg+F,-cosp+ Fy: sing — Fy, -cos@ = 0 
Fy + Fy: cos ọ + Fy, - sing — Fi - sing = 0 


And 
Fg = Fix -F 
Then 


Fs = F} . cos ọ — Fy- sing 


.12 
Fy = —F}Ì - sin ọ — Fy-cos@ (a 
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Combined with the moment calculation equation of the section, the internal 
force calculation formulas of any section of the three-hinged arch are obtained. It can 
be known from the equation that the internal forces of the three-hinged arch are not 
only related to the locations of the three hinges but also to the axis shape of the arch. 
Moreover, the axial force of the three-hinged arch is relatively large, which is gen- 
erally compression. 


Example 3.17. Draw the internal force diagrams of the three-hinged arch shown in 
figure 3.43a. When the left support is taken as the origin of coordinates, its arch axis 
is a parabola, and the equation is: 


(a) q=20 kN/m (b) 


F=100 kN TERTIT 0.7 0.7 56 56 0.0 


I. 8x1.5m=12 m | Í 67.5 
M (kN-m) 


(©) (d) 


71.4 82.5 99.1 


Fy (KN) 


Fic. 3.43 — Three-hinged arch for example 3.17. 


Solution: Solve the support reactions first. According to equations (3.9) and (3.10) 


100 x 9+20 x 6x3 

Fy, = FO, = < X? X? = 105kN 
1 +2 

Fy = Fo, = 00 x 3 ORO) aye 
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0 
pr a ei 
f 4 
After the support reactions are obtained, the internal force diagrams of the 
three-hinged arch can be drawn according to the internal force equations (3.11) and 
(3.12). To this end, the arch span is divided into eight equal parts, and the internal 
forces on the section of each equal-part point are obtained. The specific values are 
shown in table 3.1. Then, the internal force diagrams of the three-hinged arch can be 
drawn according to the values in the table, as shown in figure 3.43b-d. 
Now, sections 1 and 2 are taken as examples to describe the internal force 
calculation process of the section. 
At section 1, ņ = 1.5 m, based on the arch axis equation: 
4f 4x4 


= Fal —m) =- x L5 x (12 = 1.5) = 1.75m 


The tangent slope at section 1 is: 


d 4 4x4 
tan @| = (2) = ijs 2m) = = (12-2x1.5)=1 
1 


So the tangential angle is pı = 45°, and 
sin ~, = cos p, = 0.707 


According to the internal force calculation equations, the moment, shear, and 
axial force of the section are obtained as follows: 
M, = M? — Fay = 105 x 1.5 — 82.5 x 1.75 = 13.1 kN-m 
Fg, = F, cos pı — Fy sin p, = 105 x 0.707 — 82.5 x 0.707 = 15.9kN 
Fy = —F§, sin g, — Fy cos ~, = —105 x 0.707 — 82.5 x 0.707 = —132.5 kN 


At section 2, due to the concentrated load, the shear and axial forces on the left 
and right sides of the section are abruptly changed, so they should be solved 
separately: 

Fso, = Fh; COS p — Fy sin p = 105 x 0.832 — 82.5 x 0.555 = 41.6 kN 
Fsor = Ffyp cos pa — Fy sin p = 5.0 x 0.832 — 82.5 x 0.555 = —41.6 kN 
Fyoy = — Fh sin P — Fy cos p) = —105 x 0.555 — 82.5 x 0.832 = —126.9 kN 
Fyor = — F? p Sin 2 — Fy cos pa = —5.0 x 0.555 — 82.5 x 0.832 = —71.4kN 


The internal force calculation of other sections is similar to the above process. 
Finally, it should be pointed out that in figure 3.43c, the shear of one section in 
segment 0-1 and segment 3-4 is 0, and the minimum moments of these two sections 
can be obtained, which both are 0.7 kN-m, as shown in figure 3.43b. 


Geometric parameters and 
shear of reference beam 


Moment (kN-m) 


Shear (kN) 


Axial force (kN) 


TAB. 3.1 — Internal force calculation of the three-hinged arch. 


Section 
y (m) 
tang 
sing 
coso 
FO(KN) 
Mo 
—Fuy 
M 

F8 cos 


— Fysing 


Fs 


-F y sing 
—Fycosp 


Fy 


zai hze 


mw 


0 
0.0 
1.333 


1 


1.75 

1.000 
0.707 
0.707 


105.0 


157.0 
—144.4 
13.1 


74.2 
—58.3 


15.9 


—74.2 
—58.3 


—132.5 


2 

3.0 
0.667 
0.555 
0.832 
105.0 
5.0 
315.0 
—247.5 
67.5 
87.4 
4.2 
—45.8 
41.6 
—41.6 
—58.3 
= 28 
—68.6 
—126.9 
—71.4 


3 
3.75 
0.333 
0.316 
0.948 


5.0 


322.5 
—309.4 
13.1 


4.7 
—26.1 


—21.4 


-1.6 
—78.3 


—79.9 


4 


4.0 

0.000 
0.000 
1.000 


5.0 


330.0 
—330.0 
0.00 


5.0 
0.00 


5.0 


0.00 
—82.5 


—82.5 


5 

3.75 
—0.333 
—0.316 
0.948 


—25.0 


315.0 
—309.4 
5.6 


—23.7 
26.1 


2.4 


—7.9 
—78.3 


—86.2 


86 
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3.6.2 Rational Axes of Three-Hinged Arches 


Because of the horizontal support thrust of the three-hinged arch, its moments of 
sections are greatly reduced compared with those of the reference beam. How- 
ever, under normal circumstances, the three-hinged arch has the moment, shear 
and axial force on the section, which is in an acentric compression state, and its 
normal stress distribution is non-uniform. In the most ideal case, an appropriate 
arch axis can be designed so that under the action of a fixed load, all the 
sections of the arch only bear compressive force, and their moments are all zero. 
Herein, the normal stress distribution on any section will be uniform, and the 
material is most fully and economically used. The axis that makes the arch in a 
no-moment state under fixed loads is called a rational axis of arch, in which the 
pressure line of the arch (i.e., the pressure polygon obtained with the graphic 
method) coincides with the arch axis. 

It can be known from equation (3.11) that under vertical loads, the moment of 
any section of the three-hinged arch is: 


M = M? — Fy -y 


This equation shows that the moment of the three-hinged arch is obtained by 
superposing the moment M° of the reference beam on —Fy-y. When the arch span 
and loads have been determined, M? does not change with the arch axis. While Fy is 
only related to the locations of the three hinges, and has nothing to do with the axis, 
but y is related to the arch axis. Therefore, the axis form of the arch should be 
properly selected between the three hinges, so that any section of the arch is in a 
state without moments, that is: 


M = M?’ — Fy-y=0 


So 
y = — (3.13) 


According to the above equation, under the action of vertical loads, the ordinate 
y of the rational axis of the three-hinged arch is proportional to the moment of the 
reference simply supported beam. When the vertical load on the three-hinged arch is 
known, only the moment equation of the reference beam is required, and then 
divided by the horizontal reaction Fy, the rational axis equation of the arch can be 
obtained. 


Example 3.18. Solve the rational axis function when the symmetrical three-hinged 
arch is subjected to a uniformly distributed vertical load shown in figure 3.44a. 


Solution: The moment equation of the reference simply supported beam 
(figure 3.44b) is 


M? =5a(I- x) 
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Fic. 3.44 — Symmetrical three-hinged arch under uniformly distributed vertical load. 


The thrust of the arch can be obtained from equation (3.10) as 


mo M a 
f 8f 

According to equation (3.13), the rational axis function of the arch can be 
obtained as 


It can be seen that, when the full span of the three-hinged arch is under the 
vertical uniformly distributed load, its rational axis is a parabola. In this equation, 
the arch height fis an unknown quantity. A set of parabolas with different ratios of 
height to span are all rational axes of the arch. 


Example 3.19. The three-hinged arch is subjected to uniform water pressure. Prove 
that its rational axis is an arc (figure 3.45a). 


Fic. 3.45 — Three-hinged arch subjected to uniform water pressure. 


Proof. The three-hinged arch is subjected to a uniform water pressure perpendicular 
to the arch axis, so equation (3.13) cannot be applied directly to solve the rational 
arch axis. Based on the equilibrium conditions, the differential relations between the 
distributed load and the internal force of the curved member are derived, and then 
the proof is given. 


Analysis of Statically Determinate Structures 101 


Take a differential element from the curved member as a free body, as shown in 
figure 3.45b. Let the curvature radius of the differential element be R, the angle 
between the cross-sections at both ends be dg, and then the length of the differential 
element is ds = Rdg. Let sand rdenote the tangent and normal directions of member 
axis, respectively. The load intensities along directions s and rare q, and q, 

From )> F, = 0, then 


d d 
(Fy + dF) cos a Fy cos > 


d d 
(Fs + dFs)sin > Fs sin > + qsds = 0 


Because dọ is very small, let cos ¢ x1, sin? z i, and ignore the high-order 
terms, then 


dFy — Fsdo + qds = 0 


Divided by ds, considering ds = Rdg, then 


In the same way, from ds = Rdg, then 
dFs + Fydg + qrds = 0 


dFs Fy 
That i —— =- 
at is T R 
Again, from X` M = 0, then 
dM — Fsds = 0 
That is 
dM 
knaen PR 
ds 3 
Taken together 
aFy Fs 
ds R * 
Mia (3.14) 
ds R r 
dM 
ee 7) 
ds 8 


Equation (3.14) is the differential relations between loads and the internal forces 
of the curved member. When R —> oo, the curved member becomes a straight 
member, equation (3.14) becomes the equation of a straight member. 

In this example, because the arch is subjected to a uniform water pressure q, the 
tangential load q, = 0, and the normal load q, = q (constant). Therefore, the dif- 
ferential relation equation (3.14) of the internal force of a curved member can be 
written as: 
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dF _ Fs i 
ds R 

T w 
ds R 

dM 

—— = F Cc 
ds (©) 


If the arch is in the no-moment state, i.e., M = 0, substituting this formula into 
formula (c), then 


Fs =0 (d) 
Substitute formula (d) into formula (a), and then a = 0, so we have 
Fx = C (constant) (e) 
Substitute formula (d) into formula (b), and then 0 = —4— q, so 
R=- “8 (3.15) 


It is known from formula (e) that the axial force of each section is a constant, and 
the load q is also a constant. Therefore, the curvature radius R of each segment 
should also be a constant. This means that the arch axis should be an arc. 

It can be seen that under uniform water pressure, the rational arch axis is an arc, 
and the axial force is a constant. Therefore, circular sections are often applied in 
water pipes, high-pressure tunnels, and arch dams. 


Example 3.20. Determine the rational axis of the symmetrical three-hinged arch 
under the soil-filling weight shown in figure 3.46. Take the density of the soil-filling 
be p and the vertical distributed load on the arch be q = qe + pgy. 


Fic. 3.46 — Symmetrical three-hinged arch under the soil-filling weight. 


Solution: The characteristic of this example is that the intensity of the distributed 
load is related to the shape of the arch axis. It is a design-dependent load (that is, 
the design-related load), so the moment M? of the reference simply supported beam 
cannot be obtained in advance, and equation (3.13) cannot be used directly to find 
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the rational axis of the arch. Therefore, equation (3.13) is differentiated twice for zx, 
then 


dy 1 d?M? 
dz? Fy dz? 


When q takes the downward direction as positive, according to the relations 
between loads and the internal forces of the simply supported beam, then 


d2 M? 

Era = —q(x) 
So 

ay q(x 


This is the differential equation of the rational axis of the arch under vertical 
loads. In the equation, y takes the upward direction as positive. In figure 3.46, the 
positive direction of the y-axis is downward, so the right side of equation (3.16) 
should take the positive sign, that is 

dy _ g(a) 


ie a (a) 


This is a linear second-order non-homogeneous differential equation with con- 
stant coefficients, and its solution can be represented by a hyperbolic function: 


pg ; pg qe 
= A-cosh,/—«7+ B- sinh, [=z — — 
a \ Fa V Fa pg 


The two constants A and B can be obtained from the boundary conditions: 


At x= 0, y = 0, then Aj 
4 Pg 

At c= 0, = 0, then B=0 
dz 

So 


qe pI 
= — | cosh / =z — 1 b 
í Al Va ) A 


The above formula shows that the rational axis of the three-hinged arch is a 
catenary under the weight of soil filling. 

It can be seen from the above examples that the three-hinged arch has different 
rational axes under different loads. Therefore, a rational axis determined based 
on fixed loads cannot guarantee the arch in a no-moment state under various loads. 
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The force state of the arch should be as close to the no-moment state as possible in 
the design, so the rational axis under the main load is usually used as the arch axis. 
In this way, the arch will only have small moments under general loads. 


3.7 General Properties of Statically Determinate 
Structures 


In terms of geometrical construction, statically determinate structures are geomet- 
rically unchangeable systems without redundant constraints. In terms of static 
equilibrium, all the internal forces and deformations of a statically determinate 
structure can be determined only by the equilibrium conditions. In other words, 
within the scope of linear elasticity, the support reactions and internal forces of the 
statically determinate structure satisfying all the equilibrium conditions are unique. 
The uniqueness of the internal forces that satisfy the equilibrium conditions is the 
basic static properties of statically determinate structures, from which several 
derived properties can be concluded. 


(1) Non-load factors such as temperature changes, support movements, and man- 
ufacturing errors do not cause internal forces in statically determinate 
structures 


As shown in figure 3.47a, when the upper and lower sides of the cantilever beam 
are subjected to inconsistent temperature change, it can deform freely (as shown by 
the dashed line), so no internal forces are generated in the beam. Figure 3.47b 
demonstrates that when the support settlement of a simply supported beam occurs, 
it will only cause rigid body displacement of the member (as shown by the dashed 
line). Because there is no load on the simply supported beam, all equilibrium con- 
ditions can be satisfied when the internal forces and support reactions are all zero. 
According to the uniqueness of the solution, this is the true solution of the simply 
supported beam. 


(a) (b) 


Fic. 3.47 — Statically determinate structures under (a) temperature change and (b) support 
movement. 


(2) Local equilibrium characteristic of the statically determinate structure 


The statically determined structure only has internal forces in the local minimal 
geometrically unchangeable system under the action of an equilibrium force system, 
and other parts of the structure do not have internal forces and deformation. 
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As shown in figure 3.48a-c, the statically determined frame, truss, and 
three-hinged arch are all under the action of a set of balance forces. Through internal 
force analysis, it can be determined that the structure only has internal forces on the 
minimum geometrically unchangeable system under the balanced force system, and 
no internal forces and deformation occur in other parts of the frame or the truss. 


(3) Load equivalent characteristic of the statically determinate structure 


When the load acting on a geometrically unchangeable part of a statically 
determinate structure is equivalently transformed (the load distribution is different, 
but the resultant is the same), only the internal forces of that part change, and the 
internal forces of other parts do not change. 

As shown in figure 3.49a, a concentrated load P acts on the midpoint of member 
AB of the statically determinate truss, and the axial forces of other members except 
AB are labeled as Fy. Transform the load, and two loads of P/2 are applied on both 
ends A and B, as shown in figure 3.49b. The resultant is equal to P, which is the 
equivalent transformation of P in figure 3.49a. Herein, the axial forces of the rest 
members are labeled as Fy2. When two sets of loads are applied to the truss at the 
same time as shown in figure 3.49c, the axial forces of the rest members are 
F'x,—F yo. These two sets of loads form a balanced force system. According to the 
local equilibrium characteristics of the statically determinate structure, the internal 
forces of the structural members outside the balance force system are zero, so the 
axial forces of the rest members are zero, which means Fy; = Fyo. 


(7 
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Fic. 3.48 — Local equilibrium characteristic of statically determinate structure. 


Fic. 3.49 — Load equivalent characteristic of statically determinate structure. 
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(4) Characteristic of geometrical construction transformation for the statically 
determinate structure 


When a geometrically unchangeable part of the statically determinate structure 
undergoes a geometrical construction transformation, the internal forces of the rest 
parts remain unchanged. 

As shown in figure 3.50a, the statically determinate truss is subjected to a load P, 
and member AB can be replaced with a small truss shown in figure 3.50b. Herein, only 
the internal forces of AB are changed, while the internal forces of the rest members of 
the truss are unchanged. Because the equilibrium of the rest parts can be maintained 
and the small truss can maintain equilibrium under the balanced force system com- 
posed of the original loads and constraint forces, the internal force states of the rest 
parts remain unchanged after the geometrical construction transformation. 


(a) (b) yap 


FNaB 


Fic. 3.50 — Construction transformation characteristic of statically determinate structure. 


Problems 


3.1 Use the method of sectional superposition to draw the moment diagrams of the 
following statically determinate beams. 


(a) E q (b) Fpl /4 Fe Fpl /4 
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3.2 Draw the internal force diagrams of the three inclined beams shown in the figure. 


Fic. P3.2 
3.3 Draw the moment and shear diagrams of the single-span beams shown in the 


figure. 
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3.4 Solve the support reactions of the multi-span beams shown in the figure, and 
draw the internal force diagrams. 
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3.5 Determine the position x of the hinge in the beam shown in the figure, so the 
absolute value of the moment at mid-span of the middle span and the moment of the 
support are equal. 
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3.6 Solve the internal forces of the specified members in the trusses shown in the 
figure. 


Fic. P3.6 


3.7 Solve the internal forces of the members of the trusses shown in the figure. 
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3.8 Use the method of joints or method of sections to solve the internal forces of the 
members of each truss in the figure. 


j kN R 
(a) SiN (b) 
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3.9 Draw the moment diagrams quickly for the following frames. 


(a) (b) Fp Fp 


d 
() (d) 
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3.10 Draw the moment diagrams for the following frames. 


(a) (b) 


4.5m 


(c) (d) 
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3.11 Draw the internal force diagrams for the following composite structures. 


(a) 
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3.12 F he parabolic axis equation of the three-hinged arch shown in the figure is 
y= 4 L o(1 — x), l= 16 m, f= 4 m. Determine: 


(a) The support reactions. 
(b) The moment, shear, and axial force of section E. 
(c) The shear and axial force of the left and right sections of point D. 
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3.13 Refer to the three-hinged arch in figure P3.12. Answer: 


(a) If the arch height is changed (f= 8 m), how will the support reactions and 
moments change? 

(b) Ifthe arch height and span are changed at the same time, but the ratio of height to 
span remains unchanged, how will the support reactions and moments change? 


Chapter 4 


Principle of Virtual Work 
and Deflection Calculation 


The two basic problems of structural analysis are internal force analysis and 
deflection calculation. This chapter mainly discusses the problem of deflection 
calculation of statically determinate structures. Firstly, the theoretical basis of the 
deflection calculation of member structures, i.e., the principle of virtual work for 
deformable structures is discussed. The principle of virtual work comprises two 
forms: the principle of virtual forces and the principle of virtual displacements. The 
principle of virtual work can be used for resolving both the deflections and constraint 
forces, and it is also applicable for both statically determinate structures and 
indeterminate structures. It lays the theoretical foundation for solving statically 
indeterminate problems by energy method. Based on the principle of virtual work, 
the unit-load (or dummy load) method for structural deflection calculation and the 
general formula for deflection calculation of statically determinate structures under 
loads and temperature change, etc. can be derived. Then, the simple and practical 
graph multiplication method is introduced for fast computing of structural slopes 
and deflections. Finally, a brief introduction is given to the theorem of reciprocal 
works, the derived theorem of reciprocal displacements, the theorem of reciprocal 
reactions, and the theorem of reciprocal displacement and reaction. 


4.1 Overview of Deflection Calculation 


4.1.1 Concept of Structural Displacements 


Engineering structures consist of deformable materials, which deform under loads or 
other external factors. The deformation causes position change in different places of 
structures, which is called the displacement of structures. For example, the statically 
determinate frame structure shown in figure 4.1 will undergo deformation 
and displacements as indicated by the dashed line under the given load. 
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The displacements of the structure can be divided into linear displacements and 
angular displacements. Linear displacement refers to the distance that a point on the 
structure moves relative to its original position. The relative position change between 
two points on the structure along the connecting line of the two points is called the 
relative linear displacement. The angular displacement refers to the rotation angle of 
a member section relative to its original position, and the relative rotation angle 
between two sections on the structure is referred to as the relative angular dis- 
placement. All these displacements can be collectively referred to as generalized 
displacements. For example, BB’ and CC’ in figure 4.1 represent the linear dis- 
placement of joint B and C respectively, 0g denotes the angular displacement of rigid 
joint B, and Aoc indicates the relative angular displacement between the left and 
right sections of hinged joint C. Note that the portion at the right of joint C is 
subsidiary. When the load acts at the basic portion, the subsidiary portion has no 
internal force, thus only rigid body displacement occurs. 


Fic. 4.1 — Deformation and displacements of a statically determinate frame under load. 


The external factors that cause deflections of a structure mainly include: 
(1) Loads 

The structure deforms under loads, which will produce displacements. 
(2) Temperature change 


When the structure is subjected to temperature change, displacements occur due 
to the thermal expansion and contraction characteristics of the material. 


(3) Support settlement 


When the foundation base settles, the supports of the structure will move or 
rotate, causing displacements in the structure. 


(4) Fabrication error 


Dimension and shape errors may occur during the manufacturing process of 
structural members, causing displacements during the assembly of the structure. 

In addition to the above factors, other factors such as shrinkage of material can 
also cause displacements in a structure. 
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4.1.2 Purpose of Deflection Calculation 


(1) Check the stiffness requirements of structures 


In addition to the bearing capacity or strength requirements stipulated by the 
design specifications, engineering structures should also meet the stiffness require- 
ments. If the deformation of a structure under loads is too large, it cannot serve 
normally though it meets the strength requirements. For example, the ratio of 
maximum deflection to the structural span of bending members and beam-type 
structures should be less than the stipulated limit. This limit is various for different 
situations. For instance, the allowable deflection limit of the roof and floor beam is 
stipulated as 1/200—1/400 of the beam span, while that of the crane beam is usually 
taken as 1/600 of the span. 

As another example, for high-rise building structures, the ratio of inter-story 
drift to floor height and the ratio of top displacement to total height should be less 
than the stipulated limits under wind or earthquake loads. These regulations 
guarantee the comfort of living in high-rise buildings, the normal opening of doors 
and windows, no crack and damage in decorations, the safety of pipelines, and the 
normal operation of elevators, etc. Sometimes, to meet the designed structural 
configuration requirements, it is necessary to pre-calculate and take into account the 
displacements. For example, in long-span beams and trusses, it is often necessary to 
make pre-arch during the production, so as to avoid obvious downward deflection in 
service. 


(2) Analyze statically indeterminate structures 


For statically indeterminate structures, the internal forces cannot be uniquely 
determined from the static equilibrium conditions. Compatibility requirements must 
also be considered in the solution, which requires calculating the deflections of 
structures. For example, the beam shown in figure 4.2a has a redundant constraint, 
which is statically indeterminate. The four support reactions shown in the figure 
cannot be completely determined from the three equilibrium equations XF, = 0, 
XF, = 0, and 2M = 0. If the deflection calculation problem of the structure is 
solved, the statically determinate beam in figure 4.2b can be utilized as the com- 
putational model. According to the compatibility requirement that the total vertical 
displacement of point B should be equal to zero under the combined action of 
external load q and reaction Fp, the value of Fg can be determined, and then the 
internal forces of the beam can be solved. 
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Fic. 4.2 — (a) A statically indeterminate beam, (b) the corresponding statically determinate 


beam. 
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4.2 Principle of Virtual Work for Deformable Structures 


The principle of virtual work is a fundamental principle in mechanics. Different 
virtual objects, it has two forms: the principle of virtual displacements and the 
principle of virtual forces. These principles have many aspects of applications in 
structural analysis. The equilibrium condition of force can be derived from the 
principle of virtual displacements of deformable structures, while the compatibility 
requirements of displacement can be deduced from the principle of virtual forces. By 
incorporating the constitutive relation of elastic materials, a series of energy 
principles and energy methods can be derived from the principle of virtual 
displacements and the principle of virtual forces, which can be used to analyze 
various mechanical problems of elastic structures. 


4.2.1 Principle of Virtual Work for Rigid Body System 


For rigid body systems with idealized constraints, the principle of virtual work can 
be expressed as follows: 

Assuming that there is an arbitrary equilibrium force system acting on a rigid 
body system, and the system has any infinitesimal rigid body displacements that 
meet the constraint conditions, then the sum of virtual work done by the active 
forces (external forces) undergoing the virtual displacements is zero, i.e. 


W=0 (4.1) 


Here are two states that are independent of each other: one is the arbitrary 
equilibrium force system acting on the rigid body system, referred to as the equi- 
librium force system; another is the arbitrary infinitesimal rigid body displacements 
of the system that meet the constraint conditions, referred to as the possible dis- 
placements. The so-called “virtual work” means that both sides of doing work, i.e., 
equilibrium force system and possible displacements, are independent of each other. 
In the principle of virtual work, the equilibrium force system is independent of the 
possible displacements. Therefore, either the displacements or the force system can 
be regarded as virtual. Hence, the principle has two forms: the principle of virtual 
displacements and the principle of virtual forces. 

For ideal constraints, such as smooth hinges and rigid links, the work of the 
constraint forces undergoing possible displacements constantly equals zero. Since 
the distance between any two points on a rigid body remains unchanged, any two 
points can be considered to be connected by a rigid link. Therefore, the rigid body 
can be regarded as a system of particles with ideal constraints, and the work done by 
the internal forces undergoing the possible displacements constantly equals zero. 


4.2.2 Application Conditions of Principle of Virtual Work 
for Deformable Structures 


In the principle of virtual work for rigid body systems, as the work done by internal 
forces is constantly zero, it is only necessary to consider the work done by external 
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forces. While for deformable systems, due to the existence of strain in the deformable 
structure, the principle of virtual work should take into account the work done by 
both external forces and internal forces. In other words, it is imperative to supple- 
ment the internal virtual work done by the stress on the deformation. This is an 
important difference between the principle of virtual work for deformable structures 
and rigid body systems. 

The principle of virtual work for deformable structures can be expressed as 
follows: assuming a deformable structure is in an equilibrium state under a force 
system, and there is tiny continuous deformation in the deformable structure caused 
by other factors that meet the constraint conditions, then the external virtual work 
done by external forces on the displacements, W., constantly equals to the internal 
virtual work done by the stress resultant on the deformation of all differential 
segments, W; (also called the deformation virtual work, or virtual strain energy). 

Therefore, the principle of virtual work for deformable structures can be 
expressed in the form of a virtual work equation: 


We = W (4.2) 


The application of the principle of virtual work for deformable structures needs 
to meet the following two conditions: the force system should satisfy the equilibrium 
conditions; the displacements should conform to the support conditions and main- 
tain the continuity of the structure, that is, the displacements should satisfy the 
compatibility conditions. 

The two conditions are further explained as follows: 


(1) Equilibrium conditions 


Take the beam AB subjected to the axial load (the load intensity is p) and 
normal load (the intensity is q) along the length of the beam as shown in figure 4.3a 
for example. The external forces at point A are Ma, Fya, Fsa, and the external 
forces at point B are Mp, Fyp, and Foz. If the beam is in an equilibrium state, the 
differential element in figure 4.3b should meet the equilibrium conditions, that is, 
the following equilibrium differential equations between the internal forces M, Fy, 
Fs, and the distributed loads p and q should be satisfied. 


F 
M. M+dM 
pdx 
Fn p FNn+dFN 
g Fs+dFs 
k> 


Fic. 4.3 — (a) A beam under axial and normal distributed loads, (b) equilibrium conditions of 


differential element. 
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dFy l= pdx =0 
dFs + qdz = 0 (4.3) 
dM — Fgdx =0 


(2) Compatibility conditions 


The displacements and deformation of beam AB are illustrated in figure 4.4a. 
The displacements of any section can be described by three components, namely the 
axial displacement u and transverse displacement w of the section centroid, and the 
angular displacement 0 of the section. The angular displacement ø of the tangent of 
the beam axis can be derived from w: 


dw 


=; (4.4) 


P 


The deformation of the differential element dz can be described by three strain 
components, namely the linear strain € of the axis, the average shear strain yo of the 
section, and the relative rotation angle d@ between the cross-section at both ends in 
figure 4.4b. 


o "gao 


Fic. 4.4 — (a) Displacements and deformation of the beam, (b) strain and displacement 
components of differential element. 


Principle of Virtual Work and Deflection Calculation 119 


The following relations between the strain components and displacement com- 
ponents should be satisfied: 


du 


n=0+0=0+ E (4.6) 
Besides, the static equilibrium or geometric boundary conditions should be met 
at both ends of the beam. Taking section A as an example, if it is a fixed end, the u, 
w, and @ of section A should be equal to the displacements ua, wa, and ĝa of the 
support; if it is a hinged end, the u, wand M of section A should be equal to ua, wa, 
and Ma of the support; if it is a free end, the Fy, Fs, and M of section A should be 
equal to the external forces Fna, Fsa, and My, given at this section. The 
above-mentioned strain-displacement relations and geometric boundary conditions 
are collectively referred to as deformation compatibility conditions (or consistent 
deformation conditions). Note that, the sectional deformations of the beam contain 
the shear deformation discussed herein, and such a beam is just the Timoshenko 
beam. 


4.2.8 Virtual Work Equation for Deformable Structures 


To derive the virtual work equation of deformable structures, let the equilibrium 
force state in figure 4.3 do virtual work on the continuous deformation state shown 
in figure 4.4, then the external virtual work done by external forces on the 
displacements is 


B 
W, = (Mpép + Fngug + Fsgwg) — (Maba + Fnaua + Fsa wa) + f (put qw)dz 
A 
(4.7) 


where, the first two items at the right side of the equation indicate the virtual work 
done by member end forces, and the third item is the virtual work done by the 
distributed loads. 

The internal virtual work done by the stress resultant undergoing the defor- 
mation of the differential element dz is: 


dW, = Md0+ Fyedz + Fsyodaz 


Integrating the above formula over the entire length of beam AB, we can obtain 
the internal virtual work of the entire deformable body: 


B 
W; = | (Md + Fyedz+ Fsyodz) (4.8) 
A 


Substituting equations (4.7) and (4.8) into equation (4.2), yields the virtual 
work equation for deformable structures: 
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B 
(Mp0p + Fue up + Fsp wp) — (Maba + Fnaua + Fsa wa) + f (pu+ qw)dz 
A (4.9) 


B 
= f (Md0 + Fyedz + Fsyodz) 
A 


The virtual work equation (4.9) for deformable structures can be proved as 
follows. 

Firstly, according to the equilibrium differential equation (4.3), the following 
equation can be derived: 


B 
J APs + pda)u+ (APs + gds)w+ (AM — Fsds)0] = 0 
A 


Rewrite the above equation as 
B B 
/ (ud Fy + wd Fs + 0dM) + | (pu+ qu — Fs0)dz = 0 (a) 
A A 
Since 


udFy + wdFs + 0M = d(uFy + wFs + M0) — (Fydu + Fsdw + Mdé) 


Equation (a) can be rewritten as 


B B 
(Fy + wFs+ MOR- f (Fydu+ Fgdw+ Md0) 4 f (pu+ qw — Fs0)dr =0 (b) 
A A 


From the strain-displacement relations (4.5) and (4.6), we have 


du = edz, dw+ dz = yọdz 


Substituting them into equation (b) yields: 
B 
(Fugu + Fspwp + MpOp) — (Fna ua + Fsawa + Maba) + | (pu + qu)dx 
A 


B 
= f (Fuedz+ Fsyodz + Mdo) 
A 


This is just equation (4.9). Thus, the virtual-work equation for deformable 
structures is proved. 

If the beam is also subjected to concentrated loads Fp in addition to the dis- 
tributed loads, it is only necessary to add the virtual work done by the concentrated 
loads X` FpA to the external virtual work W, (A is the displacement corresponding 
to Fp), then we can obtain the generalized virtual-work equation for deformable 
structures. In fact, by incorporating the Dirac ô function, a discrete concentrated 
load can be regarded as a continuous distributed load, thus the virtual work done by 
the concentrated loads can be computed as ` Fp4. 

In the virtual work equation (4.9) of deformable structures, only a single beam is 
discussed. For a member structure, it is only necessary to apply equation (4.9) to 
each member in the structure, and then superimpose them to yield 
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B 
S (M0 + Fyut Few) |? + 3 (pu+ qw)ds+ >> FpA an 


B 
=) (Md + Fyeds+ Fsyods) 
A 


in which, the left three items mean the sum of the virtual work done by the member 
end forces, the distributed loads, and the concentrated loads of all the members, and 
the right-side term is the sum of the virtual work done by the internal forces on the 
deformation of all the members. 

According to different load states, the member end sections of all members can 
be divided into two categories: the first type is the member end sections at the inner 
joints of the structure (as shown in figure 4.5, sections B1, B2 and B3 of members 1, 
2, 3). This kind of joint is in an equilibrium state by itself, that is, the end forces of 
all members around the joint form an equilibrium force system, so the sum of virtual 
work done by the forces on the joint displacements is equal to zero. 

The second type is the boundary sections of the structure (such as sections A, C, 
and D in figure 4.5). The sum of virtual work done by these member end forces is just 
the virtual work done by the external forces on the structure boundaries, including 
virtual work done by the boundary loads and support reactions. Among them, the 
virtual work of support reactions is written as 3> Frgcg, where Fax represents the 
support reaction, and cx is the displacement of the support corresponding to FRx. 


A Bi B2 E 


Fic. 4.5 — The classification of member end sections. 


Generally, the virtual work done by the structural boundary loads and that by the 
concentrated loads of each member can be expressed as a unified form X` Fp, so the 
general form of the virtual-work equation for the member structure can be written as: 


5 FpAt+ 5 (put qw)ds + 5 FRKCK = 5I (Md0 + Fyeds + Fsyods) 
(4.11) 


where, the first and second items at the left side represent the virtual work done by 
the concentrated loads and distributed loads, respectively, which can be combined 
into one item and still written as ` FpA. Then, equation (4.11) can be further 
simplified as (let d@ = xds, x is the curvature of the axis) 


XO FeA+ So Freer = SI (Mx + Fye+ Fsyo)ds (4.12) 
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To understand and apply the principle of virtual work for deformable structures, 
the following basic concepts should be noted: 


(1) The equilibrium state of the force system and the compatibility state of dis- 
placements involved in the principle of virtual work are independent of each 
other, without causal relation. That is, the displacements are not caused by the 
internal or external forces of the original equilibrium state but are the possible 
displacements caused by any other factors. Consequently, the work is called 
virtual work. 

(2) The possible displacements must be arbitrary and infinitesimal. If the possible 
displacements are taken as finite quantities, the principle of virtual work will be 
invalid. In other words, it can only be regarded as an approximate application of 
the principle of virtual work under this situation. 

(3) The expression of the principle of virtual work for deformable structures does 
not involve the type of deformable structures, the property of materials, and the 
magnitude of deformation or displacements. Although the small deformation 
hypothesis is adopted for the sake of simplification in the above-proving pro- 
cedure, the principle of virtual work is suitable to any type of structure and is 
applicable to material nonlinear and geometric nonlinear problems. 


4.2.4 Principle of Virtual Forces and Principle of Virtual 
Displacements 


The principle of virtual work involves two independent states, i.e., equilibrium force 
system and possible displacements. According to different needs, either the force 
system or the displacements can be selected as virtual. By selecting different virtual 
objects, the principle of virtual work can be transformed into two forms: the prin- 
ciple of virtual forces and principle of virtual displacements. The derived 
virtual-force equation and the virtual-displacement equation can become the nec- 
essary and sufficient conditions for the compatibility equations and equilibrium 
equations of the force system, respectively. The principle of virtual forces and the 
principle of virtual displacements can be used to solve two kinds of problems: 
taking virtual force system to solve the unknown displacements, such as the 
unit-load method for computing structural displacements; taking virtual displace- 
ments to solve the unknown forces, such as the unit support displacement method 
for computing the reactions, and the kinematic method for constructing influence 
lines of internal forces of structures under moving loads. 


(1) Principle of virtual forces and virtual-force equation 


Take virtual equilibrium force system, and examine whether the deformation 
state satisfies the compatibility equations. Through the requirement that the 
external virtual work equals the internal virtual work, the virtual-work equation can 
be written as 
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X FpA + X Frrok = >/ (Mx + Fyet Fsyo)ds (4.13) 


where, Fp, Fax, M, Fy and Fs form an arbitrary virtual equilibrium force system, 
A, cx, K, € and yọ are the physical quantities of the deformation state to be 
investigated. Equation (4.13) is called the virtual-force equation for deformable 
structures. 

The principle of virtual forces for deformable structures can be described as 
follows. Under the premise that the virtual force system is arbitrary and satisfies the 
equilibrium equations, if the virtual-force equation (4.13) is true, then the defor- 
mation state to be examined must satisfy the compatibility equations. On the 
contrary, under the same premise, if the deformation state is known to satisfy the 
compatibility equations, then the virtual-force equation (4.13) must be true. In 
summary, under the above-mentioned premise, the virtual-force equation (4.13) is a 
necessary and sufficient condition for the compatibility equations. In other words, 
equation (4.13) and the compatibility equations are equivalent; that is, equa- 
tion (4.13) is a compatibility equation expressed by the form of virtual work. 


(2) Principle of virtual displacements and virtual-displacement equation 


Take virtual compatible deformations, and examine whether the force system 
satisfies the equilibrium equations. Through the requirement that the external 
virtual work equals the internal virtual work, the virtual-work equation can be 
formulated as 


XO Fed + SO Frxtx = >> | (MR + FNE + FsFo)ds (4.14) 


where, A, Cx, K, ë and Jo form an arbitrary virtual compatible deformation state, Fp, 
Fer, M, Fy and Fs are the physical quantities of the force system to be investigated. 
Equation (4.14) is named the virtual-displacement equation for deformable 
structures. 

The principle of virtual displacements for deformable structures can be described 
as follows. Under the premise that the virtual deformation state is arbitrary and 
satisfies the compatibility equations, if the virtual-displacement equation (4.14) is 
true, then the force system to be examined must satisfy the equilibrium equations. 
On the contrary, under the same premise, if the force system is known to satisfy the 
equilibrium equations, then the virtual-displacement equation (4.14) must be true. 
In summary, under the above-mentioned premise, the virtual-displacement equa- 
tion (4.14) is a necessary and sufficient condition for the equilibrium equations of the 
force system. In other words, equation (4.14) and the equilibrium equations of the 
force system are equivalent; that is, equation (4.14) is a force system equilibrium 
equation expressed by the form of virtual work. 

In the mechanics of deformable structures, the deflections, and forces are a pair 
of dual quantities. The principle of virtual work reflects the dual-complementary 
relation between the displacements and forces. The thought of duality and 
symmetry plays an important role in the development of theoretical methods of 
mechanics, mathematics and physics. For proof of the principle of virtual forces and 
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the principle of virtual displacements for deformable structures, the readers can refer 
to related textbooks. 


4.3 Unit-Load Method for Structural Deflection 
Calculation 


In this section, we will utilize the virtual-force equation of plane member structures 
to derive the general formula of structural deflection calculation and establish the 
unit-load method for solving the deflections of specified sections of structures. 


Fic. 4.6 — (a) Actual deformation state of a frame under load, support settlement and 
temperature change, (b) virtual equilibrium force system of the frame. 


As shown in figure 4.6a, the actual deformation state of a frame under the load, 
support settlement, and temperature change is illustrated by the dashed line. The 
point G on the structure moves to an unknown position G’ after deformation. To 
determine the displacement Ag of point G along any specified direction g-g in the 
actual deformation state, we can take a virtual equilibrium force system as shown in 
figure 4.6b, where, a unit load Fpa = 1 is applied at point G along the g-g direction 
of the undetermined displacement Ag. Denote the resulting internal forces of the 
structure as M, Fy and Fs, and the reaction as Fp. 

The external virtual work done by the external forces of the virtual force system on 
the corresponding displacements of the actual deformation state can be written as 


W, = Fecda + Frici + Free = 1 x Ag+ X Frxcx 


The internal virtual work done by the stress resultant (internal force) of the 
virtual force system on the corresponding strain of the actual deformation state is 


W; = &/ (Mr + Fye + Fsyo)ds 


According to the virtual force equation for deformable structures, W. = W;, we 
have 
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Ac = Z (Mx + Fre + Fsyo)ds — So Frer (4.15) 


where, K, € and yọ are respectively the curvature, axial strain, and average shear 
strain of the members in actual condition. 

Equation (4.15) is a general formula for computing the displacements of member 
structures, which is applicable to both statically determinate structures and stati- 
cally indeterminate structures. Therefore, as long as the internal forces M, Fy, Fs 
and reaction Fx of the virtual force system are solved, and the support settlement, 
the axial strain, average shear strain, and curvature of the members at the actual 
deformation state are all known, the displacement Ag can be calculated by equa- 
tion (4.15). If the result is positive, which means the virtual work done by the unit 
load is positive, then the actual direction of the undetermined displacement Ag is 
the same as the virtual unit load Fpa = 1. If the result is negative, then the direction 
of displacement is opposite. 

It can be seen from the above analysis that, to determine the displacement of the 
specified section of a structure by the principle of virtual force, the key is to set a 
proper equilibrium force system. The cleverness of this method lies in that a unit 
load is set at the position of undetermined displacement along its direction so that 
the virtual work just equals the undetermined displacement numerically. This 
method of calculating structural displacements based on the principle of virtual 
work is called the unit-load method, which is an energy method. 

To facilitate the setting of virtual unit load, the concept of generalized force 
corresponding to the generalized displacement can be introduced. Linear displace- 
ments, angular displacements, relative linear displacements, relative angular dis- 
placements, and a set of displacements can be collectively referred to as generalized 
displacements. Concentrated forces, couples, a pair of concentrated forces, a pair of 
couples and a force system can be collectively referred to as generalized forces. To 
calculate any generalized displacement, the applied load of the virtual force system 
should be a unit generalized force corresponding to the generalized displacement. 
Here, “corresponding”, also called “conjugate”, refers to the corresponding rela- 
tionship in the work (W = F'A) between the force F and the displacement A. For 
example, a concentrated force is corresponding to a linear displacement, and a 
couple is conjugate to an angular displacement, etc. In this case, a force is a con- 
jugate force of a displacement, and vice versa. The force and displacement are a pair 
of dual quantities. 

In practical application, in addition to calculating the linear displacements of 
structures, sometimes it is necessary to calculate the generalized displacements, such 
as angular displacements and relative displacements. If an absolute linear 
displacement is to be calculated, a corresponding unit concentrated force should be 
applied at the position of the linear displacement along its direction. If an absolute 
angular displacement is to be calculated, a corresponding unit concentrated couple 
should be applied at the position of the angular displacement along its direction. If a 
relative displacement is to be calculated, a pair of reverse unit forces or couples 
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(generalized forces) should be applied along the direction of the relative displace- 
ment. It is noted that the dimension of the unit load is 1. 

Taking the frame shown in figure 4.7a as an example, if the vertical or horizontal 
displacement component of point E is to be calculated, the unit load of the virtual 
force system should be exerted as shown in figure 4.7b or c, namely, a unit load is 
applied at point E along the vertical or horizontal direction. If the rotation angle of 
section E is to be calculated, a unit couple should be applied at point E in the virtual 
state as shown in figure 4.7d. If the relative linear displacement between points F and 
G, and the relative angular displacement between sections F and G are to be com- 
puted, then the unit loads of the virtual state are displayed in figure 4.7e, f, 
separately. 


b 1 
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Fic. 4.7 — The unit loads corresponding to different displacements of a frame. 


To calculate the linear displacement of a truss joint, the virtual unit load can also 
be applied in the above way. Taking the truss shown in figure 4.8a as an example, if 
the vertical displacement of joint C or the distance change between joints E and F is 
to be calculated, the unit force shown in figure 4.8b or c should be applied respec- 
tively. If the angular displacement of member CF is to be calculated, since the 
member can only bear axial force, the virtual unit couple should be a pair of reverse 
concentrated forces applied at both ends of the member, with the force direction 
perpendicular to the member and the magnitude equal to the reciprocal of the 
member length, as demonstrated in figure 4.8d. The virtual unit generalized force 
exhibited in figure 4.8e can be used to calculate the relative rotation angle between 
members CF and CG. 
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Fic. 4.8 — The unit loads corresponding to different displacements of a truss. 


4.4 Deflection Calculation under Loads 


In this section, the calculation of deflections at specific sections of linear elastic plane 
member structures under loads will be discussed, focusing on the analytical integral 
method of statically determinate structures. 


4.4.1 Formula for Deflection Calculation under Loads 


When only loads are applied, the general formula (4.15) for calculating structural 
deflections can be simplified as 


1-5 J (Mr + Fret Fsm)ds (4.16) 


where, M, Fy and Fs indicate structural internal forces caused by the unit load of 
the virtual force system, «K, € and yp are the curvature, axial strain, and average shear 
strain of the infinitesimal element of members caused by the loads in the actual 
deformation state, i.e., the bending, tensile and shear strain. 

The moment, axial force, and shear force of the bending members in the actual 
deformation state are denoted as Mp, Fyp and Fsp, respectively. Here, the internal 
forces are caused by loads, so they are indicated by the subscript P. The internal 
forces will cause stresses, and then yield strains. According to the theory of 
mechanics of materials, the strain components of the section in linear elastic 
members can be written as 

EA TELLA T (4.17) 

EI EA GA 
where, Æ and G denote the elastic modulus and shear modulus of the material 
respectively; J and A are the moment of inertia and area of the member section 
separately; EJ, EA, and GA represent the bending, tensile and shear stiffness of the 
member section, respectively; k indicates a coefficient related to the shape of the 
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section introduced by considering the uneven distribution of shear stress along the 
section, which is called the sectional shape coefficient and expressed as: 


A fs? 


in which, b means the width of the section where the shear stress is taken, and S is 
the static moment of the area below (or above) the point where the shear stress is 
taken with respect to the neutral axis of the section. The values of k for several 
common cross-sections are listed in table 4.1. 


Tas. 4.1 — Sectional shape coefficients k of shear strain. 


Section form Coefficient k 
Rectangle 6/5 
Circle 10/9 
Thin-wall ring 2 
T-shaped or box-shaped A/A, (A, is the area of the web)* 


* PE 7 
This is an approximate value. 


Substituting equation (4.17) into equation (4.16), the general formula for cal- 
culating the deflection of plane member structures under loads is obtained: 


Ss u +3 f a So kFsFs 4 (4.19) 


In equation (4.19), there are two kinds of internal forces: 

Mp, Fyp, and Fsp — bending moment, axial force, and shear force caused by 
actual loads; 

M, Fy, and Fs — bending moment, axial force, and shear force caused by the 
virtual unit load. 

The sign convention of internal forces is summarized as follows: 


Bending moments Mp and M — only the sign of the product M Mp is specified. 
When M and Mp cause tension on the same side of the member, the product takes a 
positive value; 

Axial forces Fyp and Fy — tensile forces are positive; 

Shear forces Fsp and Fs — those cause the differential element to rotate 
clockwise are positive. 


4.4.2 Deflection Formulas for Various Structures 


Equation (4.19) is a general formula for calculating the elastic deflection of plane 
member structures under loads, which is applicable to both statically determinate 
and indeterminate structures. The first, second, and third items on the right side of 
the equation represent the effects of bending, stretching, and shear deformation, 


Principle of Virtual Work and Deflection Calculation 129 


respectively. In fact, different structural forms have different stress and deformation 
characteristics, and the above three kinds of deformation have different contribu- 
tions to the displacements. In general, the items that contribute little to displace- 
ments are often ignored for different structures, which not only meets the 
requirement of engineering accuracy, but also simplifies the calculation. 


(1) Beams and frames 


For beams and frames, the displacement is mainly caused by the bending 
deformation of the members, while the effects of tensile and shear deformation can 
be omitted generally. Thus, the displacement formula can be simplified as: 


M Mp 
A= 4.2 
` i ds (4.20) 


(2) Trusses 


For trusses, the members are only subjected to axial force, and the 
cross-sectional area A, axial forces Fyp and Fy are generally constant along the 
length of the members, so the displacement formula can be simplified as: 


FF Fy Fel 
A -5 | SPas- Fyfe! (4.21) 


(3) Composite structures 


For truss-beam composite structures, the influence of bending deformation should 
be considered for beams, while only the influence of tensile deformation needs to be 
considered for trusses. Accordingly, the displacement formula can be simplified as: 


A=: a D9 [S ENN, (4.22) 


(4) Arches 


For arches, when ignoring the influence of arch axis curvature, the displacement 
can still be calculated approximately by equation (4.19). Generally, it is only nec- 
essary to consider the effects of bending deformation. However, when the arch axis is 
close to the pressure line (i.e., the distance between them is approximately the height 
of the arch section), or when calculating the horizontal displacement of flat arches 
(f/1 < 1/5), the influence of tensile deformation should also be considered, i.e., 


4=5 n +5 [S This (4.23) 
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4.4.8 Examples of Deflection Calculation under Loads 


Example 4.1. Determine the vertical displacement 4 of point A on the cantilever 
beam shown in figure 4.9a and compare the effects of bending deformation and shear 
deformation on the displacement. The cross-section of the beam is a rectangle. 


Fesp F, 


s 


Fic. 4.9 — Deflection calculation of a cantilever beam under load. 


Solution: To calculate the displacement, the internal forces under the actual load 
(figure 4.9a) and the virtual unit load (figure 4.9b) should be determined first. 
Taking point A as the coordinate origin, the internal forces of any section x are 
calculated as follows: 


Actual load Virtual unit load 
Mp = 0 M= -r 
l z = 
Segment AC (0< r< 5) Fyp = 0 Fy =0 
i Fsp=0 Fg =-1 
q 1\? 
Mp = —=(2-- Te _ 
ae € 5) Mat 
l = FP 
Segment CB (5 ses!) Fre = 0 Fy =0 
l = 
Fee = -a(2-5) Fs =-1 


In segment AC, the internal forces under the actual load are all zero, so the 
integral is also zero. 
In segment CB, the displacement caused by the bending deformation is: 
a= | Mae fl q I\*|dz qg TÉ Tat (1) 
MS fo EE" fp, "1 2\" 9) | Br BT 192 ~ 384ET 
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The displacement caused by shear deformation is (for rectangular section, 
k = 1.2) 


l kFsFsp i IN] dx  3qÊ 
s= | CA a= f 12x1 D| i(« 5) GA 20GA (J) 


Since the axial force of the beam is zero, the total displacement is 
Tq’ 3q 


AA pt d5 = 
MT “S 384EI | 20GA 


Now we compare the effects of shear deformation and bending deformation on 
the displacement. The ratio between them is: 


3q? 
As _ 20GA EI 
= = 8.23 
AM Tq’ GAP 
384E1 


Taking the Poisson’s ratio of the material as u = 1/3, according to the mechanics 
of materials, E/G = 2(1 + u) = 8/3. For the rectangular section, I/A = h’/12 (his 
the height of the section). Substituting into the above formula, we have 


As h\? 
— = 1.83[{ — 
i= 183(7) 

If the height-to-span ratio of the beam h/I is 1/10, then 4s/4m = 1.83%. The 
effect of shear deformation is about 2% relative to the bending deformation, so 
generally the effect of shear deformation on the displacement can be ignored for 
beams. However, when the height-to-span ratio h/I increases to 1/3, then 4s/4m 


increases to 1/5. Therefore, for deep beams, the effect of shear deformation on 
displacements cannot be neglected. 


Example 4.2. As shown in figure 4.10a is a roof truss. The upper chords and other 
compression bars are made of reinforced concrete, and the lower chords and other 
tension bars are made of steel. Figure 4.10b is a simplified computational model of 
the roof truss subjected to uniformly distributed load g. Determine the vertical 
displacement of vertex C. 


Solution: (1) Determine Fyp. 

Firstly, the uniform load q can be converted into the nodal load Fp = ql/4 in 
terms of the average allocation rule along the horizontal length. 

For the sake of simplification, the nodal load is taken as a unit value 
(figure 4.11). The axial forces Fyp can be obtained by multiplying the internal forces 
given in the figure by Fp. 


(2) Determine Fy. 


Apply a virtual unit vertical load at point C, and the corresponding axial forces 
are shown in figure 4.12. 
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12, 1/12 
mel 


Fic. 4.12 — Determination of Fy. 


(3) Determine Ac. 


According to the displacement formula of trusses (4.21), we have 


Fy Fpl 
a Dae 


The detailed calculation process is shown in table 4.2. Due to the symmetry, 
when calculating the sum, only half members of the truss are calculated in the table, 
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with member EG taking half-length. In table 4.2, Aj, is the cross-sectional area of the 
upper chord: Ap = 18 cm X 24 cm = 432 cm’. A, is the cross-sectional area of the 
$22 rebar: Ay = 3.8 cm”. 


TAB. 4.2 — Tabulated calculation process for determining the displacement Ac. 


: Fy Fypl 
Materials FA 
1.97 Fpl/ Ey An 
1.84Fpl/E, An 
Reinforced 0 
concrete 3.81 Fpl 
3 E En An 
0 
0.63Fpl/ By, Ag 
Steel 0.5F pl/ Ey Ag 
1.13 Fpl 
Le Ey Ag 
According to the table, we have 
3.81 1.13 
Ac = 2Fpl| —— 
= ý Gi i Ea) (A 
The original data are taken as follows: 
Span l=12m 
Loads q = 13 000 N/m, Fp = ql/4 = 39 000 N 
Elastic modulus of the concrete E, = 3.0 x 10 MPa 
Elastic modulus of the rebar Eg = 2.0 X 10° MPa 


Substituting into equation (a), we get the displacement of vertex C 


Ac = 1.66cm (|) 


Example 4.3. Figure 4.13a indicates a 1/4 arc-shaped equal-section curved beam 
AB, with a radius of R and a rectangular cross-section. A concentrated load P is 
applied at point B vertically downward. Determine the vertical displacement A of 
point B. 


Solution: To determine A, apply a virtual unit vertical load at point B (figure 4.13b), 
and solve the internal forces under the actual load and the virtual unit load, 
respectively. Take point B as the coordinate origin, and the central angle of an 
arbitrary point C is denoted as 0. 


134 Structural Analysis 


(b) 1 


Fic. 4.13 — 1/4 arc-shaped curved beam under concentrated load. 


Actual load Virtual unit load 
Mp = —PRsin 0 M = —Rsin@ 
Fyp = — Psin 0 Fy = -sin 0 

Fsp = P cos 0 Fs = cos 8 


The displacement formula is 


7 =y x ia D Aas > [ts 


Using 4m, An, 4s to represent the displacements caused by M, Fy, Fs, respec- 
tively, we have 


PR PR PR f? 
A= n? Odo + ——— 2 add 
(F a) fis aos Ga f oos i 
_nPR_ nPR nkPR 
4 EFI 4EA 4GA 
= Ám + Án + ds 


In example 4.1, the influence of bending deformation on displacement is dominant. 
In this example, the two ratios An/4m and As/A are calculated for comparison. 

Assume the curved beam is made of reinforced concrete, then G % 0.4E; the 
cross-section is a rectangle, I/A = h’/12 (his the height of the section), k = 1.2, thus 


Ay 1 (h\? 
Am 12\R 


4s _, EI _i(h ? 
Am GAR? 4\R 
If h/R equals to 1/10, then 4y/Ay_ = 1/1200, 4s/4m = 1/400. It can be seen 


that under the given conditions, the displacements caused by axial deformation and 
shear deformation are negligible compared to that caused by bending deformation. 
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Example 4.4. Figure 4.14a displays a simply supported beam subjected to a con- 
centrated load Fp. Determine the relative rotation angle between end sections A and 
B of the beam. 


(b) 

Ma=1 Mp=1 

¢ : 

SAMA 
M 


~ <fi 1 1 


d 


Fic. 4.14 — A simply supported beam under concentrated load. 


Solution: As can be seen from figure 4.14a, the relative rotation angle A = 0, + Og. 
Therefore, the virtual force system is taken as a pair of reverse unit couples applied 
at sections A and B, as shown in figure 4.14b. 

The moment of the beam under the actual load can be expressed as follows: 


_ Fpb 


Mp xz (0 <2<a) 


Mp = Fpa(1 — 7) (a<«<l) 


The moment diagram is shown in figure 4.14c. 
Under the virtual unit load, the moment the beam is 


M=1(0<2</) 


Substituting into equation (4.20), the relative rotation angle 4 can be obtained: 


= M Mp = ° Feb i l Fpa T _ Fpab CS 
ssi ears ds= | mo f ae pjr = pmr 7) 


The result is positive, indicating that the direction of the relative rotation angle 
A is the same as the applied unit couples. 
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4.5 Graph Multiplication Method 


In section 4.4, the following integral needs to be solved when calculating the 
deflection of beams and frames under loads: 
M Mp 

EI 


ds (a) 


When the number of structural members is large and the load situation is 
complicated, it is quite cumbersome to perform the analytical integral operation. 
Actual engineering structures are mostly composed of uniform straight members. In 
this case, the fast and convenient graph multiplication method can be employed to 
obtain an accurate integral solution, thus simplifying the calculation. 


4.5.1 Graph Multiplication Method and Its Application 
Conditions 


As shown in figure 4.15, for the two moment diagrams of a uniform straight bar AB, 
assume one of the moment diagrams (M) is a straight line, and the other one (Mp) is 
an arbitrary shape. Taking the bar axis as the z-axis, the intersection O of the 
extension line of diagram M and the z-axis as the coordinate origin. Assume the 
slope of the inclined line in the diagram M is a, then the vertical distance (ordinate) 


of any point on the diagram M can be written as 


M = ztana (b) 


Substituting equation (b) into the displacement formula (a) of beams and 
frames, we have 


MM BoM, 
= Pds = tana | ie (c) 


where, Mpdz can be regarded as the differential area of the diagram M (shaded area in 
figure 4.15); x - Mpdz is the area moment of the differential area with respect to the y- 
axis. Therefore, i. xtMpdz is the area moment of area A of the diagram Mp with respect 
to the y-axis. If the distance from the centroid C of the diagram Mp to the y-axis is x, 
then 


B 
L xzMpdz = Arc (d) 
A 


If the bending stiffness EI of the member section is constant in segment AB, 
substituting equation (d) into equation (c), we have 


1 p 1 1 
A= mof tMpdz = pren” - Aŭto = BAM (4.24) 


where, yc is the ordinate in the diagram M corresponding to the centroid C of the 
diagram Mp, and A is the area of the diagram Mp in segment AB. 
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yh 


Fic. 4.15 — The principle of graph multiplication method. 


Therefore, the integral operation of structural displacement can be transformed 
into the product operation between the area and ordinate of the two moment 
diagrams. This is called the graph multiplication method. Equation (4.24) is the 
formula of the graph multiplication method for calculating the displacements of a 
uniform straight bar. 

If all the bending members in a structure can be multiplied with graphs, the 
displacement formula can be written as 


1 
oe ay Au (4.25) 


According to the above derivation process, the following two points should be 
noted when using the graph multiplication method: 


(1) Application conditions: The member should be a uniform straight member; at 
least one of the two moment diagrams should be a straight line; the ordinate yc 
can only be taken from the straight-line diagram. 

(2) Sign convention: When area A and ordinate yo are on the same side of the 
member, the product Ayc should be positive; otherwise negative. 


The area formulas and centroid positions of several common moment diagrams 
for deflection calculation are given in figure 4.16. 

It should be pointed out that in each of the parabolic diagrams, the tangent at 
the vertex of the parabola is parallel to the baseline (the member axis). These 
diagrams are referred to as standard parabolic diagrams. When using the formulas 
in the figure, we should note whether it is a standard diagram. 


4.5.2 Several Specific Problems of Applying Graph 
Multiplication Method 


(1) If both diagrams are straight lines, the ordinate yc can be taken from any of the 
diagrams. 
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— 4? _4 
l+a l+b 
3 gi 3 > 
I 
_;| 
lh 
iangle: A=— 
Triangle: A 7 
(c) vertex 
P 7 
3l 
ee 
> 


Quadratic parabola: a=2m 
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(b) 
vertex 
“| 
l l 
i—i 
; 2 
Quadratic parabola: E 
(d) 
© 
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k-> 
, I 
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n-order parabola: a=} ih 
n+l 


Fic. 4.16 — The area formulas and centroid positions of several common moment diagrams. 


(2) If one diagram is a polyline consisting of several straight lines, and the other 
diagram is a curve, it can be considered piecewise. Taking the situation shown in 


figure 4.17 as an example, we have 


1 e. 1 
a/ M Mpds = ey Aim + Ary + Azys) 


(3) When the diagram is complicated and its area or centroid position is not easy to 
determine, it can be decomposed into several simple diagrams according to the 
rules of integral operation. They can be multiplied by the other diagram 
respectively, and then the algebraic sum is the result of the multiplication of the 


two diagrams. 


For instance, consider the multiplication of two trapezoids displayed in 
figure 4.18. Instead of determining the area and centroid of the trapezoids, one of 
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Fic. 4.17 — Illustration of piecewise graph multiplication. 


the trapezoids (the diagram Mp) can be decomposed into two triangles (or a rect- 
angle and a triangle). Then by applying the graph multiplication method, we have 


1 —_ 1 
ap | MMos =; (Ain + Aa) (e) 
in which, 


1 1 
A, = 5 al, Ay = 5 bl 


Substituting into equation (e), we have 


1 f— l 
a | Teds = ggr (22° + 2bd + ad + bc) (4.26) 


Equation (4.26) is the deflection calculation formula for the graph multiplication 
of two trapezoids. The sign of each item in the parentheses should follow the rule 
that the multiplication of the ordinate on the same side of the baseline is positive 
and otherwise negative. Equation (4.26) is also applicable to the case where the 
ordinate on one end is zero, i.e., the case of triangles. 


Fic. 4.18 — Graph multiplication of two trapezoids. 


In addition, if the parabola is a non-standard diagram, it can be transformed into 
a standard one. 
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(b) 


Fic. 4.19 — Graph multiplication of non-standard parabola diagram. 


Figure 4.19a shows the diagram Mp of a straight member AB in a structure sub- 
jected to a uniformly distributed load q, which is a non-standard parabolic diagram. 
When calculating by the graph multiplication method, the diagram Mp can be 
decomposed into two diagrams: a trapezoidal diagram whose moments at two ends are 
My and Mp (the diagram M’ in figure 4.19b), and a standard quadratic parabolic 
diagram whose moment is that of the corresponding simply supported beam under the 
uniformly distributed load q (the diagram M? in figure 4.19c). Therefore, by multi- 
plying the above two diagrams with the diagram M respectively, their algebraic sum is 
the desired result. 

It is worth noting that the so-called superposition of moment diagrams refers to 
the superposition of their ordinates. Although the superimposed parabolic diagram is 
not the same in shape as the original standard parabola, their ordinate is equal at the 
same abscissa z, and the area of the infinitesimal element dz (the shaded area in the 
figure) is also the same. Therefore, the area and centroid position of both diagrams is 
the same. Understanding this point is conducive to the decomposition of complex 
moment diagrams. 


4.5.8 Examples of Graph Multiplication Method 


Example 4.5. Figure 4.20a illustrates a cantilever beam subjected to a concentrated 
load Fp at point A. Determine the deflection Aç at the midpoint C. 


Solution: To determine the deflection at the midpoint C, apply a downward virtual 
unit load at point C. Draw the diagrams Mp and M, as shown in figure 4.20a, b. The 
area of the triangle in the diagram M is 


The corresponding ordinate in the diagram Mp is 


5 
Yo = 37r! 
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Fic. 4.20 — Deflection calculation of a cantilever beam by graph multiplication method. 


According to the graph multiplication method, we have 


1 f— 1 
Ac = | Teds =i” 8 x g= 18 ET (1) 


Example 4.6. Determine the horizontal displacement 4 at point B of the frame 
shown in figure 4.21a. For each member, the cross-section is a rectangle of b x h, and 
the bending stiffness is ÆI. Only the influence of bending deformation needs to be 
considered in the calculation. 


(a) 


Fic. 4.21 — Deflection calculation of a frame by graph multiplication method. 


Solution: To determine the horizontal displacement of point B, apply a rightward 


virtual unit load at point B. Draw the diagrams Mp and M, as illustrated in 
figure 4.21b, c. 
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The area of the diagram Mp can be divided into three parts, A1, Ao, As: 


qË qË 2 qÊ qi 
l= A = — A == = — l = >— 
2a Tp TT Be Tn 


The corresponding ordinates in the diagram M are: 
21 l 


=R= z) =z 


Thus 


1 f— 1 qÊ 21 qB 21 qË 1l 3q 
A= =) M Mpds = ' = 
af pus ax (4*3 4%3 + 12%2) ~3a 


Example 4.7. Figure 4.22a shows a cantilever beam of variable stiffness subjected to 
a uniformly distributed load q. Determine the vertical displacement 4,g of point B. 


(b) 
wg qľ 138 


l l (o) 


Fic. 4.22 — Deflection calculation of a cantilever beam of variable stiffness by graph multi- 
plication method. 


Solution: To determine the vertical displacement of point B, apply a downward 
virtual unit load at point B. Draw the diagrams Mp and M, as shown in 
figure 4.22b, c. Due to the different stiffness of segments AC and CB, when applying 
the graph multiplication method, it should be treated segmentally. The left half of 
the diagram Mp is a non-standard parabola, which can be regarded as a trapezoid 
minus a standard parabola, as shown in figure 4.22b. 


Therefore 
1 fl qÊ 1 3 1 
Aww = G> 8 <3) ” G3 
1 1/2 qÊ qÊ qÊ Ll qÊ 
a ie 12 l 
tH” (2 oe 827 2 2T 8” 


1 2 qÊ 1l 3l 17ql* 
G X 32 5) <7 267r V) 
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Here, the formula (4.26) for the multiplication of two trapezoids is used during 
the calculation process. For this problem, there are several ways of performing graph 
multiplication, and it is also convenient to utilize the analytical integral method to 
compute the vertical displacement at point B. 


Example 4.8. Determine the relative horizontal displacement 4,4, between points A 
and B on the frame in figure 4.23a. 


(a) o (b) 


g 
a) 
B 


| 
7 


2kN/m 
VVVVVVVVVVVVY 
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Fic. 4.23 — Relative displacement calculation of a frame by graph multiplication method. 


Solution: To determine the relative horizontal displacement between points A and 
B, apply a pair of horizontal unit loads in opposite direction at points A and B. 
Draw the diagrams Mp and M, as shown in figure 4.23b, c. 

According to the graph multiplication method, we have 


Aan = py [gx (-2 x 80 x 642% 18 x 3~36 x3+18 x 6) Fx 6x 9x 7S 
i 4 3 18x3 2 —756 
+ 7 ( -5x 88x 6x56 = «5x8 <TR Oo 


4.6 Deflection Calculation under Temperature Change 


When the temperature of a statically determinate structure changes, deformation, 
and displacements will occur in the structure due to thermal expansion and con- 
traction of the material. However, the members of a statically determinate structure 
can deform freely, so no internal force will generate in the structure. In this section, 
the deflection calculation of statically determinate structures under temperature 
changes will be discussed. 

As shown in figure 4.24a, assume the outside temperature of the structural 
members is increased by t and the inside temperature is increased by t2. To simplify 
the calculation, it is assumed that the temperature varies linearly along the height of 
the member section. Under this condition, the deformation of the differential ele- 
ment of the members is displayed via the dashed line in figure 4.24b, where the 
section remains a plane after deformation. It can be seen that the deformation of the 
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(a) (b) 


Fic. 4.24 — (a) A frame subjected to temperature change, (b) deformation of differential 
element. 


members caused by temperature change can be decomposed into two parts: the 
expansion or contraction deformation along the member axis and the relative 
rotation of the section. No shear deformation is caused in the members. 

In terms of the geometric relation, temperature change at the neutral axis of 
members is 


_ hy t2 + hy ty 
7 h 


where, h denotes the member section height, hı and hz are the distances from the 
member neutral axis to the upper and lower edges, respectively. 

If the member section is symmetrical to the neutral axis, i.e., hy = hy = aly then 
the above formula becomes 


_tith 
~ 2 
If the linear expansion coefficient of the material is a, the axial strain and cur- 


vature of the infinitesimal element caused by temperature change can be expressed 
as 


e = ato (a) 
_ dé _ alt = ti)ds _ aAt 
eds ads A (e 


where, the temperature difference between the upper and lower edges of members is 
At = b — t. Substituting equations (a) and (b) into equation (4.16), and noticing 
that the average shear strain yọ = 0, we have 


A => | Pratoas+ > m as (4.27) 


The above formulation is a general formula for calculating the displacement of 
statically determinate structures under temperature change. The integral operation 
is performed along the entire length of the members, and the sum operation is 
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performed for each member of the structure. The first term on the right side of the 
equation represents the displacement caused by the average temperature change, 
and the second term represents the displacement caused by the difference in tem- 
perature change between the upper and lower edges of the members. 

If the section height of members does not change and the temperature change 
along the member length is the same, the above formula can be rewritten as 


A= Yat f Feast ye | mas (4.28) 


When applying equation (4.27) or (4.28), we should pay attention to the sign of 
the terms on the right side. The axial force Fy is positive for tension, and tọ is 
positive when the temperature increases. When the bending directions caused by the 
moment M and temperature difference At are the same (that is, M and At cause the 
members to generate tensile deformation in the same side’s fibers), their product has 
positive value. Otherwise, it is negative. 

For beams and frames, generally, the influence of axial deformation cannot be 
ignored when computing the displacement caused by temperature change. 

For trusses, the deflection calculation formula under temperature change is 
expressed as 


A=) Fyatyl (4.29) 


Example 4.9. Figure 4.25a shows a frame, the temperature of the lower side of the 
beam and the right side of the column increases by 10 °C, and the temperature of 
the upper side of the beam and the left side of the column keeps unchanged. 
Determine the vertical displacement at point C. The cross-section of each member is 
a rectangle, with a section height of h = 60 cm, a = 6 m, a = 10% °C +. 


(a) b = 
0°C - h =l 
B c B c 
10°C 

o°c| 10 °C £ 

A A 

po F 

Fy 


Fic. 4.25 — Deflection calculation of a frame under temperature change. 


Solution: To determine the vertical displacement of point C, apply an upward 

virtual unit load at point C. Draw the diagrams Fy and M, as shown in figure 4.25b, c. 
The temperature rise at the member axis is 

Oe | 


5 5°C 


) 
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The temperature difference between the upper and lower (left and right) edges is 
At = 10°C — 0°C = 10°C 


Substituting into equation (4.28), we have 


a At f— 
Ac = iat) f Fyds+ o> Mas 
10a 3 4 3a 
= 5a x (—a) A Xge = saa x (14+ 5) 


Since the bending directions caused by At and M are inverse, the second term in 
the above formula takes a negative value. Substituting a = 10° °C, a = 600 cm, 
h = 60 cm, we have 


Ac = —0.93 cm (1) 


4.7 Reciprocal Theorems of Linearly Elastic Structures 


In this section, four universal theorems of linearly elastic structures, i.e., the recip- 
rocal theorems, are discussed. The most basic theorem is the theorem of reciprocal 
works, and the other three theorems can be derived from it. These theorems will be 
used in the chapters on the force method and displacement method in this textbook. 

The reciprocal theorems are only applicable to linearly deformable structures. 
The application conditions are: 


(1) The material is in the elastic phase and the stress is proportional to strain. 
(2) The structural deformation is small and does not affect the external forces 
applying to the structures. 


4.7.1 Theorem of Reciprocal Works 


Figure 4.26a, b demonstrate two states when a linearly elastic structure is subjected 
to external forces Fp; and Fp;, which are referred to as state i and state j respectively. 
Now we consider the work done by the two forces when they are applied to the 
structure in different orders. If Fp; is applied first and then Fp, is applied, the 
deformation state of the structure is shown in figure 4.26c. The total work done by 
the external forces is 


where, for displacement Ajj, the first subscript 7 indicates the location and direction 
of the displacement, that is, the displacement of point i in the Fp; direction; the 
second subscript j denotes the cause of displacement, that is, the displacement is 
caused by Fp; 
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If Fp; is applied first and then Fp; is applied, the deformation state of the 
structure is illustrated in figure 4.26d. The total work done by the external forces is 


1 1 
Wa = 5 Fpj + Pejdat 5 Ppida 


In the above two loading processes, although the loading order of external forces 
is different, the final load state is the same. According to the uniqueness theorem of 
the solution of linear elastic structures, the final deformation state of the structure 
should be identical. Therefore, there should be identical strain energy in the 
structure for the two loading processes. Owing to the conservation of energy, the 
total work done by the external forces in the above two loading processes should be 
identical, that is, the total work done by the external forces is independent of the 
loading order. Therefore, we have: 


W = W 
That is 
1 1 1 I 
Fp Aig + pig + 5 FpjAy = 5 Fpj4y + Pej 4j + 5 Pid 
2 2 2 2 
Therefore 


Fp Ajj = Fp; A= W (4.30) 


The above equation shows that the work done by the external forces of state 7 on 
the displacements of state jis equal to the work done by the external forces of state 
j on the displacements of state i. This is the theorem of reciprocal works. Because 
the two states of the equilibrium force system and compatible deformation are 
independent, the theorem of reciprocal works is actually the theorem of reciprocal 
virtual works. 


Fic. 4.26 — The schematic of the theorem of reciprocal works. 
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It should be noted that the superposition principle is adopted in the above 
derivation process, that is, the displacement of the structure under the combined 
action of Fp; and Fp, is considered to be identical to the sum of the displacements 
caused by them separately. This makes the theorem of reciprocal works only 
applicable to linearly elastic structures. In addition, Fp; and Fp; can be generalized 
forces, including a set of external forces, then the displacements Aj and Aj; 
are the corresponding generalized displacements. Besides the member structures, 
the theorem of reciprocal works is also applicable to linearly elastic continuum 
structures, such as plates, shells, and massive structures. 


4.7.2. Theorem of Reciprocal Displacements 


Now we apply the theorem of reciprocal works to study a special case. If the forces 
acting on the structure are all unit loads with the dimension as 1, i.e., Fp; = 
Fp; = 1, as shown in figure 4.27. Using 6 to represent the displacement caused by 
the unit load, according to the theorem of reciprocal works, we have 


That is 


This is the theorem of reciprocal displacements. It indicates that the displace- 
ment corresponding to the +th unit load caused by the #th unit load is identical to 
the displacement corresponding to the #th unit load caused by the +th unit load. 


b= is called the displacement influence coefficient, whose dimension is that of 
a: 


oR Obviously, the theorem of reciprocal displacements is a special form of the 
if Pj 


theorem of reciprocal works when Fp; = Fp; = 1. 


Fic. 4.27 — The schematic of the theorem of reciprocal displacements. 


The loads here can also be generalized loads, and then the displacements are the 
corresponding generalized displacements. For instance, in the two states of 
figure 4.28, according to the theorem of reciprocal displacements, we have 04 = 6c. 
In fact, according to the mechanics of materials: 


FP MP 


0a = Temp? °C = IGRI 
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Ê 


Now F = 1, M = 1, and then 0, = ôc = z@q- Therefore, although 0,4 represents 
the angular displacement caused by the unit load, ôç indicates the linear displace- 
ment caused by the unit couple, their meanings are different, but they have identical 
values and dimensions (i.e., the dimension of W/(FM)). In other words, the 
dimensions of two generalized displacements may be different, but their influence 
coefficients can be the same in value and dimension. Therefore, strictly speaking, the 
theorem of reciprocal displacements should be named the theorem of reciprocal 
displacement influence coefficients. But customarily, it is still called the theorem of 
reciprocal displacements. 


Fic. 4.28 — The schematic of reciprocal displacement influence coefficients. 


4.7.38 Theorem of Reciprocal Reactions 


The theorem of reciprocal reactions is also a special form of the theorem of reciprocal 
works. It shows that when two supports of a statically indeterminate structure have 
a unit displacement respectively, the reactions caused by them have a reciprocal 
relation. 

Figure 4.29 demonstrates two deformation states of a linear elastic structure. In 
figure 4.29a, due to the unit displacement 4; = 1 of support i, the reactions caused 
at supports 7 and j are r; and rj, respectively; in figure 4.29b, due to the unit 
displacement 4; = 1 of support j, the reactions caused at supports 7 and jare rj and 
rj, respectively. Herein, among the two subscripts of reaction rj, the first subscript 
i indicates that the reaction corresponds to the unit displacement 4;, and the second 
subscript j indicates that the reaction is caused by the unit displacement Aj. 


Fic. 4.29 — The schematic of the theorem of reciprocal reactions. 
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Applying the theorem of reciprocal works to the above two states, we have 
rax Ot ry xX l= ry X 14+ ry x 0 
i.e., 
T = T (4.32) 


This is the theorem of reciprocal reactions, which means that the reaction 
corresponding to the +th unit support displacement caused by the #th unit support 
displacement is identical to the reaction corresponding to the 7th unit support 
displacement caused by the i-th unit support displacement. rj; and r; are called the 
reaction influence coefficients, whose value and dimension (i.e., the dimension of 
aa) are identical. This theorem is applicable to any two supports in the structure. 
Nevertheless, we should pay attention to the correspondence between the reaction 


and displacement in the work relation, that is, a force corresponds to a linear dis- 
placement, and a couple corresponds to an angular displacement. 


4.7.4. Theorem of Reciprocal Displacement-Reaction 


The theorem of reciprocal displacement-reaction is another special form of the the- 
orem of reciprocal works. For example, figure 4.30 shows two deformed states of a 
linear elastic structure. When a unit load Fp; = 1 is applied at section i, the reaction 
moment at support jis Tii whose direction is shown in figure 4.30a. Then, when a unit 
rotation 6; = 1 occurs at support jin the direction of Tii the displacement of section 


i in the direction of Fp; is denoted as Jy, as displayed in figure 4.30b. 


(b) 


Fic. 4.30 — The schematic of the theorem of reciprocal displacement-reaction. 


Applying the theorem of reciprocal works to the above two states, we have 
T; X 1+1x 6;,=0 


i.e. 
1 
Ôj = =r (4.33) 
This is the theorem of reciprocal displacement-reaction, which means that the 
displacement corresponding to the +th unit load caused by the #th unit support 
displacement is equal to the reaction corresponding to the 7th unit support dis- 
placement caused by the +th unit load, but the sign is opposite. The value and 
dimension of the two influence coefficients in equation (4.33) are the same. The force 
here can also be a generalized force, and then the displacement is the corresponding 
generalized displacement. 
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Problems 
4.1 Determine the horizontal displacement of point B of the truss. Each member has 


an identical EA. 


Fp 


k] 
Fic. P4.1 


4.2 Determine the vertical displacement of point C of the truss. Each member has an 
identical FA. 


Fic. P4.2 


4.3 Determine the relative linear displacement between points A and B of the truss. 
Each member has an identical FA. 


A 
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4.4 As shown in the figure is a plane truss, each member has an identical 
cross-sectional area A = 0.4 X 10? m? and elastic modulus Æ = 200 GPa. Deter- 
mine the vertical displacement of points B and D. 


C 
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4.5 Determine the mid-span deflection of the beam by the integral method (ignore 
the influence of shear deformation). 


Fic. P4.5 


4.6 Determine the vertical displacement Ac of midpoint C of the simply supported 
beam, and compare the influence of shear force and moment on the displacement. 
The cross-section is a rectangle with height h, G=2E,k = 1.2,4= 4. 


q 
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4.7 Determine the vertical displacement of point B of the curved beam by the 
integral method. EI = constant. 
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4.8 Determine the horizontal displacement A,p of point B of the curved beam. The 
axis of the curved beam is a parabola, whose equation is 


The beam is subjected to a uniformly distributed load q, EJ = constant. In the 
calculation, only the bending deformation is needed to consider. The arch is rela- 
tively flat, and it can be regarded that ds = dz. 


q 
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4.9 Determine the maximum deflection fmax of the beam by the graph multiplication 
method. 
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4.10 Determine the deflection at point C of the beam, where, Fp = 9000 N, 
q= 15000 N/m. The beam is #18 steel I-beam, I= 1660 cm*, h= 18 cm, 
E = 2.1 x 10° MPa. 
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4.11 Determine the horizontal displacement at point B in the frame structure shown 
in the figure. 


Fic. P4.11 


4.12 Determine the vertical displacement at point C of the frame. EJ = constant. 
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4.13 Determine the vertical displacement at point D of the frame. EJ = constant. 


Fic. P4.13 
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4.14 Determine the vertical displacement of point C of the frame. EJ = constant. 


Fic. P4.14 


4.15 The temperature of members AD and AC of the truss shown in the figure 
increases by t °C, and the coefficient of linear expansion of the material is a. 
Determine the vertical displacement of point C. 


Fic. P4.15 


4.16 The frame shown in the figure has a temperature increase of 30 °C on the inner 
side, each member has a rectangular cross-section with the same height of 
h. Determine the vertical displacement of point C. 


lc 6m ate 6m >| 


Fic. P4.16 


4.17 The frame shown in the figure has a rectangular cross-section with height 
h, h/l = 1/20. Determine the vertical displacement of point C. 
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Fic. P4.17 


4.18 A pair of couple moments M are applied at both ends of the simply supported 
beam shown in the figure. Meanwhile, the temperature of the upper surface rises by 
tı, and the lower surface drops by t4. Determine the rotation angle 6 of the endpoint. 
If 0 = 0, how much is the couple moment M? The beam has a rectangular 
cross-section with a dimension of b X h. 


Section 
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4.19 It is known that the deflection curve equation of a uniform simply supported 
beam with a concentrated load Fp acting on the mid-span (as shown in figure 
P4.19a) is y(x) = 284 (3P — 42”), 0< £< 4 Determine the mid-span deflection A of 
the beam under the uniformly distributed load q shown in figure P4.19b by the 
theorem of reciprocal works. 
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Chapter 5 


Force Method 


Compared with statically determinate structures, statically indeterminate struc- 
tures have redundant constraints, making them more resistant to damage. 
Therefore, they are more widely used in engineering practice. The main difference 
between statically indeterminate and determinate structures lies in that the internal 
forces of statically determinated structures can be obtained directly from the static 
equilibrium condition, without considering the compatibility condition of defor- 
mation. Accordingly, their internal forces are statically determinate. While for 
statically indeterminate structures, the internal forces cannot be obtained directly 
from the static equilibrium condition and it is necessary to consider the compati- 
bility condition of deformation. Thus, the corresponding internal forces are statically 
indeterminate. The main content of structural analysis includes the calculation of 
internal forces and displacements, so as to check the strength and stiffness. The 
conditions for solving the internal forces and deflections of statically indeterminate 
structures contain the static equilibrium condition, compatibility condition of 
deformation, and physical condition. 

According to a different selection of primary unknowns, the analysis methods of 
statically indeterminate structures can be divided into two types: the force method 
and the displacement method. The former utilizes the redundant constraint forces as 
the primary unknowns and the latter adopts the independent nodal displacements. 
The force method is an earlier proposed and well-developed method for the analysis of 
statically indeterminate structures, which is also a more fundamental method. When 
solving the internal forces of a statically indeterminate structure by the force method, 
the primary unknowns are the redundant constraint forces. The primary system and 
primary structure should be first selected to establish the force method equations from 
the compatibility condition of deformation. Then, the displacement influence coeffi- 
cients (flexibility coefficients) in the force method equations can be computed by the 
unit load method (Maxwell-Mohr integral method). Furthermore, the redundant 
constraint forces can be determined by solving the force method equations. Finally, the 
remaining support reactions and internal forces of the statically indeterminate 
structure can be obtained from the static equilibrium condition. For the same struc- 
ture, there are several ways to choose the primary structure and primary unknowns of 
the force method, while the number of primary unknowns is identical for different 
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primary structures. For each redundant constraint force, there is a corresponding 
compatibility condition of deformation. Since there are various ways to choose the 
primary structure, the force method is very flexible and full of skillfulness. 

In this chapter, the fundamental principle of the force method is introduced, and 
the calculation of internal forces for various forms of statically indeterminate 
structures under loadings, support movement, and temperature change is discussed. 
Meanwhile, the analysis of the force and deformation characteristics of various 
structures is highlighted. 


5.1 Determination of Degree of Static Indeterminacy 


5.1.1 Equilibrium and Geometric Construction 
Characteristics of Statically Indeterminate 
Structures 


If the support reactions and internal forces at each section of a structure can be 
uniquely determined from the static equilibrium condition, it is called a statically 
determinate structure, such as the simply supported beam shown in figure 5.1a. If 
the internal forces and support reactions of a structure cannot be directly deter- 
mined from the static equilibrium condition, it is a statically indeterminate struc- 
ture, such as the continuous beam shown in figure 5.1b. 


; yA E B 
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Fic. 5.1 — (a) Statically determinate structure and (b) statically indeterminate structure. 


From the perspective of geometric construction, both the simply supported beam 
and the continuous beam are geometrically stable. If support link B is removed from 
the simply supported beam, the structure becomes a geometrically unstable system; 
however, if support link C is removed from the continuous beam, it is still geo- 
metrically stable. Therefore, for the continuous beam, support link C is a redundant 
constraint. This leads to the following conclusions: a statically determinate structure 
is a geometrically stable system without redundant constraints, while a statically 
indeterminate structure is a geometrically stable system with redundant constraints. 
Therefore, there are two main characteristics that distinguish a statically indeter- 
minate structure from a statically determinate structure: the internal forces are 
statically indeterminate, and there are redundant constraints. 
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5.1.2 Determination of Degree of Indeterminacy 
and Number of Redundant Constraint Forces 


For a statically indeterminate structure, the number of redundant constraint 
forces is the same as the number of redundant constraints. To determine the 
redundant constraint forces, the same number of deformation compatibility 
equations need to be established. Therefore, to solve a statically indeterminate 
structure by the force method, the number of redundant constraints must be 
determined first. This number is called the degree of indeterminacy of the structure. 
A statically indeterminate structure is a geometrically stable system. According to 
section 2.3, the degree of indeterminacy n is equal to negative computational degree 
of freedom W: 


n=-W (a) 


A statically indeterminate structure can be considered as a statically determi- 
nate structure plus several redundant constraints. Therefore, the most direct way of 
determining the degree of indeterminacy is to remove the redundant constraints 
from the original structure to make it become a statically determinate structure. 
Then, the number of removed redundant constraints is the degree of indeterminacy 
of the original structure. From the perspective of static analysis, the degree of 
indeterminacy is equal to the number of equations lacked when calculating the 
unknown forces in terms of the equilibrium equations, that is, the number of 
redundant constraint forces. 


(a 
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Fic. 5.2 — Various statically indeterminate structures. 


For example, after removing or cutting off the extra constraints, the statically 
indeterminate structures shown in figure 5.2a-d will become the statically deter- 
minate structures shown in figure 5.3a-d. The corresponding redundant constraint 
forces that are exposed after removing the redundant constraints are also plotted in 
the figure. The degrees of indeterminacy of these structures are 2, 3, 6, and 3, 
respectively. 
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Fic. 5.3 — Statically determinate structures after removing the redundant constraints. 


For the case of plane structures, to obtain a statically determinate structure by 


removing redundant constraints from a statically indeterminate structure, the fol- 
lowing points should be noted: 


1) 


Removing a support link or cutting off a link is equivalent to removing one 
constraint (figure 5.3a, b). 

Removing a pin support or a simple hinge is equivalent to removing two 
constraints. 

Removing a fixed support or cutting off a beam is equivalent to removing three 
constraints (figure 5.3c). 

Changing a fixed support as a pin support or slider support, adding a simple 
hinge to a continuous bar, or changing a pin support or slider support as a roller 
support, are all equivalent to removing one constraint (figure 5.3d). 

The original structure should not be disassembled into a geometrically unstable 
system, that is, the necessary constraints cannot be removed. For example, if 
the horizontal support link in the beam shown in figure 5.2a is removed, it 
becomes a geometrically unstable system. 

All redundant constraints should be removed. For example, for the structure 
in figure 5.4a, if only one vertical support link is removed, as shown in figure 
5.4b, the closed frame still has three redundant constraints. The closed frame 
must be cut off at a section, as shown in figure 5.4c, to become a statically 
determinate structure. Therefore, the original structure has a total of four 
redundant constraints: one from the support, and the other three from the 
internal structure. 


(b) (c) 


Fic. 5.4 — A closed frame with internal redundant constraints. 
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5.2 Fundamental Concept of the Force Method 


When using the force method to solve the problem of a statically indeterminate 
structure, the structure is related and compared to a statically determinate struc- 
ture, so as to find a way to transform the statically indeterminate problem into a 
statically determinate problem. To analyze a statically indeterminate structure by 
the force method, the redundant constraint forces are chosen as the primary 
unknowns, which can be solved according to the deformation compatibility condi- 
tion. Then, the redundant constraint forces, together with the external loads, are 
applied to the primary structure. The reactions and internal forces of the structure 
can be determined according to the static equilibrium conditions. It can be seen that 
the key to analyzing a statically indeterminate structure by the force method is to 
establish the compatibility equation, from which the redundant constraint forces can 
be solved. The compatibility equation is corresponding to the equation of the force 
method. 


5.2.1 Primary Unknowns, Primary System, and Basic 
Equations of Force Method 


Next, we will introduce the three basic concepts of the force method by using the 
structure with a single degree of indeterminacy shown in figure 5.5a. 


1. Primary unknowns 


By comparing the statically indeterminate structure shown in figure 5.5a with 
the statically determinate structure shown in figure 5.5b, we know: 

There are three unknown reactions Fa, Fya, and Mg in figure 5.5b, which can be 
determined by the three equilibrium equations. 

In figure 5.5a, there is one redundant unknown constraint force X; at support B. 
The system contains a total of four unknown constraint reactions, which cannot be 
completely determined from the three equilibrium equations. Therefore, the new 
problem encountered in solving this statically indeterminate structure is to solve the 
redundant unknown force X}. Once X; is determined, the problem becomes a 
statically determinate problem. 

Removing the redundant constraints in the structure and replacing them with 
the unknown forces, these unknown forces are called the primary unknowns of force 
method. In the force method, the calculation of redundant unknown forces is the key 
problem for the analysis of statically indeterminate structures, and the redundant 
constraint forces are the key unknown forces. This is why the method is called the 
force method. 

As long as Xj is determined, the remaining unknown forces can be solved easily. 
Therefore, in the force method, the calculation of the primary unknown X; is the 
primary goal. It is worth pointing out that in figure 5.5a, Fy, or Ma can also be 
chosen as the primary unknown, but F,,,4 cannot. 
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Fic. 5.5 — Primary unknowns, primary system and primary structure of force method. 


2. Primary system 


By removing the redundant constraint support B in figure 5.5a and replacing it 
with the redundant unknown force X4, we obtain a statically determinate structure 
with redundant unknown force as shown in figure 5.5c, which is called the primary 
system of force method. If both the redundant constraint (support B) and the 
external loads are removed from the statically indeterminate structure in figure 5.5a, 
the obtained statically determinate structure is called the primary structure of force 
method (figure 5.5d). 

Since the primary system retains the redundant constraint reaction X, in the 
original structure, the force state of the primary system is exactly the same as the 
original structure. Therefore, the primary system can represent both the statically 
determinate structure and the original statically indeterminate structure, i.e., it is the 
bridge between the statically determinate structure and the statically indeterminate 
structure. 


3. Basic equation 


As the primary unknown X; in figure 5.5a cannot be determined only by the 
static equilibrium condition, a new equation must be added. In the statically 
determinate structure, as shown in figure 5.5c, there will be no vertical displacement 
in the movable hinged support at point B in the original structure. Therefore, the 
primary structure must also meet this deformation compatibility condition under 
the combined action of the external loads and the redundant constraint force. That 
is, the displacement A; along the direction of the redundant constraint force X4 at 
point B should be zero, and then the primary system can be completely equivalent to 
the original statically indeterminate structure. 

Therefore, the condition of transforming the primary system to the original stat- 
ically indeterminate structure is: the displacement of the primary system along the 
direction of the redundant constraint force X, should be the same as the original 
structure, t.e., 


A,=0 (a) 


This transforming condition is a compatibility condition of deformation, which is 
the supplementary condition required for calculating the redundant unknown force. 
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For a linear deformable system, by using the principle of superposition, the 
deformation condition (a) can be written as an equation containing the redundant 
unknown force X4, which is called the basic equation of force method. 

Figure 5.6a shows a primary system under the combined action of load q and 
unknown force X4. According to the principle of superposition, state (a) in figure 5.6 
is equivalent to the superposition of state (b) and state (c). Here the states (b) and 
(c) represent the states of the primary structure under the independent action of 
q and Xj, respectively, as shown in figure 5.6b and c. Therefore, the deformation 
compatibility condition (a) can be expressed as: 


A, = Aip+4Auy =0 (b) 
where, 4; is the total displacement of the primary system in the X; direction under 


the combined action of load q and the unknown force X, (i.e., the vertical 
displacement of point B in figure 5.6a). 


Fic. 5.6 — Deformation compatibility condition of force method. 


Aip is the displacement of the primary structure along the X, direction under 
load q alone (figure 5.6b). 41; is the displacement of the primary structure along the 
X; direction under the action of the unknown force X, alone (figure 5.6c). If the 
directions of the displacements 41, 4;p and 41; are the same as the positive direction 
of the unknown force Xj, they are defined as positive. 

When X, = 1 acts on the primary structure alone, the displacement of point B 
along the X; direction is denoted as 6,;. According to the principle of superposition, 
when the unknown force X4 acts on the primary structure, the displacement caused 
by X, can be written as 


An = 6X1 (c) 
Therefore, the physical meaning of the coefficient 6), is the displacement of the 


primary structure along the X; direction under the unit load X, = 1 (figure 5.7b). 
Substituting equation (c) into equation (b), we get 


611X1 + Aip = 0 (5.1) 


This is the basic equation of the force method of a structure with a single degree 
of indeterminacy under linearly elastic deformation. 
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Fic. 5.7 — The coefficient and free term in the basic equation of force method. 


The coefficient 6,;; and free term A p in the basic equation of force method are 
both displacements of the statically determinate primary structure. To calculate 61, 
and Aip, the moment diagram Mp (figure 5.7c) of the primary structure under 
external loads and the moment diagram M; (figure 5.7d) under the unit load X, = 1 
should be drawn first. Then, by using the fast integral method of unit load method 
for structural displacement calculation, i.e., the graph multiplication method, we 
have 


MM, 1 1 ge l Ut 
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Substituting them into the force method equation (5.1) yields 
B ql! 
SE o) 
3EI SEI 
Then we have 
3 
Xı = 8 ql 


The obtained unknown force is positive, indicating that the direction of X is the 
same as the originally assumed direction. 

After the redundant unknown force is determined, the support reactions of the 
original structure and the internal forces of each section can be calculated using the 
equilibrium conditions according to the internal force solution method of statically 
determined structures. The results are illustrated in figure 5.8a, b, and c. 

According to the principle of superposition, the moment M of any section of the 
structure can be expressed by the following formula: 


M= MX, + Mp (5.2) 


where, Mı is the moment in the primary structure caused by the unit load X;=1; Mp 
is the moment caused by the external loads. 
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Fic. 5.8 — The support reactions and internal force diagrams of original structure. 


5.2.2 Analysis of Structures with Multiple Degrees 
of Indeterminacy by Force Method 


As shown in figure 5.9a, a frame with two degrees of indeterminacy is used to 
illustrate the main points and process of the analysis of structures with multiple 
degrees of indeterminacy by the force method. Taking the reactions X, and Xə at 
support B as the primary unknowns, the primary system is shown in figure 5.9b, and 
the corresponding primary structure is shown in figure 5.9c. 


(a) (b) (c) 
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Fic. 5.9 — Primary system and primary structure of a frame with two degrees of 
indeterminacy. 


The deformation compatibility condition of the redundant constraints is used to 
determine the redundant unknown forces X, and X2. The deformation compatibility 
condition is: the displacements at point B of the primary system along the X; and Xə 
directions should be equal to those of the original structure, i.e., be zero. Thus we 


have 
A, =0 
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where, A; is the displacement of the primary system in the X, direction, i.e., the 
vertical displacement of point B; A is the displacement of the primary system in the 
Xə direction, i.e., the horizontal displacement of point B. 

The deformation compatibility equation (d) can be expanded using the principle 
of superposition. First, the displacements of the primary structure under the action 
of external loads, the unknown force X; and the unknown force Xə are calculated 
separately: 


(1) When the external loads are applied alone, the vertical and horizontal dis- 
placements of point B are 4ıp and Agp, respectively (figure 5.10a). 

(2) When unit load X, = 1 is applied alone, the vertical and horizontal displace- 
ments of point B are ô; and 62, respectively (figure 5.10b); when unknown 
force X; is applied alone, the vertical and horizontal displacements of point B 
are 01,X1 and 69,Xj, respectively. 

(3) When unit load Xz = 1 is applied alone, the vertical and horizontal displace- 
ments of point B are 619 and 69, respectively (figure 5.10b); when unknown 
force Xə is applied alone, the vertical and horizontal displacements of point B 
are 12X and 22X2, respectively. 
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Fic. 5.10 — The coefficients and free terms for force method analysis of frame. 


Then, according to the principle of superposition, the total displacements of 
point B in the vertical and horizontal directions under the combined action of 
external loads and unknown forces are 


Ay = 611 Xı 612 X2 Aip 


A2 = 621X1 + 622X2 + Aap 
Therefore, the deformation compatibility condition (d) becomes 


ô11Xı + 612 Xo an 


bs A= 0 (al 


The above formulas are the basic equations of force method for the structures 
with two degrees of indeterminacy. 

After the redundant unknown forces X, and X> are determined from the basic 
equations, the support reactions and internal forces of the original structure can be 
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solved by using the equilibrium conditions, according to the internal force calcula- 
tion method of statically determinate structures. In addition, the internal forces of 
the primary structure caused by external loads, the unknown forces X, and X alone 
can be calculated separately, and then the internal forces of the original structure 
can be solved using the principle of superposition. For example, the moment M of 
any section can be written as: 


M = M,X, + Mə Xə + Mp 


where, Mp is the moment of the primary structure caused by external loads; Mı and 
M are the moments of the primary structure caused by unit load X; = 1 and 
Xə = 1, respectively. 

There are different ways to select the primary system and primary unknowns of 
the force method for the same structure, but the final results should be the same. For 
example, for the structure shown in figure 5.9a, the primary system can also be 
selected as the system shown in figure 5.11a or b. In these cases, the form of the basic 
equation of force method is the same as equation (5.3), but the meaning of the 
corresponding deformation condition is different, as the meaning of X, and Xə is 
different for different primary systems. It is worth noting that the primary system 
should be geometrically stable. Therefore, the instantaneously unstable system 
shown in figure 5.11c cannot be chosen as a primary system. 


(a) (b) (c) 
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Fic. 5.11 — Different selections of primary system and primary unknowns of force method. 


5.2.8 Canonical Equations of Force Method 


For the statically indeterminate structures with n degrees of indeterminacy, there 
are n redundant constraints, each of which corresponds to a primary unknown—the 
unknown restraint force and each redundant restraint provides a deformation con- 
dition. Thus, n deformation compatibility equations can be established for the 
primary system accordingly, namely the basic equations of the force method, from 
which the n unknown restraint forces can be solved. These n equations can be 
written as: 


ô11Xı + 12X2 + +++ + 6inXn+ Arp = At 
691 Xı le 699.X9 aa Ô2n Xn =e Aop = A» 


Ont X1 T Ôn2 X2 poer OnnXn + Anp = An 


(5.4a) 
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If the true displacements of the original structure at the redundant constraints 
are all zero, then we have 


ô11Xı + 12X2 + +++ +0inXn+ Arp = 0 
ô21 Xı + 22X2 + +++ + Ô2n Xn + Aop = 0 (5.4b) 
Oni X1 Ono X2 meee Onn Xn Anp =0 


Equation (5.4a) or (5.4b) is the general form of the basic equations of force 
method for statically indeterminate structures with n degrees of indeterminacy 
under loads. Regardless of the structure type and how the primary structure is 
selected, the form of the force method equation is constant. Therefore, equation 
(5.4a) or (5.4b) is often called the canonical equations of force method, whose 
essence is a set of compatibility equations of deformation. 

In the canonical equations of force method, the coefficient ô; is the displacement 
of the primary structure along the X; direction caused by the unit load X; = 1. The 
coefficient 6,; is often referred to as the flexibility coefficient, 7.e., the displacement 
influence coefficient introduced in section 4.7. The free term A;p represents the 
displacement of the primary structure in the X; direction caused by external loads. 
The displacement is positive when its direction agrees with the primary unknown, 
otherwise negative. The first letter in this double-subscript notation indicates the 
direction of the displacement along the corresponding redundant unknown force, 
and the second one refers to the cause of the resulting displacement. The coefficients 
ĝi; on the main diagonal from the upper left 6,; to the lower right 6,,, in the force 
method equation are called the primary coefficients, and the other coefficients 
6;(% # j) are called secondary coefficients. The primary coefficients are always pos- 
itive, while the secondary coefficients may be positive, negative, or zero. According 
to the theorem of reciprocal displacements, we have 


The canonical equations of force method (5.4a) or (5.4b) can also be written as 
the following matrix form: 


6X +Ap =A (5.6a) 
or 
6X + Ap =0 (5.6b) 


where, ô is called the flexibility matrix, whose elements are the flexibility coefficients 
6;; in equation (5.4a) or (5.4b). From equation (5.5), we can see that ô is a symmetric 
matrix. The quadratic form is constituted by the flexibility matrix and the non-zero 
force vector represents the strain complementary energy of the structure, which is 
constantly positive, thus ô is a positive definite matrix; X is the vector of primary 
unknown forces; Ap is the displacement vector caused by external loads. The 
canonical equations of force method represent the compatibility conditions of 
deformation, which are also called the structural flexibility equations. Therefore, the 
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force method is also called the flexibility method. The canonical equations of the 
force method can be deduced by using the principle of minimum complementary 
energy. 

The force method equations are a set of linear algebraic equations. All the pri- 
mary unknowns (the redundant constraint forces) can be obtained by solving the 
equations. Then, the internal forces of structure can be determined from the equi- 
librium conditions, or they can be calculated more conveniently from equation (5.7) 
according to the principle of superposition: 


M= MX, + MX + var +MnXn + Mp 
Fs = Fs1Xı + Fs2X2 + +++ + FsnXn + Fsp (5.7) 
Py = Fyi Xı + Fyn2 X2 + +++ + FNnXn + Fyp 


where, M;, Fs, and Fy; are the internal forces of the primary structure under the 
action of X; = 1; Mp, Fsp, and Fyp are the internal forces of the primary structure 
under external loads. After the moment of the original structure is obtained from the 
first formula of equation (5.7), Fs and Fy can be directly solved from the equilibrium 
conditions. 


5.3 Analysis of Statically Indeterminate Frames 
and Bent Structures 


According to the fundamental principles of the force method, the analysis of a 
statically indeterminate structure can be performed by the following steps: 


(1) Determine the degree of indeterminacy of the structure, select a reasonable 
primary structure, and then apply the external loads and redundant constraint 
forces (the primary unknowns of the force method) to the primary structure. 

(2) Establish the force method equations, and determine the flexibility coefficients 
ô; and free terms Aj;p. To do this, the unit internal force diagram (under the 
action of each unit unknown force alone) and load internal force diagram (under 
the external load) of the primary structure need to be drawn first, and then the 
flexibility coefficients and free terms can be calculated according to the dis- 
placement calculation method of the statically determinate structures. 

(3) Solve the force method equations to obtain the primary unknowns, i.e., the 
redundant constraint forces. 

(4) Use the principle of superposition to draw the internal force diagram of the 
primary structure under the combined action of external load and redundant 
constraint forces, which is actually the internal force diagram of the original 
structure. 


If a different primary structure is selected, the calculation step and final results of 
the statically indeterminate structure should be the same, but the calculation 
workload may be quite different. Therefore, the selection of a proper primary 
structure is of great significance in the force method. The general principle for the 
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selection of the primary structure is to make the calculation simple. For example, for 
beam and frame structures, the unit moment diagram and external load moment 
diagram should be simple, or some secondary coefficients or free terms of the 
equations should be zero, so as to facilitate the application of the graph multipli- 
cation method. If the structure is symmetric, generally a symmetric primary 
structure should be selected. For the case of a structure with elastic supports, the 
elastic supports can be cut off to remove the redundant constraints, making the 
calculation relatively simple. 

For the members of frames and bent structures, generally, the influence of axial 
and shear force on deformation is much smaller than the moment. Therefore, in the 
analysis of statically indeterminate frames and bent structures, the influence of axial 
and shear deformation can usually be ignored. However, for the columns of high-rise 
frames, the influence of axial force is relatively large; while for stubby members, the 
influence of shear force is relatively large. Under these situations, special treatment is 
required. 

As shown in figure 5.12 is the computational model of a bent structure of a 
single-story single-span plant. The columns are members with stepped variable 
cross-sections. The bottom of the columns is fixed, and the top of the columns is 
hinged with a crossbeam (roof truss). The axial deformation of the crossbeam is 
often ignored in the calculation. 


Fic. 5.12 — A single-story single-span plant bent. 


Example 5.1. As shown in figure 5.13a is a statically indeterminate frame. The 
inertia moments of the beam and column are J, and 4, and [,: = 2:1. The beam is 
subjected to a uniformly distributed load q = 20 kN/m. Draw the internal force 
diagram of the frame. 


Solution: (1) Select the primary system 

The frame has one degree of indeterminacy. Select the horizontal reaction at 
point B as the redundant unknown force. After removing the horizontal support at 
point B and replacing it with an unknown force X4, the primary system shown in 
figure 5.13b can be obtained. 


(2) Establish the force method equation 


There is no horizontal displacement at point B in the original structure. From 
this deformation condition, the force method equation can be established as: 


61X1+ Aip = 0 
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(a) (b) q =20kN/m 


6m. 


(c) (d) 


diagram Mp (kN-m) Mi (m) 


Fic. 5.13 — Analysis of a statically indeterminate frame by force method. 


(3) Determine the coefficients and free term 


Both the coefficient 6;; and free term Ajp are displacements of the statically 
determinate primary structure. In calculation, the axial and shear forces can be 
ignored, and only the influence of the moment on the displacement of the frame is 
considered. Draw the moment diagram of the primary structure under external loads 
(namely, the load moment diagram Mp), and the moment diagram under unit load 
X, = 1 (the unit moment diagram M1), respectively, as shown in figure 5.13c and d. 

Calculate the displacement by the graph multiplication method: 


MM, 1 2 
Ap => a dr= pr” ($x 160 km x 8m) x 6m 
5120 kN-m? 
~ EL, 


Here, as the diagrams Mp and M, are on the opposite side of the beam, the 
product of the two diagrams is negative. 


1 2 
=A m + —— x (5x omx om) x (Fx om) 


_ 288 më 144 më 
~ BL Eb 
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As h:h = 2:1, we have 


(4) Solve the redundant unknown force 
Substituting 6,;; and Ap into the force method equation, we get 


576 m x, 5120 kN-m? = 
EL, EL, 


Thus, 


80 
X = 9 kN 

The calculation result is positive, indicating that the actual direction of the 
primary unknown force is the same as the assumed direction; otherwise opposite. 
Since all the terms in the force equation contain Æ, it can be eliminated. Therefore, 
when calculating the internal forces of a statically indeterminate frame under 
loadings, we only need to know the relative value of EJ of each member, instead of 
the absolute value. In other words, the internal and reaction forces of a statically 
indeterminate structure under loadings are irrelevant to the absolute stiffness of the 
members. When the stiffness ratio of each member changes, the statically indeter- 
minate forces will also change. As long as the relative value of the stiffness of each 
member remains unchanged, the internal forces are unrelated to the material and 
cross-sectional dimension of the structure. It is worth noting that this conclusion is 
only applicable to the case of loading. The internal forces of statically indeterminate 
structures caused by support movement or temperature change are dependent on 
the absolute value of the member stiffness. 


(5) Draw the internal force diagram 


After the redundant unknown force is obtained, the internal forces of the struc- 
ture can be determined from the equilibrium condition, which is a problem of stati- 
cally determinate structure. Generally, the step of drawing the internal force diagram 
is: first, draw the resultant moment diagram from the diagrams M, and Mp; then, 
draw the shear diagram according to the moment diagram; finally, draw the axial 
force diagram according to the shear diagram. The process is described as follows: 


1) Moment diagram 
The superposition formula of moment is 
M = M,X\+ Mp 


Multiplying the diagram Mı by X; = 80/9 kN and then adding the diagram Mp, 
we get diagram M (figure 5.14a). 
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2) Shear diagram 


To draw the shear diagram of a member, the member can be regarded as a free 
body. The shears at the member ends can be calculated by the equilibrium condi- 
tions from the known moments, and then the shear diagram can be drawn. 

Taking member CD as an example, the free body is shown in figure 5.14b (the 
axial forces at the member ends are not drawn as they have no contribution to the 
section moment). After obtaining the shears at the member ends, the diagram Fg of 
member CD can be drawn, as shown in figure 5.14c. 


3) Axial force diagram 


To draw the axial force diagram of a member, the joint can be taken as the free 
body. The axial forces at the member ends can be calculated by the equilibrium 
conditions from the known shears, and then the axial force diagram can be drawn. 

Taking joint C as an example, the free body is shown in figure 5.14b (the 
moments acting on the free body are not drawn). Each joint has two equilibrium 
equations. By analyzing the joints in a proper order, all the member end axial forces 
can be determined. The axial force diagram is shown in figure 5.14d. 


(b) 53.3 20kN/m 53.3 


eith 


Fscp (~~~ >y Fspc 


(O) 


A 


g 
Ld 


8.9 


Fs (KN) 


Fic. 5.14 — Internal force diagrams of the frame. 


The deformation of the statically indeterminate frame is shown by the dashed 
line in figure 5.13a. From the moment diagram of the frame (figure 5.14a), it can be 
seen that the outside of the two vertical columns is stretched, so the deformation 
curve should be outward convex. For the beam, the outside of the cross-section at 
both ends is stretched, so the deformation is also outward convex; The inside of the 
middle section is stretched, so the deformation is inward convex. It can be seen that 
the deformation mode derived from the moment diagram of the frame is consistent 
with the actual deformation curve. In turn, the shape of the moment diagram can 
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also be estimated from the deformation curve of the frame in combination with the 
load style. As shown in this example, a qualitative analysis of the force and defor- 
mation behavior of a statically indeterminate structure is helpful for quick judgment 
of the correctness of the internal force diagram and for the conceptual design of 
engineering structures. 


465m 21m 


i 18m Je 18 m 1 


Fic. 5.15 — Computational model of a two-span plant bent. 


Example 5.2. As shown in figure 5.15 is the computational model of a two-span 
plant bent. Determine the internal forces under the crane loads. The calculation 
conditions are as follows: 


(1) Inertia moment of sections 


Left column: upper section Iu = 10.1 x 10* cm*, lower section Iq; = 28.6 x 
10* cm. 

Right and middle columns: upper section I2 = 16.1 x 10* cm*, lower section 
Tag = 81.8 X 10° cm‘. 


(2) Right-span crane loads 


The vertical loads are Fpy = 108 kN and Fpg = 43.9 kN. As there is an 
eccentric distance of e = 0.4 m between Fpy, Fpr, and the axis of the lower column, 
the moments at points H and E are 


My = Fey "e= 43.2kN-m, Mr = Fpp -e=17.6kN-m 


Solution: The bent structure has two degrees of indeterminacy. Members FG and 
DE are hinged at both ends, which act as links under the crane loads that are only 
subjected to axial force. The crane loads cause not only the couple moments Mg and 
My at sections E and H but also vertical pressure. Since the vertical pressure causes 
only axial force in the lower columns, the vertical forces Fpp and Fpy are not drawn 
in the primary system in figure 5.16a when calculating the internal moments. 
Take the axial forces X; and Xə of links FG and DE as the redundant unknown 
forces. By cutting off the axial constraints of the two links and adding the axial 
forces X; and X3, the primary system is obtained as shown in figure 5.16a. It is worth 
noting that the redundant unknown forces X, and X, are all internal forces. They 
are the generalized forces in the primary system, composed of a pair of forces with 
equal values and opposite directions. In addition, cutting off a member usually 
means removing all three constraints, i.e., the axial force, shear, and moment. In this 
example, only the axial constraint (the constraint corresponding to the axial force) is 
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removed. Figure 5.16b shows the notch of member FG. Only the axial constraint is 
cut off, thus only a pair of axial internal forces are exposed. 
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Fic. 5.16 — (a) Primary system of the bent and (b) notch of member FG. 


The basic equations of the force method are 


Ay = 64, X1 + 12X2 + Aip=0 


Ag = ĝ21 Xı + 622X2 + Aop= 0 


where, A; and A2 respectively represent the generalized displacements corresponding 
to the axial forces X; and X3, i.e., the relative axial displacements of the two sections 
at the notch. Therefore, the deformation compatibility conditions represented by the 
basic equations of the force method are: the two sections at the notch should remain 
in contact in the axial direction, that is, the relative axial displacement should be 
zero. 

After drawing the diagrams Mp, Mı and Mo of the primary structure (figure 5.17a, 
b, c), the free terms and coefficients can be solved as follows (the number enclosed by a 
circle in figure 5.16a is the relative value of EJ of each member, and the resulting 
displacement is also a relative value): 


Mı Mp 1  260+9.35 
Ap = = ; 43.2 + 17.6) = 
T 5 iT ds Ia 3 x 6.75 x (43.2 + 17.6) = 303 


MzMp 1 6.75 x 6.75 
Aop = = 17.6 = —49. 
w=) | pp 48=— 35g % 176 = 49.5 
=52 
M 1 26x26 2 
bu =¥ o” J eee 
1 6.75 x 6.75 


F 310 x (20 x 6.75 X 5.98 + — a x 7.10) x 2 = 73.4 
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m) 
M 1 6.75x6.75 2 1 21x21 2 
bo = 2ds = .754 2.1 
= D | Ges a 5 o ea a 
1 4.65 x 4.65 
+ — x | 2.1 x 4.65 x 4.43 + ——————— x 5.20 | = 50.9 
2.83 
1 6.75 x 6.75 
Oy. = 631 = a x 7.10 = —20 


x 
8.10 2 
The obtained force method equations are 


73.4Xı — 20X2 + 303 = 0 
—20X; + 50.9.X_ — 49.5 = 0 


(a) 


Mu=43.2 kN-m 


M (kN-m) 


Fic. 5.17 — Analysis of the bent by force method. 
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Solving the equations yields 


Xı = —4.33 kN, X = —0.73 kN 


After obtaining the redundant constraint forces of the bent, the diagram M of 
the structure can be drawn according to the superposition formula M = M1 Xı + 
MX + Mp, as shown in figure 5.17d. 


5.4 Analysis of Statically Indeterminate Trusses 
and Composite Structures 


For an ideal truss, the bars can only bear axial force. To calculate the displacement 
of the truss, we only need to consider the influence of axial deformation of bars. 
A composite structure consists of both links and beams, which can save materials. 
Generally, a beam in a composite structure bears not only moments but also shear 
and axial forces. When calculating with the force method, the influence of axial and 
shear deformation of the beam can be ignored. 


Example 5.3. Determine the internal forces of the statically indeterminate truss 
shown in figure 5.18a. The cross-sectional areas of bars are shown in table 5.1. 


(b) 


Primary system 


(d) 


PON 30 KN poe 
Fp (KN) 


Fic. 5.18 — Analysis of a statically indeterminate truss by force method. 
Solution: The truss has a single degree of indeterminacy with one redundant con- 


straint. The primary structure can be selected as the structure after cutting off an 
inclined bar. The primary system is shown in figure 5.18b. According to the 
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Tas. 5.1 — Calculation of ô11, 4jp and Fy for a statically indeterminate truss. 
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deformation compatibility condition (the relative displacement at the notch of the 
bar should be zero), the force method equation can be established: 


611X1 + Aip = 0 


The axial forces Fy; and Fyp of each bar of the primary structure under the 
action of the unit axial force and the external load alone are calculated separately, as 
shown in figure 5.18c and d. The calculation formulas for the flexibility coefficient 
and free term of the force method equation are 


—2 pana 
Fy 1 Fy Fypl 


The calculation can be performed by using a table, as shown in table 5.1. After 
substituting the flexibility coefficient and free term into the force method equation, 
we get 

Aip —1082kN/cm- E 


y= = = 12.1 kN 
j ôu 89.4cm. E 


The axial force of each bar can be calculated by the following formula: 
Fy = Fy Xı + Fyp 
The calculation results are listed in table 5.1. 


Example 5.4. Determine the internal forces of the composite structure shown in 
figure 5.19a under the external loads. The stiffness of each member is given as 
follows: 


AD is a beam, EI = 1.40 X 10 kN-m?, EA = 1.99 x 10° kN 


AC and CD are links, EA = 2.56 X 10° kN 
BC is a link, EA = 2.02 x 10° kN 


(a) (b) 


primary system 


Fic. 5.19 — (a) A statically indeterminate composite structure and (b) primary system. 


Solution: (1) Establish primary system and force method equation 
This composite structure with stiffened crane beam has a single degree of 
indeterminacy. By cutting off the redundant link BC, and substituting a pair of 
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unknown axial forces X4 of equal magnitude and opposite direction at the notch, we 
get the primary system shown in figure 5.19b. The relative displacement of the two 
sections at the notch of the primary system should be zero. So, the force method 
equation is: 


611X1 + Aip = 0 


(2) Determine the coefficient and free term 


Apply a unit force X, = 1 at the notch of the primary structure. The axial force of 
each member can be obtained by the joint method, as shown in figure 5.20a. Mem- 
ber AD is a beam with a bending moment, and diagram M; is shown in figure 5.20c. 

Under the external loads, there are no axial forces in all members of the 
primary structure, and only beam AD has a moment. The two moments diagrams 
under the action of the concentrated forces and uniformly distributed load alone 
are shown in figure 5.20b and d. 
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Fic. 5.20 — Analysis of the composite structure by force method. 
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M, Mp 1 
EI °° 14x 10!kN-m? 


2 
x G x 13.25 kN-m x 2.795 m) x (; x 1.49 m) x2 


+ ($x 135 Nm x 1.225 m | x = 0.61 m x2 


0.61 m + 1.49m 
2 


+ (135 kN-m x 1.75 m) x ( ) x | = 0.0438 m 


(3) Solve the redundant unknown force 


x 4r 0.0438 m  _ 
l ôn 0.000419 m/kN 


104.5 kN (compression) 


(4) Determine the internal forces 


Fy = Fyi Xı + Fre 


M = M,X,+ Mp 


The axial forces of all members and the moment of beam AD are shown in 
figure 5.21a and b. 


(5) Discussion 


From the moment of the stiffened beam shown in figure 5.21b, it can be seen that 
beam AD is subjected to a support reaction of 104.5 kN from the lower truss at 
midpoint B, with the maximum moment of 79.9 kN-m. If there is no support from 
the truss, then AD is a simply supported beam. In this case, the moment diagram is 
shown in figure 5.22a, and the maximum moment is 148.3 kN-m. It can be seen that 
due to the support of the truss, the maximum moment of the beam is reduced by 
46%. However, it should be noted in engineering design that a negative moment 
appears in the beam after the lower truss is installed, and the shear in the beam 
between the point of concentrated loading and point B increases significantly. In 
addition, the vertical bar may be damaged due to its instability under compression. 
These issues should be fully considered in the cross-sectional and structural design of 
the beam and the vertical bar. In fact, the rationality of a structure also depends on 
many factors other than mechanical performance. When solving one aspect of the 
problem, we must pay attention to other issues caused by it. 

It should also be pointed out that the internal force distribution of this statically 
indeterminate structure is related to the relative stiffness of the beam and the truss. 
If the cross-sectional area of the lower links is small, the moment diagram M of the 
beam is close to that of a simply supported beam (figure 5.22a). If the cross-sectional 
area of the lower links is large, the diagram M of the beam is close to that of a 
two-span continuous beam (figure 5.22b). 
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Fic. 5.21 — Internal force diagrams of the composite structure. 


(a) (b) 


139.6 kN 
diagram M of simply supported beam (kKN-m) diagram M of two-span continuous beam (kN:m) 


Fic. 5.22 — Effect of the lower truss on the crossbeam. 


5.5 Analysis of Symmetric Structures 
and Half Structures 


In actual engineering, many structures are symmetric. The use of symmetry can 
often simplify the structural analysis. As shown in figure 5.23a is a symmetric 
single-span frame with one axis of symmetry. The so-called symmetric structure 
refers to: 


(1) The geometric form and support conditions of the structure are symmetric to a 
specific axis. 

(2) The sectional and material properties of the members are also symmetric about 
this axis (hence the sectional stiffness ET of the members is symmetric about this 
axis). 


Symmetric structures have the following basic mechanical characteristics: under 
the action of symmetric load, the deformation and internal forces of the structure 
are all symmetric; under the action of antisymmetric load, the deformation and 
internal forces of the structure are all antisymmetric. A symmetric load means the 
point of action, magnitude and direction of the load on both sides of the symmetric 
axis are overlapped after folded about the axis; an antisymmetric load means that 
the point of action and magnitude of the load on both sides of the symmetric axis are 
overlapped after folded about the axis, but their directions are inverse. The sym- 
metry or antisymmetry of structural deformation and internal force is also defined 
according to the above principles. Figure 5.23 illustrates the deformation and 
moment diagrams of a symmetric frame under symmetric and antisymmetric loads. 

Any loads acting on a symmetric structure can be decomposed into a set of 
symmetric loads and another set of antisymmetric loads. For example, as shown in 
figure 5.24 is a symmetric frame subjected to a concentrated load and triangular 
distributed load, which can be decomposed into symmetric and antisymmetric loads. 
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Fic. 5.23 — Deformation and moment diagrams of a symmetric frame under symmetric and 
antisymmetric loads. 


By superimposing the loads in figure 5.24b and c, we can get the loads of the original 
structure. According to the principle of superposition, the deformation and internal 
forces of the original structure should be equal to the superposition of the results 
when the above two sets of loads are applied separately. It can be seen that the use of 
symmetry is possible as long as the structure is symmetric. Therefore, we can make 
use of the basic mechanical characteristics of the symmetric structure under sym- 
metric and antisymmetric loads to simplify the calculation process. 
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Fic. 5.24 — Decomposition of loads into symmetric loads and antisymmetric loads. 


The symmetric or antisymmetric properties of the loads, displacements, and 
internal forces located on the symmetric axis of a symmetric structure can be 
determined as follows. Taking the symmetric frame shown in figure 5.25a for 
example, the vertical load Fp, on the symmetric axis is obviously a symmetric load, 
while the horizontal load Fp2 and the moment M are antisymmetric loads. To 
understand this, consider the original load as two half loads that are infinitely close to 
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the axis of symmetry, and fold them about the axis of symmetry. Then the symmetry 
or antisymmetry of the load can be determined by whether the two half loads are in 
the same or inverse directions. In the same way, we can know that the vertical 
displacement on the symmetric axis section of the frame is a symmetric displacement, 
while the horizontal displacement and rotational angle are antisymmetric displace- 
ments. The internal forces of each cross-section of the structure are all in pairs, as 
shown in figure 5.25b. By checking the direction of the internal forces after folding 
about the axis of symmetry, it can be seen that the axial force on the axis of symmetry 
is symmetric, while the shear force is antisymmetric. The moment at the mid-span 
section of the horizontal beam is symmetric; while the moment in the middle vertical 
column is antisymmetric. The above conclusions are summarized in table 5.2. 


(a) 


Fic. 5.25 — Loads, displacements and internal forces on the symmetric axis of a symmetric 
frame. 


TAB. 5.2 — The properties of loads, displacements and internal forces on the axis of symmetry. 


Type Symmetry Antisymmetry 

Loads Force along the Force and moment perpendicular to the 
symmetric axis symmetric axis 

Displacements Linear displacement Linear displacement and rotational angle 


along the symmetric axis perpendicular to the symmetric axis 
Internal forces Axial force, moment of Shear, moment of vertical members 
horizontal members 


It can be seen that under the action of symmetric loads, the shears of the 
members (including the horizontal and vertical members) on the symmetric axis and 
the moments of the members along the symmetric axis must be zero; under the 
action of antisymmetric loads, the axial forces of the members on the symmetric axis 
and the moments of the members perpendicular to the symmetric axis must be zero. 

In the following section we will discuss how to use the above characteristics of 
symmetric structures to simplify the analysis and calculation of the force method. 


5.5.1 Selection of Symmetric Primary System 


The primary system of the force method is a system obtained after removing the 
redundant constraints from the original structure and substituting by the 
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corresponding unknown forces. Selecting a symmetric primary system can make 
some of the secondary coefficients and free terms in the force equations zero, thereby 
simplifying the calculation. 

As shown in figure 5.26a is a symmetric portal frame. If the symmetric primary 
system shown in figure 5.26b is selected, the unit moment diagrams are shown in 
figure 5.26c, d, and e, respectively. The diagrams Mı and M> under the symmetric 
unknown forces X; = 1 and X, = 1 are symmetric; the diagram M3 under the 
antisymmetric unknown force X3 = 1 is antisymmetric. Therefore, we have 


MM MoM. 
ðs = 531 = D> ay os =0 523 = dn = X ay os =0 


Then, the force method equations can be simplified as 
611X1 + 612. X2+ Arp = 0 


6X1 699 X3 Ap = 0 (5.8) 
033 X3 + A3p = 0 


It can be seen that if a symmetric primary system is selected for a symmetric 
structure, the force method equations are naturally decomposed into two groups. One 
group contains only symmetric unknown forces, and the other group contains only 
antisymmetric unknown forces. This is because symmetric unknown force does not 
cause antisymmetric displacement; likewise, antisymmetric unknown force does not 
cause symmetric displacement. This makes the associated secondary coefficients zero. 
Therefore, the force method equations are naturally decomposed into two uncoupled 
lower-order equations, simplifying the calculation. Under this condition, if the 
external load is symmetric, the antisymmetric unknown forces in the force method 
equations must be zero (as their corresponding free terms are zero); if the external load 
is antisymmetric, the symmetric unknown forces must be zero. In this way, the cal- 
culation can be further simplified. In the case of a general load, the load can be 
decomposed into symmetric loads and antisymmetric loads according to the needs of 
the solution, and then the problem can be solved by the principle of superposition. 

The above fundamental principle of symmetry can be generalized and applied to 
the case that the primary unknowns are not on the axis of symmetry, by selecting a pair 
of unknown forces. For example, for the symmetric statically indeterminate frame 
shown in figure 5.27a, if we select the primary system in figure 5.27b, the corre- 
sponding unit moment diagram is not symmetric or antisymmetric. If the primary 
system in figure 5.27c is selected, the unknown vertical reactions at supports A and B 
can be regarded as the superposition of a set of symmetric unknown forces Y; and 
another set of antisymmetric unknown forces Y». Then, the unit moment diagrams are 
shown in figure 5.27d and e, which are symmetric and antisymmetric, respectively. 
Therefore, the secondary coefficients of the force method equations 6,2 = 62; = 0, and 
the force method equations can be simplified into two uncoupled equations: 


61 Y¥i+ 4ip =0 
622 Yo + Aop = 0 
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Fic. 5.26 — The unit moment diagrams of the symmetric primary system of a symmetric 
frame. 
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Fic. 5.27 — Selection of primary system by applying a pair of unknown forces. 


The above Yı and Y, are two pairs of unknown generalized forces. The force 
method equations indicate that the generalized displacements corresponding to the 
generalized forces should be equal to zero. After solving Y, and Yo, the reactions X; 
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and X> of supports A and B of the original structure can be obtained by the principle 
of superposition, that is, 


X= +Y X= Y1- Vo 


Example 5.5. Draw the moment diagram of the symmetric frame shown in 
figure 5.28a. EI is constant for each member. 


Mp (kN-m) M (kN-m) 
Fic. 5.28 — Analysis of a frame by using symmetric property. 


Solution: This is a symmetric frame of 6 degrees of indeterminacy subjected to 
antisymmetric loads. In the analysis, we can remove the rigid constraint at section H 
on the symmetric axis, the horizontal constraints at supports A and C, and the 
vertical constraint at support B, and then the primary system is obtained as shown 
in figure 5.28b. The horizontal unknown constraint forces at supports A and C are 
set as paired unknown forces. As the external loads are antisymmetric, the sym- 
metric constraint forces are zero, and only the antisymmetric constraint force X, 
exists. Support B is located on the axis of symmetry. The vertical constraint force is 
a symmetric force, so it must be zero. In the same way, there is only antisymmetric 
internal force Xz at the notch of section H on the axis of symmetry. Therefore, by 
using symmetry, there are only two primary unknowns in the force method. The unit 
moment diagram and external load moment diagram are shown in figure 5.28c, d, 
and e, respectively. The force method equations are 


611.X1 + 012X2 + Arp = 0 
621.X1 + ô22 X2 + Aop = 0 
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The coefficients and free terms of the force method equations can be calculated 
by graph multiplication method, with the results as follows: 


864 720 216 
Ou = ET m? 029 = Er m O12 = ĝ21 = -HI m? 
10080 1449 
Ap = kNm? A = —-—— 3 
1P EI m” AP TI kN 


Substituting the above coefficients and free terms into the force method equa- 
tions, we have 


864X; — 216X + 10080 kN = 0 
—216Xı + 720X — 1449 kN = 0 


Solving this equation set yields 
Xı = —12.07 kN, X= —1.62 kN 


After obtaining the redundant constraint forces X, and Xə, the moments of the 
members can be calculated according to the equilibrium conditions or the principle 
of superposition (5.7). Then, the moment diagram of the frame can be drawn, as 
shown in figure 5.28f. 

In general, the main points of simplifying the calculation of structures by using 
the principle of symmetry can be summarized as follows: 


1) Select the symmetric primary structure, and select the symmetric forces or 
antisymmetric forces as the primary unknowns; 

2) Under symmetric loads, only symmetric unknown forces need to be considered 
(as the antisymmetric unknown forces and antisymmetric displacements are all 
equal to zero according to the principle of symmetry); 

3) Under antisymmetric loads, only antisymmetric unknown forces need to be 
considered (the symmetric unknown forces and symmetric displacements are all 
equal to zero); 

4) Asymmetric loads can be decomposed into symmetric loads and antisymmetric 
loads. 


5.5.2 Determination of Half Structure in Terms 
of Symmetry 


Utilizing the basic mechanical characteristics of a symmetric structure under sym- 
metric and antisymmetric loads, the half structure can first be analyzed and cal- 
culated according to the principle that the deformation and internal forces should be 
equivalent to the original structure, and then the internal forces of the entire 
structure can be obtained through symmetry. In general, the degree of indetermi- 
nacy of the half structure is lower than that of the original structure, which can 
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simplify the calculation. The methods of selecting half structures are described 
below for odd-number-span and even-number-span symmetric structures. 


(a) (b) (d) 


symmetric axis symmetric axis 


Fic. 5.29 — The half structure of a single-span symmetric frame. 


Figure 5.29a shows a single-span symmetric frame subjected to symmetric loads. 
Under this condition, the deformation and internal forces of the frame should be 
symmetric. So there will be no horizontal displacement and angular displacement at 
section K on the axis of symmetry (7.e., the antisymmetric displacements are zero), 
and only vertical displacement exists. Similarly, there can only exist moment and 
axial force at section K, with no shear (i.e., the antisymmetric internal force is zero). 
Therefore, when calculating with the half structure, a slider support should be 
adopted at the symmetric section to replace the original rigid constraint. The 
computational model is shown in figure 5.29b. The deformation and internal forces 
should be the same as the original structure. 

If the frame is subjected to antisymmetric loads, as shown in figure 5.29c, the 
deformation and internal forces should be antisymmetric. Under this condition, 
there will be no vertical displacement at section K on the axis of symmetry (i.e., the 
symmetric displacement is zero), but horizontal displacement and angular dis- 
placement can exist. Similarly, there can only exist shear force at section K, without 
moment and axial force (i.e., the symmetric internal forces are zero). Therefore, 
when calculating with the half structure, a vertical link (roller support) should be 
added at the symmetric section to replace the original connection. The computa- 
tional model is shown in figure 5.29d. 

For odd-number-span frames, the half structure can all be chosen according to 
the above principle to simplify the calculation. The case of even-number-span frames 
is discussed below. 


(a) (b) (c) (d) 


symmetric axis symmetric axis 


Fic. 5.30 — The half structure of a two-span symmetric frame. 
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Figure 5.30a shows a two-span symmetric frame subjected to symmetric loads. 
There should be no horizontal displacement and angular displacement at section K 
on the axis of symmetry, and there should be no vertical displacement after ignoring 
the axial deformation of the members. However, there are moments, shears, and 
axial forces on both sides of section K. When calculating with the half structure, a 
fixed support can be used to replace the connection. The computational model is 
shown in figure 5.30b. Under this condition, there will only exist axial force in the 
middle column of the frame, without moment and shear force (i.e., the antisym- 
metric internal forces are zero). The value of the axial force should be double the 
vertical reaction of the fixed support at section K. 

If the frame is subjected to antisymmetric loads, as shown in figure 5.30c, the 
half structure can be constructed by the following method: divide the middle column 
into two sub-columns that are infinitely close to each other, and the cross-sectional 
inertia moment of the sub-column should be half of the original column. Because the 
two sub-columns in the two half structures have only axial force, the computational 
model of the half structure is shown in figure 5.30d. When extending the internal 
forces of the half structure to the full structure according to the antisymmetric 
principle, it should be noted that the moment and shear of the middle column should 
be double the half structure. As the axial force of the middle column is a symmetric 
internal force, it must be zero after the superposition of the two half-structures. 

Regardless of the odd-number-span or even-number-span symmetric frame, if the 
load is acting on the axis of symmetry, half of the load should be taken for the half 
structure, as the other half load will be carried by the other half structure. 


Example 5.6. Draw the moment diagram of the symmetric frame shown in 
figure 5.3la. Each member has constant El. 


Solution: This frame has 4 degrees of indeterminacy, with two symmetric axes in the 
vertical and horizontal directions. The frame is even-number-span and 
odd-number-span in the two directions, respectively. According to the deformation 
and internal force characteristics of the frame under symmetric loads, a quarter of it 
can be taken for analysis. Noticing that the midpoints of the vertical members on 
both sides are hinged, the computational model should be as shown in figure 5.31b. 
Under this condition, the number of degrees of indeterminacy is reduced to one. The 
primary system can be taken as shown in figure 5.31c, and the moment diagram 
obtained by the force method is shown in figure 5.31d. 

After obtaining the moment diagram of the quarter structure, the moment 
diagram of the full frame can be drawn according to the principle of symmetry, as 
shown in figure 5.31e. There is no moment and shear in the vertical member of the 
frame on the axis of symmetry, and the axial force is double the vertical reaction of 
the fixed support in the computational model. 

Now we discuss the basic concepts related to example 5.6. The first is how to 
select the computational model if the influence of axial deformation of the members 
(the axial stiffness EA is constant) needs to be considered. Under this condition, the 
vertical bar on the axis of symmetry will undergo compression deformation. Obvi- 
ously, the end of the vertical bar can no longer be regarded as a fixed support, but a 
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(a) (b) 
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primary system M 
Fic. 5.31 — Analysis of a symmetric frame by using the half structure. 
(a) (b) 


Fic. 5.32 — The half structure with a vertical bar. 


slider support, and the vertical bar should be retained. When calculating with the 
half structure, the axial stiffness of the vertical bar should be taken as half of the 
original value. The computational model is shown in figure 5.32a or b. 


Example 5.7. Draw the moment diagram of the symmetric frame shown in 
figure 5.33a. Each member has constant EI. 


Solution: This frame is a symmetric structure with 4 degrees of indeterminacy. In 
order to make use of symmetry, the loads can be decomposed into symmetric and 
antisymmetric loads, as shown in figure 5.33b and c. 
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(a) (b) (c) 


30 kN 15 kN hisin 


(d) (e) ®© (g) 
15 kN fis kN 14.79 14.79 
í 4 bi, “ae . A 


primary system 


M (kN-m) M (kN-m) 


Fic. 5.33 — Analysis of a symmetric frame with 4 degrees of indeterminacy. 


Under the action of the symmetric loads, there will be no linear and angular 
displacements at the joint after neglecting the axial deformation of the members. 
As the joint load is balanced by the axial force of the bar, there will be no moment 
and shear force in the frame. Under the action of antisymmetric loads, the axial 
force of the two-force member on the symmetric axis must be zero. The compu- 
tational model of the half structure is shown in figure 5.33d, which has a single 
degree of indeterminacy. The primary system shown in figure 5.33e is chosen, and 
the moment diagram of the half structure can be solved by the force method, as 
shown in figure 5.33f. Then, the moment diagram of the original frame can be 
drawn according to the principle of antisymmetry of the internal force, as shown in 
figure 5.33g. 

If the frame of example 5.7 includes a non-joint load in the symmetric loads, 
there will also exist moments in the frame under the symmetric loads. In this case, 
the moment diagram of the frame can be drawn by superimposing the moment 
diagrams of the symmetric and antisymmetric loads. 

For statically indeterminate trusses, symmetry can also be used to simplify the 
calculations. Take the symmetric truss with a single degree of indeterminacy shown 
in figure 5.34a as an example. As the load is antisymmetric, it can be obtained that 
the internal force of member CD is zero, and the reactions at supports A and B are 
antisymmetric. Thus, it can be calculated according to the statically determinate 
truss shown in figure 5.34b. 

If a structure is symmetric in geometry and material properties, but the support 
is asymmetric, then the reaction of the asymmetric support can be decomposed into 
symmetric and antisymmetric forces. When selecting the half structure, it should be 
noted that its deformation and internal forces should be identical to the original 
structure. For example, for the frame shown in figure 5.35a, the external loads and 
reaction of support D can be decomposed into a group of symmetric forces and a 
group of antisymmetric forces, as shown in figure 5.35b and c. Under the action of 
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(a) (b) 


(a) (b) (c) (d) 


A Fr fi h A 
2 2 2 


Fic. 5.35 — Decomposition of the asymmetric support reaction into symmetric and 
antisymmetric forces. 


symmetric forces (figure 5.35b), there is only axial force in the members; under the 
action of antisymmetric forces (figure 5.35c), the half structure shown in figure 5.35d 
is taken for the calculation. Note that the horizontal support link should be added at 
point C under this condition. The internal forces of the frame can be obtained by the 
principle of superposition. 

When using a computer to analyze a symmetric structure, the computational 
model of half structure can often be employed. In addition to the truss system, the 
principle of symmetry is also widely used in continuum mechanics and other types of 
structural numerical analysis. The key to the rational use of symmetry is to ensure 
that the deformation and mechanical characteristics of the model are completely 
consistent with the original structure. 


5.6 Two-Hinged and Hingeless Arches 


Arch structures are widely used in engineering. In the field of bridges, there is the 
famous Zhaozhou stone arch bridge with a long history. Hyperbolic arch bridges 
have been widely adopted in the past. In the field of construction, in addition to 
the floor-standing vault structures, arched roofs with tie bar are often used 
(in figure 5.36a, the arch is a reinforced concrete member, the tie bar is made of 
an angle steel, and the hang rods are used to prevent the tie bars from drooping. 
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The computational model is shown in figure 5.36b). Besides, the tunnel linings in 
water conservancy projects and underground buildings are also arch structures 
(figure 5.36c and d). 

The statically indeterminate arches are mostly hingeless arches or two-hinged 
arches (figure 5.36e, f). A closed ring structure can be regarded as a special case of 
the hingeless arch. 


Ha arch ring ~, 
TN side wall — 
2L90 X 60 X 10 4 


k 15.6 m >| inverted arch 


(e) 


(f) 


Fic. 5.36 — Various types of arch structures. 


5.6.1 Solving Two-Hinged Arch by the Force Method 


Two-hinged arch has a single degree of indeterminacy (figure 5.37a). The primary 
system can be selected as the corresponding simply supported curved beam, as 
shown in figure 5.37b. Taking the horizontal thrust X; at the support as the primary 
unknown, the force method equation can be established according to the deforma- 
tion compatibility condition that the horizontal displacement of the original struc- 
ture at support B should be zero: 


611.X1 + Aip = 0 


As the arch is curved, the displacements 6,,; and A,p should be calculated by the 
integral method, instead of the graph multiplication method. 

Since the primary structure is a simply supported curved beam, generally only 
the influence of bending deformation needs to be considered in the calculation of 
Ap. However, the axial deformation needs to be considered for flat arches with thick 
cross-section when calculating 6,,. Therefore, 
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(a) 


Mı Mp 
A = 
1P TI ds 
m? F (a 
5 — [a Fy g 
N EI s [in E 


For the primary structure, under the action of X, = 1 (figure 5.37c), the vertical 
support reaction is zero, and the moment and axial force of an arbitrary section C on 
the arch axis are 


E (b) 


Fy, = —cos@ 


where, y represents the ordinate of section C (upward is positive); @ represents the 
acute angle between the tangent of the arch axis at section C and the a-axis, which is 
positive for the left half arch and negative for the right half arch; the moment M is 
positive when the inner side of the arch is tensional; the axial force Fy is positive for 
tension. 

If a two-hinged arch is only subjected to vertical loads, the moment Mp at any 
section of a simply supported curved beam is equal to the moment of the corre- 
sponding section of a simply supported horizontal beam with the same span and 
loads, i.e. 


Mp = M? (c) 


Substituting equations (b) and (c) into (a), we get 
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Once 6; and A;p are determined, X; (i.e., the thrust Fy) can be solved by the 
force equation: 


After the thrust Fy is obtained, the calculation of internal forces is exactly the 
same as the three-hinged arch. The formulas for the internal forces of two-hinged 
arches under vertical loads are 


M = M? — Fay 
Fs = FÌ cos ọ — Fy sin ọ (5.9) 
Fy = — F} sin ọ — Fy cos ọ 


In the analysis and calculation process of the two-hinged arches, the following 
two points should be noted: 


(1) The thought of calculating a two-hinged arch using the force method is basically 
the same as a two-hinged frame. However, as the arch axis is a curve, the 
displacement influence coefficient 6,, and the free term Ajp of the two-hinged 
arch must be calculated by the integral method, instead of the graph multi- 
plication method. 

(2) The mechanical characteristics of two-hinged arches are basically the same as 
those of three-hinged arches. The internal force calculation formula (5.9) is 
exactly the same as that of three-hinged arches, except for the value of Fg. For 
three-hinged arches, the thrust Fy is obtained from the equilibrium condition; 
for two-hinged arches, it is obtained from the deformation condition. 


The two-hinged arches used in roof structures usually have a tie bar (figure 5.38a). 
The purpose of adding the tie bar, on one hand, is to avoid thrust in the brick wall or 
column, so that no moment is generated in the brick wall or column; on the other hand, 
is to make the arch rib bear thrust, thereby reducing the moment in the arch rib. 


(a) (b) 


, = = 
E\A\ Xı 1 


Fic. 5.38 — (a) Two-hinged arch with tie bar and (b) primary system. 


To calculate a two-hinged arch with a tie bar, the tie bar can be cut off, with the 
primary system shown in figure 5.38b. The primary unknown of the force method is 
the tensile force X; in the tie bar, which is just the thrust Fy carried by the arch rib. 
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According to the deformation compatibility condition that the relative linear dis- 
placement on both sides of the notch of the tie bar should be zero, the force method 
equation can be established: 


611X1 + Aip = 0 


Its form is the same as the two-hinged arch without a tie bar. However, when 
calculating 6, the influence of axial deformation of the tie bar should be taken into 
account, that is, 


2 —=2 2 
— Mı \ Fyi f Fyyl 
OW = EI ds T / EA ds T EA, (d) 


where, the first two terms are the deformation terms of the arch rib, and the last 
term is the deformation term of the tie bar. E; and A, are the elastic modulus and 
cross-sectional area of the tie bar, respectively. Lis the length of the tie bar. If X; = 1 
acts on the primary structure, the axial force of the tie bar is Fyi= 1. Therefore 


Fr aaa 
[My Fy l 
Ou =| pr ist i EA ds+ EA, (e) 


With loads acting on the primary structure, the axial force in the tie bar is zero. 
Therefore, the integral operation only needs to be performed in the arch rib for the 
calculation of A,p, that is, 

Aip = I 


This formula is the same as the two-hinged arch without tie bar. The remaining 
solving steps are the same as above. 

The analyses of two-hinged arches with and without tie bar are compared below. 
From equations (e) and (f), we can obtain the relationship between the displace- 
ments 6); and Aıp of two-hinged arch without tie bar and the displacements On and 
Ajp of two-hinged arch with tie bar: 


1 Mp 
d f 


P l 
C Tr 


Aïp = Alp 


Then the thrust Fy of two-hinged arch without tie bar and the thrust Fy, of 
two-hinged arch with tie bar are expressed as follows: 


Fy = -=— (g) 
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It can be seen from equation (h): 


1) The thrust of two-hinged arch with a tie bar (i.e., the tensile force of the tie bar) 
is usually smaller than the horizontal thrust of the support of the corresponding 
two-hinged arch without a tie bar. 

2) When the tensile stiffness of the tie bar E,.A, — oo, there is Fh = Fy, indicating 
the stress state of two-hinged arch with tie bar is the same as that of two-hinged 
arch without tie bar. 

3) The thrust of the tie bar is directly related to the stiffness ratio of the tie bar 
and the arch rib. When the stiffness coefficient of the tie bar (2A) is much 


smaller than that of the arch rib (ku = 3+), ie., 4 < hy, then Fy — 0 (for 
example, when BAL <O.1ky, Fj, <0.0909Fy). Under this condition, the 
two-hinged arch with a tie bar can be regarded as a simply-supported curved 
beam, and the static characteristics of the arch are lost, making the mechanical 
state of the arch rib very unfavorable. Therefore, when designing arches with tie 
bars, the axial stiffness of the tie bar should be appropriately increased to 
reduce the moment in the rib. 


Example 5.8. Figure 5.39a shows a parabolic two-hinged arch subjected to an evenly 
distributed load in the half span. Determine the horizontal thrust Fy. The 
cross-sectional size of the arch is constant. The arch-axis equation with the left pivot 
point as the origin is 


Solution: The calculation can be simplified by using two assumptions: 


(1) Ignore the axial deformation of the arch, and only consider the influence of 
bending deformation. 


(2) When the arch is relatively flat (such as fe ł), we can approximately take 
ds = dz and cos g = 1. Then, the displacement formula is simplified as 


a a 
ôli = — d 
11 IE T 


1 I 
A = 0 
af g 


Calculate 611: 


1 fla 8f21 
j=] |a- a| de= 
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Fic. 5.39 — Solving a parabolic two-hinged arch with uniformly distributed load in half span. 


To calculate 4;p, the moment M? of the corresponding simply supported beam 
needs to be calculated first. The diagram M? is shown in figure 5.39b, with the 
moment equation expressed in two segments as follows: 

Left half span, (0<a< 4), M? = 3 qlz — $ 2° 

Right half span, ($ <£<1), M? =i4ql(1— 2) 

Therefore 


1 f 73 1 1 f' ql qf 
Aip = l 2 q l— x)da = 
aa oa u( Fat ze) . aa yg U— a)de = — Oy 
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It can be obtained from the force method equation that 


Aip _ qP 


Foa as 
a ôu 16f 


This result is the same as the thrust of a three-hinged arch under a half-span 
uniform load. 
After Fy is obtained, from the formula 


M = M? — Fry 


The diagram M can be drawn, as shown in figure 5.39c. This moment diagram is 
also the same as the three-hinged arch. 

However, it should be noted the conclusion that the thrust of a two-hinged arch 
is the same as the three-hinged arch (as obtained in the example) is not universal. If 
the loadings change or the influence of axial deformation cannot be ignored for 
calculating the displacement, the thrust of the two-hinged arch may be different 
from the three-hinged arch. Under general loads, the thrust of a two-hinged arch is 
usually close to the three-hinged arch. 


5.6.2 Solving Hingeless Arch by the Force Method 


Next, we will use the force method to solve common hingeless arch with symmetry. 
Figure 5.40a shows a symmetric hingeless arch, which has 3 degrees of indetermi- 
nacy. The following two measures can be applied to simplify the calculation. 


(a) (b) 


7, a 4 x 


Fic. 5.40 — (a) A symmetric hingeless arch and (b) symmetric primary system. 


First, make use of the symmetry of the structure. Select a symmetric primary 
system by cutting off at the axis of symmetry of the vault, and take the bending 
moment X), axial force X>, and shear force X3 at the vault as the redundant 
unknown forces (figure 5.40b). X; and X, are symmetric unknown forces, and X; is 
an antisymmetric unknown force. Then the force method equation can be simplified 
into two independent groups: 


ô11Xı + 612. X2 + Arp = 0 


621.X1 + 629X2+ Aop = 0 (i) 
633.X3 + A3p = 0 
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Second, make use of the rigid arm. If the secondary coefficients in equation (i) can 
be made zero, i.e., 6j2 = 09; = 0, the above force method equations can be simplified 
into three independent linear equations with only one unknown, then the internal 
forces can be easily solved. To achieve this, we can assume to move the action point of 
the unknown force on the vault section up and down in parallel. Under this condition, 
the unit moment diagram caused by X; = 1 and X; = 1 will not change, where the 
diagram M, is the equivalent moment diagram of the arch rib with the inner side 
stretched. Originally, in the diagram Ms caused by X> = 1, the inner side of the whole 
arch is stretched, and the moment at the cut section is zero. When the action point of 
Xə = 1 moves downward, the outer side of the arch rib in the middle becomes stret- 
ched, and the inner side of the arch rib at both ends remains stretched. Namely, the 
sign of the arch moment Mə changes, with both positive and negative values. 
Therefore, to make 6,2 = 0, the action position of Xz = 1 should be moved downward. 

Based on the above discussion, we can assume to cut the hingeless arch along the 
axis of symmetry at vault C, and attach two rigid arms of length y with infinite 
stiffness at both sides of the notch, then connect the two arms rigidly at the endpoint 
O, as shown in figure 5.41a. As the rigid arms will not deform, there will be no 
relative displacements (including relative linear displacement and relative angular 
displacement) between the left and right sections of cut section C under any load. In 
this way, the hingeless arch with rigid arms is completely equivalent to the original 
hingeless arch and can be replaced by each other. 

Cut the hingeless arch with the rigid arms at the endpoint O of the arms, and 
take the two symmetric cantilever curved beams with a rigid arm as the primary 
structure (figure 5.41b). Take the moment X4, horizontal force Xz, and vertical force 
X3 at the cut section as the primary unknowns. According to the deformation 
compatibility condition that the relative displacement at point O should be zero, the 
force method equations can be established as equation (i). 


(a) (b) 


Fic. 5.41 — (a) The hingeless arch with rigid arms and (b) primary system. 


Now, we need to determine the length of the rigid arm, i.e., the position of 
endpoint O of the rigid arm. The purpose is to make the secondary coefficients of the 
force method equation 6,2 = 62; = 0. Then, the position of point O can be deter- 
mined from this condition. To do this, let us first write the formula of 612 as follows: 

MM, kF gi F'sp aaa I Fyi Fx 


O12 = ds4 EA 


EI GA a (i) 
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where, the internal forces under the unit load X; = 1 are 


m=: 
Fyi = 0 (k) 
Fs; = 0 


The internal forces under the unit load Xj = 1 are 


M:=-y 
Fyz = — cos p (1) 
Fs. = — sing 


Substituting equations (k) and (1) into equation (j) yields 


ie - | fas (m) 


In figure 5.41b, we can choose another reference coordinate axis O'2'y/: the y axis 
coincides with the y-axis, and the distance between the x-axis and z-axis is d. Then 
the new coordinate y of any point D on the arch axis has the following relation with 
coordinate y: 


y=yid (n) 


Substituting equation (n) into equation (m) yields 


y—d y 1 
Ôi = = +d 
12 J ET ds [ae fae 


Let 6,2 = 0, we have 


d = == (5.10) 


When the equation of the arch axis and the changing rule of inertia moment of 
the arch rib cross-section are known, the length of the rigid arm, i.e., the position of 
the endpoint O of the arm, can be determined from equation (5.10). The secondary 
coefficients among the three pairs of unknown forces at the left and right sections of 
cut O will all be zero. Point O is called the elastic center of the hingeless arch, 
whose position depends on the geometric parameters and physical characteristics of 
the structure. Figure 5.42a shows the actual hingeless arch. Figure 5.42b is an 
assumed band-shaped diagram along the arch axis curve with a width of 1/ÆEI, 
ds/EI represents the area of the differential element, and equation (5.10) is the 
computational formula of the centroid ordinate of the diagram. As the area of the 
diagram is related to the elastic property EI of the structure, it is called the elastic 
area. The endpoint of the rigid arm is just the centroid of the diagram, which is 
called the elastic center. 
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Fic. 5.42 — The elastic center of the hingeless arch. 


Therefore, the solution of a symmetric hingeless arch can be summarized as 
follows: first, determine the position of the elastic center by equation (5.10); then 
select the two symmetric cantilever curved beams with a rigid arm as the primary 
structure, where the endpoint of the rigid arm is the elastic center; take the hori- 
zontal force, vertical force and moment at the endpoint of the arm as the primary 
unknowns; finally, solve the primary unknowns according to the force method 
equations. This method is called the method of elastic center. 

In this case, the force method equations are simplified as: 


611X1+ Aip = 0 


ô22 X2 + Aop = 0 (5.11) 
633.X3 + A3p = 0 


To calculate the displacements A;p and 6;;, usually only the influence of the 
moment needs to be considered; however, when calculating 6292, sometimes the 
influence of the axial force also needs to be considered. Therefore, the following 
formulas are usually used for calculating the displacements: 


= = —=2 
MəMp M F 
Aso = ds, ô = | —2d “N2q 5.12 
2P i EI S, 022 Ja s+ f S ( ) 
-F a) 
3 


__ fule 7 y cos? p 
Ap = J ds, 099 = | Fase f EA ds (5.13) 
2 


It should be noted that, as many statically indeterminate arches (including 
two-hinged arches and hingeless arches) have variable cross-section, and the arch 
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axis is a curve, generally the numerical integration is used to calculate the primary 
coefficient 6;; and the free term 4p, by the segmental superposition method. 


5.7 Internal Force Analysis of Structures under Support 
Movement or Temperature Change 


In addition to bearing loads, engineering structures are often affected by factors such 
as support displacement, temperature change, material shrinkage, or manufacturing 
error of structural members, which can be collectively referred to as non-load factors. 
Whether a structure generates internal forces under non-load factors depends entirely 
on whether it is fully free to deform when subjected to these factors. If it can deform 
freely, no internal force will be caused, otherwise, the structure will generate internal 
forces. In statically determinate structures, although these non-load factors will cause 
displacement and deformation, they will not generate internal forces. In statically 
indeterminate structures, these factors will all generate internal forces. This is also an 
important difference between statically indeterminate and statically determinate 
structures. The internal forces generated in a statically indeterminate structure under 
the action of support movement or temperature change are called the self-internal 
forces. 

The fundamental principle and steps of analyzing a statically indeterminate 
structure under non-load factors by the force method are the same as that under 
loads. The difference is that the free term in the force method canonical equation is no 
longer caused by the loads, but is the displacement of the primary structure in the 
direction of redundant constraint force caused by support movement, temperature 
change, or manufacturing error. Large internal forces may generate in engineering 
structures under these non-load factors, and sometimes can even cause structural 
damage. In engineering design, it is usually necessary to take measures according to 
the requirements of relevant design specification to reduce the influence of non-load 
factors, such as setting expansion joints for super-long structures, employing settle- 
ment joints between different structures and sections, etc., with the effects of non-load 
factors fully considered. 

The detailed calculation process of analyzing the self-internal forces of a stati- 
cally indeterminate structure under support movement or temperature change is 
described below, and the differences from that under loads are discussed. 


5.7.1 Support Movement 


To calculate the internal forces of a structure with n degrees of indeterminacy under 
the action of support movement, the general form of the ith equation in the force 
method canonical equations can be written as 


XO ôy Xj + Asc = A; (5.14) 


j=l 


where, ô; is the flexibility coefficient; 4;, indicates the displacement of the primary 
structure in the direction of X; under the action of support displacement; and 4; 
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indicates the displacement of the original structure in the direction of X;. All the 
above parameters are positive when the direction is in accordance with the assumed 
unknown force, otherwise negative. Again, the physical meaning of the above force 
method equation is: the displacement of the primary structure in the direction of the 
redundant constraint force should be consistent with the original structure under the 
combined action of each redundant constraint force and the support displacement. 


Example 5.9. Figure 5.43a shows a beam AB with uniform cross-section. The left 
end is a fixed support and the right end is a roller support. If the rotation angle 0 at 
the left end and the settlement displacement a of the right end support is known, 
determine the self-internal forces in the beam. 


(c) (C) 
9 h aA B 
i T l Xi=1 
O ue z 
(e) 
3EI a d 
o s > 
M 


Fic. 5.43 — Solving the self-internal forces in a beam under support movement. 


Solution: This beam has a single degree of indeterminacy. Take the vertical reaction 
of support B as the redundant unknown force X4, and then the primary system is a 
cantilever beam (figure 5.43b). 

The deformation compatibility condition is: the vertical displacement A, of the 
primary system at point B should be the same as the original structure. Since the 
vertical displacement of the original structure at point B is known as a and the 
direction is opposite to X4, the deformation compatibility condition becomes: 


A, = —a (a) 
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Considering that the displacement A, of the primary system is caused by the 
combined action of the unknown force X, and the rotation angle 0 of support A, 
equation (a) can be written as 


611.X14+- Ale =—-a (b) 


where, the physical meaning of the free term 4, on the left side of the equation is 
the displacement generated in the primary structure along the X, direction when 
support A has a rotation angle 0. From figure 5.43c, we have 


Aic = —O6l (c) 


The coefficient 5,, can be obtained from the diagram M; in figure 5.43d 


iu => | iarsa (a) 
u= pj “73E 


Substituting equations (c) and (d) into equation (b) yields 


B 
zg%  Ol= 4 (e) 


Then we have 


(0-9 o 


As the primary structure is a statically determinate structure, the support 
movement does not cause internal forces in the primary structure, and the internal 
forces are only caused by the redundant unknown force. Then the superposition 
formula of the moment becomes 


M = MX, (g) 


The diagram M is shown in figure 5.43e. 
There are two points that need to be stated: 


(1) Calculation characteristics under support movement 


Compared with the case under loads, it can be seen from equation (a) or (b) that 
the right term of the force method equation may be non-zero. From equations (b) 
and (c), we can see that the free term 4, of the force method equation is generated 
by the support movement. From equation (g), we can see that the internal forces are 
all caused by the redundant unknown force. It can be further seen from equations (f) 
and (g) that the internal forces are related to the absolute value of the stiffness EJ of 
the members. 


(2) Calculation with different primary structures 


If the simply supported beam is taken as the primary system and the reaction 
moment at support A is taken as the redundant unknown force X; (figure 5.44a), the 
deformation compatibility condition is: the rotation angle of the simply supported 
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beam at point A should be equal to the given value 6. Then the force method 
equation becomes 
611.X1 + Ate = 0 


The free term Aj, is the rotation angle of the simply supported beam at point A 
caused by the settlement displacement a of support B. From figure 5.44b we have 


The coefficient 5,, can be obtained from the diagram M; in figure 5.44c 


l 
Ou = 377 


Then the force method equation becomes 


l a 


Thus 


M09 


Similarly, the diagram M of the structure can be solved, as shown in figure 5.43e. 
For the same statically indeterminate structure, two different primary structures 
can be selected, and then two different force equations (e) and (h) are obtained. Each 
force method equation contains the two support displacement parameters 0 and a. 


(b) 


Fic. 5.44 — Calculation with simply supported beam as the primary structure. 
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In equation (e), ĝis on the left and ais on the right; but in equation (h), 8 is on the right 
and a is on the left. Generally speaking, all the support displacement parameters 
corresponding to the redundant unknown force appear in the right terms of the force 
method equation, and other support displacement parameters appear in the free terms 
of left side. 

If the primary system is selected as shown in figure 5.45, both the support 
displacement parameters 0 and a are not related to X;. Therefore, they both appear 
in the left free terms of the force method equation, and the right term of the force 
method equation is zero. 


Fic. 5.45 — Another selection of primary system. 


5.7.2 Temperature Change 


Example 5.10. Figure 5.46a shows a reinforcement concrete frame. The pouring 
temperature is 15 °C. In winter the outer surface temperature of the concrete is 


(b) 


-50 °C 1 


—50 °C] 0 °C 0°C |-50°C 


primary system 


4m 4m 


(©) 


Fy (kN) 


“M(kN-m) 


Fic. 5.46 — Analysis of a reinforcement concrete frame under temperature change. 
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-35 °C, and the inner surface temperature is 15 °C. Determine the internal forces in 
the frame caused by the temperature change. The EJ of each member is 
constant, and the cross-sectional dimensions are shown in the figure. The elastic 
modulus of the concrete is E = 2 xX 10'° MPa; the coefficient of linear expansion is 
a=1x10°°C". 


Solution: (1) Primary system 
This frame has a single degree of indeterminacy. The primary system can be 
selected as shown in figure 5.46b. 


(2) Force method equation 


The deformation compatibility condition is: the relative rotation angle of the 
primary system at hinge C should be zero. This displacement is caused by the 
temperature change and the unknown force X, together, that is, 


where, the free term Aj; is the displacement of the primary structure along the X 
direction caused by the temperature change. 


(3) Coefficients and free terms 


The calculation method of the coefficient ô; is the same as that under loads, but 
the free term A; is different. 

According to the pouring temperature and winter temperature, the temperature 
change at the outer side of the frame is: -35 °C-15 °C = -50 °C, and the temper- 
ature change at the inner side is: 15 °C-15 °C = 0 °C. 

The average temperature change on the axis is tọ = 0.5 X(0 °C-50 °C) = -25 °C, 
and the temperature difference between the inner and outer sides is 0 °C- 
(-50 °C) = 50 °C. 

The calculation formula of A; is 


At f = 
A= SoaF | thas Yat | Pias (i) 


where, the two integrals are the area of the diagram Mı and diagram Fyi, 
respectively. 

Draw the diagram M, and diagram Fy; (figure 5.46c and d). According to the 
displacement formula we have 


2 12 
TOYE Ma, =a axs x 142% (5x1x0) == 


1x6 
ee ae (1x84 = 


1 
06 x2) ax 25 x (5x8) = 11660 — 33% = 11386 


In the diagram M, the inner side of the frame is in tension, and the temperature 
difference At has higher temperature at the inner side. Therefore, the first term in 
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the above equation is positive. In the diagram Fy, the horizontal beam is in tension 
and the temperature change fy is negative, so the second term in the above equation 
is negative. 


(4) Solve the force method equation 
From the force method equation, we have 


Ay, 11334 
= = = -92.44 EI 
1= Sn «12/ET j 


(5) Draw the internal force diagrams 


As the primary structure is statically determinate, temperature change will 
cause no internal force. Thus, internal forces are all caused by the redundant 
unknown force, that is, 


E 
Fy = Fy Xı 


The internal force diagrams are shown in figure 5.46e and f. 

It can be seen from the calculation results that the cross-sectional stiffness of the 
members is included in the internal forces and reactions of the statically indeter- 
minate structure under temperature change, indicating that the internal and reac- 
tion forces are proportional to the absolute value of the stiffness of the members. 
This is different from the case under loads, where the internal and reaction forces of a 
statically indeterminate structure are only related to the relative stiffness of the 
members. Therefore, under a given temperature change, the larger the 
cross-sectional size, the greater the internal forces. This means increasing the 
cross-sectional size is not an effective way for improving the stress condition of a 
structure under temperature change. In addition, when there is a temperature dif- 
ference At in the structure members, the positive value of the moment diagram 
appears on the cooling side, which means compressive stress appears on the heating 
side and tensile stress on the cooling side. Therefore, in reinforced concrete struc- 
tures, special attention should be paid to possible cracks under cooling. 


5.8 Deflection Computation of Statically Indeterminate 
Structures 


The unit load method, as an application of the principle of virtual work for 
deformable structures, not only can be used to compute the deflection of statically 
determinate structures but also the deflection of statically indeterminate structure. 

Taking the statically indeterminate beam shown in figure 5.47a as an example, 
the deflection f of the midpoint C under the uniform load can be calculated by the 
unit load method. 
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First of all, when analyzing a statically indeterminate structure by the force 
method, an arbitrary statically determinate primary system needs to be established. 
The primary system bears the combined action of external loads and redundant 
constraint forces, as shown in figure 5.47b. Then, establish the force method equa- 
tion, solve the internal forces, and draw the moment diagram M (figure 5.47c). The 
stress condition and deformation of the primary system are completely consistent 
with the original statically indeterminate structure. Therefore, the displacement of 
the primary system is the same as the original statically indeterminate structure. 
Finally, the displacement of the primary system can be calculated by the unit load 
method. In addition to the load moment diagram of the statically indeterminate 
structure, a unit moment diagram of the virtual state also needs to be drawn. The 
virtual unit load is applied to the primary structure and is related to the displace- 
ment to be determined. This unit load can also be applied to the original statically 
indeterminate structure, but it is much more tedious to draw the unit moment 
diagram than it is for the primary structure. Therefore, this method is not a good 
choice to calculate the displacement. 

In the following example, the vertical displacement of point C is to be deter- 
mined. We can apply a unit vertical load at point C on the primary structure (simple 
supported beam), and then the unit moment diagram M is easy to draw, as shown in 
figure 5.47d. By multiplying the two moment diagrams M and M, the displacement 
of a given section of the structure can be obtained. 


(a) (b) 


cf 


Primary system 


(d) 


M 


Fic. 5.47 — Calculation of deflection of a statically indeterminate beam. 


The deflection f of point C of the original structure obtained by using the pri- 
mary structure is: 


MM 2 qÊ 1 1 l 2 qÊ il 5 1l 
f= ds = — x x x x x =x x x 
EI EI 12 2 2 4 3 8 2 8 4 
4 


ql 


212 Structural Analysis 


It is worth noting that different primary structures can be used for solving a 
statically indeterminate structure. Therefore, there are various types of unit internal 
force diagrams that can be used to calculate the displacement of a statically inde- 
terminate structure. For example, when computing the mid-span displacement fof a 
beam fixed at both ends, the unit moment diagram shown in figure 5.48a or b can 
also be used. Although the unit moment diagram is different, the obtained dis- 
placement should be the same. 


i (b) |! | 1 
ll c B i c B 
— M 
M 


Fic. 5.48 — Selection of different unit moment diagrams. 


The general formula for calculating the displacement of a plane member 
structure is: 


A= D (Mk + Fye + Fsyo)ds = X Frer 


This formula is applicable to both statically determinate and indeterminate 
structures. The calculation formulas of the displacements of statically indeterminate 
structures under the action of external loads, support movement and temperature 
change are given below. 


(1) External loads 


Assuming the internal forces of a statically indeterminate structure under 
external loads is M, Fy and Fs, the deformation of the differential element of the 
structure member is 


M Fy kF; 
K = —, € = —, } = —— 
Er ÊT BA OT GA 


Thus, the displacement formula is 


A= 


+> [Bae > [Ra g (5.15) 


The form of equation (5.15) is exactly the same as the displacement formula of 
statically determinate structures. However, the M, Fy and Fs here can be the 
internal forces of any primary structure under the unit load (it can also be the 
primary structure selected for calculating the internal forces of the statically inde- 
terminate structure). 
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(2) Support movement 


Assuming the internal forces of the statically indeterminate structure under 
support movement is M, Fy and Fs, the deformation of the differential element of 
the structure member is still 


Thus, the displacement formula is 


A = ast [Sas Na D S as~ D Farer (5.16) 


(3) Temperature change 


Assume the internal forces of the statically indeterminate structure under tem- 
perature change is M, Fy and Fs. Under this condition, in addition to the elastic 
deformation caused by the internal forces, there is also deformation caused by the 
free expansion of the differential element under the temperature change, that is 


pM Pa p tE 
B At BA t= T 


Thus, the ere ee formula becomes 


is dn | aes ze 
a S | Foatoas 


(4) Displacement formula under multiple factors 


If the statically indeterminate structure is under the combined action of loads, 
support movement and temperature change, etc., the general formula for displace- 
ment calculation can be written as 


iey weds > fs FyFy j +0 [Bas 
file Sis 


where, M, Fy and Fy represent the internal forces of statically indeterminate 
structure under the action of all factors, while M, Fy, Fs and FRx are the internal 
forces and support reaction of primary structure under unit load. 


(5.18) 


Example 5.11. Determine the horizontal displacement of point C of the statically 
indeterminate frame shown in figure 5.49a. 
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@) P=3 kN 
(b) j P=3 kN 


3m 


3m 


© (d) 


Fic. 5.49 — Solving the displacement of a statically indeterminate frame. 


Solution: The primary system is shown in figure 5.49b, and the primary unknowns of 
the force method are X; and Xə. It can be solved that X, = — 2.67 kN and 
Xə = 1.11 kN. The load moment diagram M of the statically indeterminate frame is 
displayed in figure 5.49c. 

To calculate the horizontal displacement of point C, apply a horizontal unit load 
at point C of the primary structure, and the unit moment diagram of the primary 
structure is shown in figure 5.49d. Through graphical multiplying of figure 5.49c and 
d, the horizontal displacement of point C is obtained by the following formula 


AB = 5 MM ae 


11 2 1 
AG = Hypa X 3m x 3m x (5 x 5.66 Nem — 5 x 4.38 KN-m) 


_ 10.485 kN-m# 
7 EI 


(=) 


If the primary system shown in figure 5.49e is selected, after drawing the cor- 
responding unit moment diagram and graphically multiplying the moment diagrams 
of the original structure, the horizontal displacement of point C can also be 
obtained. The result is consistent with that of the previous selected primary system. 


Example 5.12. Determine the mid-span deflection of the statically indeterminate 
beam in example 5.9 under the action of support displacement. 
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(b) 


Fic. 5.50 — Solving the mid-span deflection of a statically indeterminate beam. 


Solution: The moment diagram M of the statically indeterminate beam caused by 
the support displacement is shown in figure 5.43e. 

To draw the unit moment diagram, the following two primary structures can be 
selected: 


(1) Take the simply supported beam as the primary structure. Figure 5.50a shows 
the diagram M and the reaction under the unit load. 
MM 
EI 


1 fll 1 3EI;7. a] 1 oe: 
-g Gx) Ex i (0 3] z 9t" 


(2) Take the cantilever beam as the primary structure. Figure 5.50b indicates the 
diagram M and the reaction under the unit load. 


A= 


ds — Fyp(—a) 


As can be seen, the calculation results of the above two approaches are the same. 


5.9 Check for Calculated Results of Statically 
Indeterminate Structures 


The calculation of internal forces is the basis of engineering structural design, and its 
accuracy is of vital importance. The calculation process of statically indeterminate 
structures is relatively complex with cumbersome mathematical computation. 
Therefore, after the internal forces are obtained, a check should be performed to 
ensure their correctness. From a global perspective, the check of internal forces 
includes whether the structural computational model is reasonable, whether the 
original data are correct, whether the selected parameters are appropriate, and 
whether the primary system is geometrically stable. The internal force calculation of 
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the structure is meaningful only if the computational model, the original data, and 
the selected parameters are correct. 

At the same time, the check of internal forces requires using the basic concepts of 
mechanics, using the simplified estimation method, or performing qualitative 
analysis and judgment on the rationality of the calculation process and result based 
on relevant engineering experience. If no problem is found in these qualitative 
analyses, quantitative verification of the internal forces and internal force diagrams 
of the structure can be further performed according to the equilibrium conditions 
and deformation compatibility conditions. 

Now we illustrate the checking process by taking the internal force diagrams of a 
statically indeterminate frame shown in figure 5.5la, b, and c as examples. 


(a) (b) 

2m2m 4m 
M (kN-m) Fs (KN) 
(d) 
100 KN-m ( T \ 60 kNm 
wv «M0 
40 kN:m 
(e) () 
Fp=200 kN 

A B C 


3.7 475 Ts er 
147.5 22.5 


XF.=3.7 KN+11.3 KN—15 kN=0 


XF\=75 kKN+147.5 kN—200 kN— 22.5 kN=0 


Fic. 5.51 — Check for calculated results of statically indeterminate frame. 


5.9.1 Check of Equilibrium Conditions 


Both the internal forces and reactions of statically determinate and indeterminate 
structures must meet the static equilibrium condition. The free body cut out from 
any part of the structure should satisfy the equilibrium equations. Generally, a node 
in a frame can be taken as the free body to check whether the equilibrium condition 
of the moment is met. The upper part above the cross-section of each column in a 
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frame can be taken as the free body to check whether the equilibrium condition of 
the force in the horizontal projection direction is met. 

For example, in figure 5.51d, node B can be selected to check whether the equi- 
librium condition 2M = 0 is satisfied; in figure 5.51e, member ABC can be selected to 
check whether the equilibrium conditions XF, = 0, XF, = 0 are satisfied. It can be 
seen from the figure that the above equilibrium conditions are all satisfied. 

When checking the free body equilibrium conditions of a structure, generally only 
a few cases need to be checked. As long as any one of the free-body equilibrium 
conditions cannot be satisfied, it indicates an error in the calculation of the internal 
forces. In other words, it is a necessary condition for the correct calculation of internal 
forces that all the selected checking cases meet the free body equilibrium conditions. 

For a statically indeterminate structure, there are infinite sets of internal forces 
that satisfy the equilibrium conditions. As the internal force diagram is obtained 
according to the equilibrium condition after the redundant constraint force is 
determined, the check of equilibrium condition is only valid for judging the cor- 
rectness of the computation after the redundant constraint force is determined, but 
unable to judge whether the value of the redundant constraint force is correct. For 
this reason, it is also necessary to check the deformation conditions. 


5.9.2 Check of Deformation Conditions 


Since the redundant constraint forces are obtained from the deformation conditions, 
the correctness of the calculation can be checked by examining the deformation 
conditions. In fact, when calculating the displacement of a statically indeterminate 
structure, the virtual equilibrium state can be established on any of its corre- 
sponding primary structures. Therefore, the general process of checking the defor- 
mation condition is as follows: first, select an arbitrary primary structure and an 
arbitrary redundant unknown force X;, calculate the displacement A; in the direction 
of X; according to the final internal force diagram, and then check whether A; is 
equal to the corresponding displacement in the original structure (such as the given 
value a), that is: 


If the displacement A; is calculated according to equation (5.18), then equation 


(5.19) becomes 
FNF kFs Fs 
M i ro NEN g ro S'S q 


3 
iis ee a 


(5.20) 


where, M, Fy, Fs and Fp are the internal forces and support reaction of the primary 
structure under the unit load X; = 1. 
If the original structure is only subjected to loads, then 


5 UM as+ > [Ba +5 Bao (5.21) 
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It is worth noting that for a closed frame, the simplest check method is to use the 
deformation condition of zero relative rotation angle of any section on the closed 
frame to check the moment diagram. For example, in order to check the diagram 
M shown in figure 5.51a, the primary structure shown in figure 5.51f can be selected, 
and the moment of any section F in beam BC can be taken as the redundant 
unknown force X4. Then, under the action of unit load X, = 1, only the closed part 
DBCE of the frame generates a moment M = 1. Therefore, the deformation con- 
dition (5.21) can be simplified to 


M 
—ds= 22 
ars 0 (5.22) 


From this, it is concluded that when a structure is only subjected to loads, the 
total area of the diagram (M/E) along the closed frame should be zero. 

Now we use this conclusion to check the diagram M in figure 5.51a. Integrating 
along path DBCE, the value is 


M 1 ( 20kN-m x 4m Aann) 
ds=-x | 


EI 1 2 2 
ts 60kN-mx4m 30kN-mx4m 
2 2 2 
L 15kN-m x 4m Saen 
1 2 2 


= —130kN-m?+170kN-m? 40 


It can be seen that the diagram M fails to meet the deformation condition, hence 
the calculated result is wrong. 


Problems 


5.1 Determine the degree of indeterminacy of the structures shown in the following 
figure. 


(a) (b) 


(©) (d) 


Fic. P5.1 


Force Method 219 


5.2 Calculate the internal forces of the frames using the force method, and draw the 
diagram M. 


e @) 20 KN /m 


Fic. P5.2 


5.3 Calculate the internal forces of the bents using the force method and draw the 
diagram M. 


(a) (b) 


10 kN/m 


Fic. P5.3 


5.4 Calculate the axial forces of the trusses shown in the following figure using the 
force method. For each member, EA = constant. 


(a) (b) 


Fic. P5.4 


5.5 As shown in the following figure, a continuous two-span suspended crane beam is 
subjected to a crane load of Fp = 4.5 kN. Taking into account the axial deformation 
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of the booms, calculate the tensile force and elongation of the booms, and draw the 
diagrams M and Fs of the beam. The cross-sectional area of the ®20 steel bar is 
A = 3.14 cm”, for the I20a steel beam, J = 2370 cm’. 


220 ST 
Fe 120a 
k 4m hamd 2m, 4m > 
Fic. P5.5 


5.6 Draw the diagram M of the symmetric frames shown in the following figure. 


(a) (b) 


A B Cc 


ES ae St 
q EI=constant 
| 2a 2a | 


Fic. P5.6 


5.7 In order to make the moment of section B of the beam shown in the following 
figure zero, how much should be the stiffness k of the elastic support? Then deter- 
mine the deflection of point B under this condition. 


q 
gl vivid titi 
zA EI B EI C 
A BE, E C 
P E __ 


Fic. P5.7 


5.8 Determine the horizontal thrust of the support of the semi-circular two-hinged 
arch with uniform cross-section, and draw the diagram M. Assume EI = constant and 
consider only the influence of bending deformation on the displacement. 


yr 
C 


Fic. P5.8 
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5.9 Deduce the expression of the internal force of the parabolic two-hinged arch with 
tie bar under the uniformly distributed load. Assume ÆI of the arch section is 


constant and the arch axis equation is y = Ya(l — x). When calculating the dis- 


placement, only the effect of moment in the arch needs to be considered and assume 
ds = dz. 


4 
q 
WV VViVy yyy VV dV 


Fic. P5.9 


5.10 Draw the moment diagram of the structure shown in the figure under the 
support movement. Assume EJ is constant. 


C D 
a 
lag] 
El=constant B 
A Sa! 
4a 4a 4a 
I ~ | 
Fic. P5.10 


5.11 Assume there is a rotational angle a at end A of the beams shown in the figure, 
draw the diagrams M and Fs of the beams. For each beam, select two primary 
systems for calculation, and determine the deflection curve equation and the max- 
imum deflection of the beam. 


(a) (b) 


Fic. P5.11 
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5.12 Assume there is a settlement of c at end B of the beam shown in the figure, and 
draw the diagrams M and Fg of the beam. 


i 
1 
1 
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Fic. P5.12 


5.13 For the beam shown in the figure, the temperature changes of the upper and 
lower sides are +4 and +t (t2 >t), respectively. The beam section has a height of h, 


and the thermal expansion coefficient is a. Draw the diagram M and determine the 
deflection curve equation. 


Fic. P5.13 


5.14 For the portal frame shown in the figure, the inertia moment of the beam Jy is 
s times that of column h, i.e., b = sh. There are three cases for the value of s: 
s = 0.2, 1, 5, and the roof height has four values: f=0m, 0.6m, 2m, 4m. 
Determine the internal forces of the frame under the following conditions: 


(a) a fixed f= 2 m and various values of s. 
(b) a fixed s = 1 and various values of f. 


1 kN/m 


q 


Fic. P5.14 


Chapter 6 


Displacement Method 


The force method is the oldest basic method for the analysis of statically indeter- 
minate structures, which is based on the analysis of statically determinate struc- 
tures. The number of primary unknowns of the force method is just the degree of 
indeterminacy of the structure. With the development of modern industry, the 
redundancy of structures is increasing, and it is more and more difficult to solve the 
internal forces of these structures with many degrees of indeterminacy by the force 
method. Against this background, the displacement method for the analysis of 
multi-story and multi-span frame structures came into being. 

The development of the displacement method can be divided into two stages: the 
slope-deflection method and matrix displacement method. In fact, in 1826, the 
French mechanician C. L. M. H. Navier (1785 ~ 1836) proposed the thought of 
the displacement method in elastic mechanics and used it to calculate the internal 
forces of statically indeterminate trusses. In 1914, Axel Bendixen, a Danish engineer, 
applied the slope-deflection method to the calculation of the internal forces of a frame 
with sidesway. In 1915, American scholars W. M. Wilson and G. A. Maney modified 
the secondary bending moment method, independently used it to solve the internal 
forces of frames, and named it the slope-deflection method. In 1926, the Danish 
scholar A. Ostenfeld established the canonical equation (namely, the basic equation) 
of the displacement method. In the 1950s, by using the computing power of com- 
puters, JH Argyris (Greece, 1913 ~ 2004) proposed a computer method for complex 
structural analysis—matrix displacement method, based on the combination of 
slope-deflection method and matrix algebra. Since then, for large-scale mechanical 
analysis of complex structures, traditional manual methods such as the force method 
and displacement method gradually stepped off the stage of history. Nevertheless, to 
understand and master the matrix displacement method and develop other new 
methods, it is still very important and necessary to study the basic analysis methods 
(force method and displacement method) of statically indeterminate structures. 

The displacement method and force method are a pair of dual methods. Their 
solution process is similar in form. Both are based on the primary unknowns, primary 
system, and basic equation, but they differ in substance and form a duality, as shown 
in table 6.1. The force method takes the redundant constraint forces as the primary 
unknowns, and the basic equations of the force method (also called the flexibility 
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TAB. 6.1 — Comparison of force method and displacement method. 


Primary Primary Scope of 
unknowns system Basic equations application 
Force Method Redundant Statically Deformation Statically 
(proposed in constraint determinate compatibility indeterminate 
1886) forces structure conditions, structures 
flexibility 
equations 
Displacement Independent Assembled Static equilibrium Statically 
method nodal members conditions, determinate and 
(proposed in displacements stiffness equations indeterminate 
1915) structures 


equations) are established according to the deformation compatibility conditions. 
The redundant constraint forces and internal forces are solved for the analysis of 
statically indeterminate structures. The displacement method takes the independent 
joint displacements as the primary unknowns, and the basic equations of the 
displacement method (also called the stiffness equations) are established according 
to the static equilibrium conditions. The joint displacements and the internal forces 
of the member end are solved for the analysis of statically indeterminate structures. 
There are two ways to establish the basic equations of displacement method: one is to 
use the slope-deflection equation of bending member to directly establish the basic 
equations according to the joint moment equilibrium conditions and the sectional 
projection equilibrium equations, that is, the way of directly writing the equilibrium 
equations (i.e., direct equilibrium method); and the other is to establish canonical 
equations (or basic equations) through the primary system and equilibrium condi- 
tions of displacement method, that is, the canonical equation method. 

In this chapter, we will first give a detailed introduction to the basic concept, basic 
principle, and solution process of the first way of displacement method, as it is easier 
to understand. And then the second way of displacement method will be introduced: 
the primary system and basic equations of the displacement method. Finally, we will 
discuss the basic equations of displacement method derived from the principle of 
potential energy, the energy method for approximate calculation of structural dis- 
placement—the Rayleigh—Ritz method, and two commonly used asymptotic dis- 
placement methods: moment distribution method and no-shear distribution method. 


6.1 Fundamental Concept of the Displacement Method 


6.1.1 A Simple Example of Displacement Method 


To understand the basic idea of the displacement method more specifically, a simple 
example of a truss is considered and shown in figure 6. 1a. 
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(a) 


2a 


(b) 


Fic. 6.1 — A symmetric truss. 


Figure 6.la is a symmetric truss structure subject to symmetric load Fp. Joint B 
only has a vertical displacement 4, whose horizontal displacement is zero. If the 
force method is adopted and the symmetry of the structure is considered, the truss 
structure has two primary unknowns, i.e., two redundant unknown forces. While for 
the displacement method, there is only one primary unknown: the vertical dis- 
placement A. This is because if the displacement A is known, the elongation 
deformation of each member can be obtained, and then the internal forces of each 
member can be calculated according to figure 6.1b, which describes the relationship 
between internal forces and external load, so the entire structural analysis problem 
can be solved. It can be seen that the displacement A is a critical unknown quantity. 

How to solve the primary unknown A is the key to the structural analysis by 
displacement method, which can be divided into two steps. 

The first step is to disassemble the structure, that is, take out a single member 
from the structure to perform analysis. Taking member AB in figure 6.2a for 
example, if the axial displacement of end B is known as w; (i.e., the elongation of 
member AB), the end force Fy; can be written as 

EA; 


where E, A; J; are the elastic modulus, cross-sectional area, and length of the member 


EA; 
li 


at the end of the member, which is called the stiffness coefficient of the axial force 
member. Equation (6.1) shows the relationship between the end force Fy;and the end 
displacement u; which is called the stiffness equation of an axial force member. 


respectively. The coefficient = is the end force required to produce a unit displacement 
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(a) 


B' 


Fic. 6.2 — Typical member AB. 


The second step is to assemble the structure, i.e., assemble all members into the 
structure. When assembling, the vertical displacement of each member at the end B 
should be the same, because they all move from B to B’. This is the deformation 
compatibility condition. According to this deformation compatibility condition, in 
figure 6.2b the relationship between the end displacement u; and the primary 
unknown A can be expressed as 


ui = Asin Qi (a) 


Considering the equilibrium condition of joint B, } F, = 0, we have (figure 6.1b) 
5 
X Fyisina; = Fp (b) 
i=1 


Substituting equation (6.1) and formula (a) into formula (b) yields 


5 


> = ‘sin? A = Fp (c) 
=l 


This is the basic equation of the displacement method. It stands for the equi- 
librium equation, which is an equilibrium equation expressed by the displacement. 
From this equation, we can obtain the primary unknown. 

F 
A= (d) 


5 BA; Sn? w. 
ie sin’ ai 


So far, the key step for the calculation of the displacement method has been 
completed. 
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After the primary unknown A is obtained, the remaining problem can be easily 
solved. For example, in order to obtain the axial force of each member, substituting 
formula (d) into formula (a) and then into equation (6.1), then we have 


#4 sin &; 


fyi = SS aL 
: 5 Elin? y. 
D 7 Sin a; 


(e) 


l 


Assuming that the EA of each member is the same, according to the dimensions 
of each member in figure 6.1a and formulas (d) and (e), the primary unknown A and 
the internal forces of each member can be obtained as follows: 


Fp 
A = 0.637 — 
EA 


Fy, = Fys = 0.159 Fp 
Fyo = Fy4 = 0.255 Fp 


Fy = 0.319 Fp 


From the above calculation process, it can be seen that the computational effort 
of the displacement method is not affected by the degree of indeterminacy of the 
structure. If the number of members is reduced from 5 to 2 in figure 6.1a, the truss 
structure becomes statically determinate, but the above method is still applicable. 
Therefore, the displacement method is independent of the degrees of indeterminacy 
of structures, which can be used to solve the internal forces of both statically 
determinate and statically indeterminate structures. 


6.1.2 Primary Unknowns and Basic Equations 
of Displacement Method 


According to the above simple example of the truss, the four main points of the 
displacement method can be summarized as follows: 


1) Primary unknowns of displacement method are the independent joint dis- 
placements of the structure (e.g. the vertical displacement A of joint B in 
figure 6.1a). 

2) Basic equations of displacement method are the equilibrium equations expres- 
sed by displacements (e.g. the vertical projection equilibrium equation (c) of 
joint B). 

3) The process of establishing the basic equations can be divided into two steps: 
the first step is to disassemble the structure into members, analyze the mem- 
bers, and obtain the stiffness equations of the members; the second step is to 
assemble the members into the structure and carry out overall analysis of the 
structure to get the basic equations of displacement method. 
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This procedure is a process of first disassembly and then assembly. The primary 
unknown displacements can be solved from the basic equations of the displacement 
method. Finally, the displacements are replaced by the element stiffness equations to 
obtain the internal forces of the members. It can be seen that the basic idea of the 
displacement method is to transform the analysis of complex structures into the 
analysis of simple members. 


(4) The member analysis is the basis of structural analysis, and the stiffness 
equation of the member element is the basis of the basic equations of the 
displacement method. Therefore, the displacement method is also called the 
stiffness method. 


6.1.3 Basic Idea of Calculating Frame Structures 
by Displacement Method 


This chapter mainly discusses how to analyze and calculate the internal forces of 
statically indeterminate beams and frames by the displacement method. Now we 
will further describe the basic idea of the displacement method for frame structures. 
In the analysis of frames, usually, only the bending deformation is considered, while 
shear and tensile deformations are ignored, thus reducing the primary unknowns of 
the displacement method and still remaining high calculation accuracy. 

Figure 6.3a shows a frame structure. As tensile deformation is neglected, joint A 
will have an angular displacement 04 and a horizontal displacement A but no ver- 
tical displacement under the given load; and the horizontal displacement of joint C is 
the same as that of joint A. Because joint A is a rigid joint, when it has an angular 
displacement 04, the rotation of the end of each member connected to it should be 
equal to 04, according to the deformation condition. When the displacement method 
is used to calculate the internal forces of the frame, the independent joint dis- 
placements 6, and A are taken as the primary unknowns. Once the primary 
unknowns, 0, and 4, are obtained, the calculation of the whole frame is transformed 
into the calculation of the members, as shown in figure 6.3b and c. The member AB 
is subjected to the known load q, in which end B is fixed and end A has known 
displacements 0, and A. The member AC is subjected to the concentrated load Fp, 
in which end C is pinned and end A has a known displacement 04. 


Fic. 6.3 — Primary unknowns of frame structure by using displacement method. 
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Therefore, when calculating a frame by the displacement method, the indepen- 
dent joint displacements are the critical primary unknowns. Once they are solved, 
the remaining problem is the calculation of the members. The basic idea of calcu- 
lating a frame by displacement method is still disassembly and assembly. Firstly, the 
frame is disassembled into members, and the member element analysis is carried out, 
which is the calculation of the member under the known end displacement and the 
known load. Secondly, the members are rebuilt into the frame for overall analysis. 
The basic equation of the displacement method is established by using the equi- 
librium conditions of the frame, from which the primary unknowns can be obtained. 
Compared with truss structures, it is more complicated to solve the internal forces of 
frame structures, which will be discussed in detail later. 


6.1.4. Determination of Primary Unknowns 
of Displacement Method 


Like the force method, to use the displacement method, the number of primary 
unknowns should be first determined. The primary unknowns of the force method 
are the redundant constraint forces. The primary unknowns of the displacement 
method are the independent joint displacements, which can be categorized as 
angular displacements and linear displacements. In the force method, in order to 
simplify the calculation of statically indeterminate beams and frames, the 
deformations caused by axial forces and shear forces are usually neglected in the 
calculation of flexibility coefficients and free terms. In the displacement method, 
each rigid joint of a plane frame has one angular displacement and two linear 
displacements (horizontal and vertical), totaling three independent displacements. 
To reduce the number of primary unknowns and simplify the calculation, the 
axial deformation of bending members is usually ignored and the bending 
deformation is assumed to be small. Therefore, it is assumed that the distance 
between the two ends of a bending member remains unchanged after deforma- 
tion, so that each bending member is equivalent to a link constraint, thus 
reducing the number of independent joint linear displacements in frame struc- 
tures with sidesway. Now we will illustrate how to determine the number of 
angular displacements and linear displacements in the analysis of frames by the 
displacement method. 


Mpa am Mec Mce (£ 5 Mcp 
w 


MBE 
(c) 
(b) 


Fic. 6.4 — A statically indeterminate frame without sidesway. 
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Figure 6.4a illustrates a statically indeterminate frame without sidesway. Under 
the external force shown in the figure, assuming that the axial force is negligible and 
the bending deformation is small, the deformation of the structure is shown by the 
dashed line in the figure. At rigid joint B, the deformation compatibility condition 
gives that the rotation angles of the three members connected to joint B are the 
same. So there is only one independent angular displacement Og at rigid joint B. 
Similarly, at rigid joint C, there is only one independent angular displacement Oc. 
There is also an unknown angular displacement 0p at pinned joint D. 

Since the end moments of each member at the rigid joint are generally not zero, 
as shown in figure 6.4b and c, the moment equilibrium conditions can be written as 
follows at joints B and C. 


Mpc + Mpa + Mpe = 0 \ 
Mcp + Mcp = 0 


(a) 


Since joint D is pinned, the member end moment is equal to zero. And the 
moment equilibrium condition at joint D is an equation of zero equal to zero. Only 
two unknowns need to be resolved in the two equilibrium conditions of formula (a), 
so the primary unknowns in this problem are the angular displacement 0p and c at 
joints B and C. Although @p is unknown, it is a non-independent joint displacement 
that cannot be regarded as a primary unknown. Therefore, in the equilibrium 
conditions or basic equation (a), the end moments of each member should be 
expressed as functions of 0g and 0c, which will be discussed in the next section. 

Through the above analysis, it can be seen that in the displacement method, it is 
unnecessary to treat all joint displacements as primary unknowns. The angular 
displacement of joint D in figure 6.4a is not an independent joint displacement, thus 
it is unnecessary to regard it as a primacy unknown. The number of independent 
angular displacements in the displacement method is equal to the number of 
rotatable rigid joints in the structure. 

Now, the frame with sidesway in figure 6.5a is taken as an example to discuss the 
problem of determining the number of linear displacements. As the distance between 
two ends of any member is assumed to be constant, in the case of small displace- 
ment, joints C and D have no vertical displacement, and their horizontal displace- 
ments are identical, which can be expressed by a symbol A. Therefore, the four linear 
displacements of the two joints are now reduced to a single linear displacement A. 
There are only three primary unknowns, namely, 0c, Op, and A. 

For a general frame, the number of independent linear displacements of joints can 
often be determined by observation. Figures 6.5b and c demonstrate two examples of 
bent and frame, in which the dashed line represents the curve of deformed members. 
In figure 6.5b, there is only one independent linear displacement A, because joints D, 
E, and F are connected by horizontal beams, and the horizontal linear displacement 
must be the same when the tensile deformation is neglected. Figure 6.5c shows a 
two-story frame composed of horizontal beams and columns. Four rigid joints C, D, 
E, and F have four angular displacements. In addition, there are two independent 
joint linear displacements A, and A». Obviously, each story has a linear displacement, 
and thus the number of independent linear displacements of joints is equal to the 
number of stories in the frame. 
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Fic. 6.5 — Primary unknowns of displacement method for frame and bent. 


For the linear displacement A shown in figure 6.5b, the partial structure in 
figure 6.5d can be taken to establish the sectional projection equilibrium equation of 
horizontal forces, that is: 


Fspa + Fsrep + Forc — Fp = 0 (b) 


Formula (b) is the basic equation of the displacement method for the structure in 
figure 6.5b. Fgpa, Fspp, and Fsrc should be expressed as a function of the primary 
unknown A. The functional relationship between the displacements and internal 
forces at the member ends will be discussed in the next section. 

For more complicated frames that are difficult to determine the independent 
linear displacements by observation, the method of geometric construction analysis 
can be used. 


(c) (d) 


Fic. 6.6 — Determination of independent linear displacements of two frames via geometric 
construction analysis. 
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Taking the frame shown in figure 6.6a as an example, since each joint has two 
linear displacements, and each straight member provides a constraint condition with 
a constant distance between two ends, this is similar to the rule of geometric con- 
struction analysis of the planar hinged system in chapter 2 (each joint of the planar 
hinged system has two degrees of freedom, and each link has one constraint). To 
determine the number of independent joint linear displacements, all rigid joints and 
fixed supports in the frame can be transformed into pinned joints and pin supports, 
so as to form the hinged system shown in figure 6.6b. After adding four link con- 
straints, the hinged system can be transformed from a geometrically changeable 
system to an unchangeable system. Therefore, the frame in figure 6.6a has four 
independent joint linear displacements. Similarly, all the rigid joints in figure 6.6c 
can be transformed into pinned joints, and the hinged system shown in figure 6.6d is 
obtained. The system is geometrically unchangeable, so the frame in figure 6.6c has 
no linear displacement. In summary, the number of independent joint linear dis- 
placements in the displacement method is equal to the degrees of freedom of the 
hinged system after all the rigid joints (including fixed supports) in the structure are 
transformed into pinned joints, or the number of links that need to be added to make 
the hinged system geometrically unchangeable. 

In general, when the displacement method is used to calculate statically inde- 
terminate frames, the primary unknowns include independent joint angular and 
linear displacements. The number of independent angular displacements is equal to 
the number of rotatable rigid joints, and the number of independent linear dis- 
placements is equal to the degrees of freedom of the hinged system. The number of 
primary unknowns in the displacement method is the number of kinematic inde- 
terminacy, while the number of primary unknowns in the force method is that of 
static indeterminacy. Selecting the primary unknowns of the displacement method, 
not only ensures that the member end rotation angles at rigid joints are identical but 
also ensures that the distance at the two ends of each member remains unchanged. 
Therefore, in the process of disassembling and assembling, the compatibility con- 
dition of displacement of each member can be ensured, thus the continuous defor- 
mation condition can be satisfied. Correspondingly, the basic equations of the 
displacement method are the equilibrium equations expressed by the angular and 
linear displacements, including the moment equilibrium equations of joints and the 
force projection equilibrium equations of sections. 


6.2 Slope-Deflection Equation of Prismatic Member 


To use the displacement method to calculate frame structures, the physical rela- 
tionship between the forces and displacements of each member end needs to be 
established. In this section, two problems in the calculation of prismatic members 
with constant cross-section will be discussed: one is to calculate the member end 
moments under known displacements; the other is to calculate the fixed-end 
moments under known load. 

In figure 6.7a, a frame structure is deformed as shown by the dashed line under 
the load. Among all members, the ends of beam AB have not only rotational angles: 
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6, and g, but also a relative linear displacement, named the end translation A. 
Compared with other members in the structure, member AB is called a general 
bending member. 

The deformed member AB is shown in figure 6.7b. The member end moments 
Map, Mpa, and shears Fsag, Fsga are collectively called the member end forces. The 
rotational angles 04, 0g, and relative translation A between the two ends of the 
member in the direction perpendicular to the original axis, are collectively referred 
to as the member end displacements. Under the premise of small deformation, if the 
length of member AB is l, the chord rotation angle can be obtained from 4, i.e., 
g=A/l. 

For the convenience of operation, the following sign conventions are adopted in 
the displacement method: the end rotations 04, 0g, the chord rotation g, and the end 
moments Map, Mpa, are all positive in the clockwise direction. The sign of end 
shears remains the same as the previous convention. It is worth noting that the sign 
rules about the member end moments here are different from the usual sign con- 
vention of the sectional moments (for example, the moment in a beam is specified as 
positive if it makes the lower part of the beam tensile). Firstly, the sign conventions 
here is for the member end moment, not for the moment of any section of the 
member; secondly, when the member (or joint) is taken as the free body, the member 
end moments are the external forces on the free body. 

Hence, to facilitate the establishment of the equilibrium equation of the free 
body (the basic equation of displacement method), the end moments are always 
positive in the clockwise direction and are treated as the external forces of the 
member in this chapter. On the other hand, when drawing a moment diagram, the 
moment is regarded as the internal force of the member, so the usual sign convention 
should still be followed. In short, the member end moment has dual identity: it is 
both the internal force of the member and the external force of the free body. We 
should pay attention to using the corresponding sign rules in different situations. 

In figure 6.7b, all the quantities are set as positive. In order to express the end 
forces of member AB as a function of the member end displacements and external 
loads, the pre-deformed member AB can be regarded as a single-span statically 
indeterminate beam fixed at both ends. The force and deformation properties of the 
simply supported beam are the same as the original statically indeterminate beam 
fixed at both ends. Then, the end forces of member AB can be solved in three steps: 

Firstly, let the member end displacements act on the single-span statically 
indeterminate beam to generate the deformation shown in figure 6.7c, and generate 
the member end moments Mig, Mha, and the member end shears FEyp, FGp,, S80 as 
to establish the formula of the end forces from the end displacements. 

Secondly, let the load Fp act on the single-span statically indeterminate beam 
alone to generate the deformation shown in figure 6.7d, and generate the fixed-end 
moments M? AB; ME pa and fixed-end shears FE AB? fen a- These fixed-end forces can 
be obtained by the force method. 

Thirdly, add up the member end forces in figure 6.7c and the fixed-end forces in 
figure 6.7d to obtain the total member end forces under the combined action of 04, 
0g, A, and Fp in figure 6.7b, that is 
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Fic. 6.7 — (a) Typical members of frame, (b) simply supported beam under load and member 
end displacements, (c) statically indeterminate beam under member end displacements, and 
(d) statically indeterminate beam under load. 


6.2.1 Calculating Member-End Internal Forces 
from Member-End Displacements 


Now we discuss the first step: how to determine the member end forces from the 
member end displacements. Figure 6.8 shows a straight member AB with a constant 
cross-section (the moment of inertia J is constant). Given that the rotations of the 
ends A and B are @, and Og, respectively, and the relative displacement between the 
two ends of the member in the direction perpendicular to the undeformed axis of the 
member is A. The end moments of Mag and Mpa are to be determined. It should be 
pointed out that if the member moves in parallel or perpendicular to the member 
axis, there will be no moment at the member ends. Therefore, it is only necessary to 
consider the situation when the relative displacement A of the two ends in the 
direction perpendicular to the member axis exists. In addition, the chord rotation 
can be derived from A, namely, g = A/1. 

Firstly, the end rotational angles of the simply supported beam under the end 
couple moments Map and Mga should be determined (figure 6.9a), which can be 
achieved by the unit load method, 
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Fic. 6.8 — A straight member AB with constant cross-section. 


(a) Map 


Fic. 6.9 — Straight member AB under (a) end couple moments Map and Mga and (b) relative 
vertical displacement 4. 


i 1 1 
Oy, = = Mag — = Mpa 
3i 6i (6.2) 
1 1 í 
0, = -— M = Mı 
B 5i AB + z; BA 
where, i = # is called the linear stiffness of the member. 


i 

Secondly, when there is a relative vertical displacement A between the two ends of 

the simply supported beam (figure 6.9b), the end rotational angles can be written as 

A 

O = 0 = 7 (6.3) 

In summary, the two ends have moments Map and Mpa, and there is a relative 
vertical displacement A between the two ends. The end rotational angles are 

0a = : M, : Mpa 4 a 
A= 3; AB 6i BA T 7 
1 1 A 


0g = -=M — M; — 
B 6i ABT 35 BATS 


(6.4) 
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Solving the above equations yields 


A 
Map = 410) + 2105 — 6iF 
(6.5) 


A 
Mpa = 210, + 470, — 65 
Equation (6.5) is the equation for calculating end moments from end displace- 
ments 64, 0g, and A (it is customarily called the slope-deflection equation). This 
equation can also be obtained by solving the straight member with a constant 
cross-section fixed at both ends under support displacements by the force method. 
The concerned end is usually called the near-end and the other one is called the 
far-end. It can be seen from the above equation that end moments are caused by 
three parts: the near-end rotation, the far-end rotation, and the chord rotation, 
which can be summarized as a pithy formula of “near 4, far 2, chord —6”. In addition, 
the end shears can also be obtained from the equilibrium conditions as follows: 
1 
Fsap = Fspa = -7 (Mas + Mpa) 
Substituting equation (6.5) into it, we have 
6i 6i 12i 


Fsas = Fa = 5 Oa i Op 4 A (6.6) 


For the sake of compactness, equations (6.5) and (6.6) can be written in matrix 
form: 


M. j 0 
ag i sf |? 
l 
: . 6i 
Msa |=| 2i 4i -2| | 6 (6.7) 
6i 6i 12i 
Fsap l l P A 


Equation (6.7) has similar properties to equation (6.1) and it is called the 
stiffness equation of the bending member. In equation (6.7), the matrix 


6i 

4i 2i -— 
i i j 
6i 

2 4i -— 
i i i 
61 6i 12i 


l l P 
is called the stiffness matrix of the bending member, and the coefficients are called 
stiffness coefficients. The stiffness coefficients are constants only related to the 
length, cross-sectional shape, and dimension as well as material properties of the 
member. They are also called shape constants by convention. 
Next, we will discuss the slope deflection equations of a member with end A fixed 
and end B constrained by three different common supports. 
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(1) End B is a fixed support (figure 6.10a). 
Let 63 = 0 in equation (6.5), we get 
A 
Map = 4104 — 6i7 
j (6.8) 
Mpa = 2104 — 6i7 


(2) End B is pinned (figure 6.10b). 
In the second formula of equation (6.5), let Mga = 0, we get 


3A 1 
03 ===>- -0 
Boog oo 
It can be seen that the rotational displacement at the pin support is not inde- 
pendent. Substituting it into the first formula of equation (6.5), we get 


A 
Map = 3104 — biz (6.9) 


(3) End B is a slider support (figure 6.10c). 


Let 63 = 0 and Fsaz = Fsga = 0 in equation (6.6), we get 
A 1 
Sp 
Co 
It can be seen that the relative translation of the slider support is not inde- 
pendent. Substituting it into equation (6.5) yields 


Mixes (6.10) 
Mpa = — iba ` 
(a) Ms Mpa 
EI B 
A 
~YOn bee Z da 
rr 
k 3 | 
(b) 
Mas 
ge B 
A SA OA = j 
i zy NI 
T5- -Tie 
K > 
(c) Map Mpa 


Fic. 6.10 — Three typical members with end B constrained by different supports. 
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6.2.2 Calculating Fixed-End Internal Forces from Loads 


There are three kinds of representative bending members with constant 
cross-section: (1) a beam fixed at both ends; (2) a beam fixed at one end and 
pinned at the other end; (3) a beam fixed at one end and slider-supported at 
the other end. Table 6.2 lists the end moments and the end shears of three kinds 
of bending members under common loads, which are called the fixed-end 
moments and the fixed-end shears. Because they are constants only related 
to the loads, they are also called the load constants. The fixed-end moments are 
expressed by ME, and ME a, and the fixed-end shears are expressed by FE AB 
and Fip T 

For a beam fixed at both ends, the third formula in table 6.2 is the basic formula. 
By using this formula and the superposition principle, the fixed-end moments under 
the combined action of the concentrated force Fp; and distributed load q(a) can be 
written as follows (figure 6.1la and b): 


(l-a) f’ g(a)a(l— a)” 
p f P da 


ţa) faal- a) 
Mga = D Feit 2 f P da 


Qi 
Mk =- }_ Fp; 
(6.11) 


where, in figure 6.lla a; stands for the distance between concentrated load Fp; 
and the end A, and in figure 6.11b a denotes the distance between the load q(a) 
da and the end A. 

If the beam with constant cross-section is subjected to known loads and 
known member end displacements, according to the superposition principle, the 
general formula of the member end moments (refer to equation (6.5)) can be 
written as 


A 
Map = 4104 + 2103 — 61= + Mis 
(6.12) 


A 
Mpa = 2103 + 4103 — 615 + Mia 


The general formula of the member end shears (refer to equation (6.6)) can be 
written as 


Fsap = Op A+ Fes 


(6.13) 


Fspa = i B + A+ Fea 
In addition, the fixed-end moments of three types of beams are interrelated. 
For example, the fixed-end moments of the second and third-type beams can be 


derived from the first-type beam. 


TAB. 6.2 — Fixed-end moments and fixed-end shears of members with constant cross-section. 


© 


Two ends fixed 


One end fixed, 
the other end 
pinned 


Diagram of 
beams under 
loads 


Fixed-end moments 


(positive in clockwise 


direction) 


Fixed-end shears 


ql 
Fan z 2 
ql 
Fa =- 
3ql 
FSap = 99 
7ql 
Fepa = 20 


Fel? 2a 
Fg =p (1+ 7) 


: Fp 
FŠaB = 
- Fp 
FSpa = =F 
5 
Fean = gt 
3 
Fpa z -z4 
2 
F345 = ga 
1 
FSpa = MEA 


poon puourerdsıq 


6&6 


Tas. 6.2 — (continued). 


Diagram of Fixed-end moments 
No beams under (positive in clockwise wand shears 
loads direction) 
9 
F§ap = 10 ql 
7 11 
SBA =~ 10 ql 
F Fpb(3 Ê — b?) 
F SAB — 2B 
8 p _ Fpa?(3l— a) 
F, SBA — 23 
11 
F SAB ~ 16 Fp 
9 5 
FSBA = 16 F P 
10 Fiag TF ql 
Fh =0 
One end fixed 
, FE p= F 
the other end 11 oe a 
slider-supported Fspa = 0 
F SAB = Fp 
12 F SBA = Fp 
F SBA =0 
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(a) Fri Fpi (b) 


i i qla) 


2 | ai l-ai A BE 
= - ji ) a - da 
| 


Fic. 6.11 — Beam with two fixed supports under (a) concentrated loads and (b) distributed load. 


6.3 Analysis of Frames Without Sidesway 


If the joints of a frame (excluding the supports and the boundary joints) have only 
angular displacements but no independent linear displacements, this frame is called 
a frame without sidesway. 

This section discusses the analysis and calculation of a frame without sidesway 
by the slope deflection equation of members. The calculation of continuous beams 
also belongs to this type of problem. 


6.3.1 Selection of Primary Unknowns 


Figure 6.12a shows a continuous beam. Under the given loads, joint B only has the 
angular displacement g and no linear displacement. It is a problem of beam without 
sidesway. 

When the displacement method is used to calculate the frame, the angular 
displacement of joint 63 is taken as the primary unknown. It should be noted that 
though there is an angular displacement at the pin support C, it is not an inde- 
pendent displacement and is not selected as a primary unknown. 

The fixed-end moments of each member can be determined from table 6.2: 


20 KN x 6 

-Mfp = ME, = aa = 15 kN-m 
2kN : 

ME, = e CA 


By using the slope-deflection equations (6.8) and (6.9) (in which, 4 = 0), the 
member end moments can be expressed as follows (assuming the line stiffness 7 is 
identical): 

Map = 210g —15kN-m 
Mpa = 4103 + 15kN-m (a) 
Mpc = 3i0g — 9kN-m 


Therefore, once 0g is determined, the member end moments can be obtained. 


6.3.2 Establishment of Basic Equations 


In order to solve the primary unknown pg, the basic equation of the displacement 
method should be established. Taking joint B as a free body (figure 6.12b), the 
moment equilibrium equation can be written as: 
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15.85 


moment diagram M (kN-m) 


Fic. 6.12 — Analysis of continuous beam. 


>> Mp = 0, Mpa + Mpc = 0 (b) 


By using formula (a), this equilibrium equation can be written as 
Tig +6kN-m = 0 (c) 
Formula (c) is the equilibrium equation expressed by 9g, that is, the basic equation 
of displacement method, from which the primary unknown can be obtained. 
6kN-m 


0g = 7i (d) 


So far, the key problem of displacement method has been solved. The end 
moments of each member can be determined by substituting formula (d) into 


formula (a), 


kN. 
Map = 2ix ($ = =) — 15kN-m = —16.72kN-m 
KA 


kN. 
Mpa = 4i x (£ = =) +15kN-m = 11.57kN-m 
t 


Mpc = 3i x (=) — 9KN-m = —11.57kN-m 
1 


Then, the moment diagram can be drawn, as shown in figure 6.12c. 

In general, when using the displacement method to solve the statically indeter- 
minate continuous beams and frames without sidesway, there is a joint rotation at 
each rigid joint — a primary unknown. Correspondingly, at each rigid joint, we can 
also write a moment equilibrium equation — the basic equation. Therefore, the 
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number of basic equations is exactly equal to the number of primary unknowns. And 
then all primary unknowns can be solved. 

The basic idea of displacement method is to first disassemble and then 
assemble. There are two principles for assembly: firstly, the deformation of each 
member at the joint should be compatible; secondly, the assembled joints must meet 
the equilibrium conditions. The first requirement, it has been taken into account 
when selecting the primary unknowns of displacement method. Since there is only 
one angular displacement at each joint, that is, the end rotational displacement of 
each member at the rigid joint is specified to be identical, and the continuity con- 
dition of deformation at the joint can be ensured. For the second requirement, it is 
only considered when the basic equations of displacement method are established, as 
the basic equations are written according to the equilibrium conditions of the joints. 
Therefore, the solution of the displacement method has satisfied the equilibrium 
conditions and the continuity condition of deformation, and we know how the two 
conditions are satisfied. 


Example 6.1. Draw the moment diagram of the frame shown in figure 6.13a. 


(a) 
g 
<+ 
(b) B (c) C 
MBa FTA Mec Mcp a | Mcp 
iá w 
MBE McF 


moment diagram M (kN-m) 


Fic. 6.13 — Analysis of frame structure without sidesway. 
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Solution: (1) Determine the primary unknowns. 
There are two primary unknowns in all: 0g, 0c. 


(2) Calculate the member end moments. 


The fixed-end moments can be obtained from table 6.2. 


qÊ _ 20kN/m x (4m)’ 


Mpa = 
= 40.0kN-m 
fh =- q _ _ 20kN/m x (5 m)’ 
BE 12 12 
= —41.7kN-m 


Mčp = 41.7kN-m 


The stiffnesses of frame members are taken as relative values for calculation. 
Assuming El = 1, we have 


: 4EIy Li 5Eh i 4Eh Lj 3Eh 3 . 3Eh 1 
1AB > BC A 7’ ICF 6 5) 


4 5 > CD 4 » IBE 


According to the slope-deflection equations (6.5), (6.8), and (6.9), the end 
moments of each member can be written as follows, after superimposing the 
fixed-end moment: 


Mpa = 3iag0g + Mg, = 30g + 40.0 


Mpc = 4ipcOp + 2igchc + MEn = 40g + 20c — 41.7 


Mce = 2igc0p + 4ipc0c + Méy = 20g + 40c +41.7 
Mcp = 3icp9c = 30c 

Mpr = 4ipr0p = 30g, Mep = 2ipr0p = 1.508 

Mor = 4icr9¢ = 20c, Mpc = 2i¢c8c = bc 


(3) Establish the displacement method equations. 


According to the equilibrium equation of joint B (figure 6.13b): 


X Mp = 0, Mpa + Mpc + Mer = 0 


Displacement Method 245 


Substituting the results of the previous step into it yields 
100g + 20c — 1.7 = 0 (a) 
According to the equilibrium equation of joint C (figure 6.13c) 


$ Mc = 0, Mos + Mon + Mer = 0 


Substituting the results of the previous step into it yields 
203 + 90c + 41.7 = 0 (b) 


(4) Solve the primary unknowns. 
Solving the two linear algebraic equations (a) and (b) simultaneously, we get 


0g = 1.15, 0c = —4.89 


(5) Solve the member end moments. 


Substituting the obtained member end displacements into the above member 
end moment equations, we have 


Mpa = 48.50kN-m 

Mpc = —46.90kN-m, Mcp = 24.50 kN-m 
Mcp = —14.70kN-m 

Mcr = —9.80kN-m, Mpc = —4.89 kN-m 


It should be noted that because the relative stiffnesses of members are used, the 
displacements obtained in the example are not true values. To obtain the true values 
of the displacements, the stiffnesses should also be taken as true values. 


6.4 Analysis of Frames with Sidesway 


Frames can be divided into two types: without sidesway and with sidesway. This 
section discusses the internal force analysis of frames with sidesway. For the frames 
with sidesway, the primary unknowns usually have two types: the independent 
rotational displacement of rigid joint and the linear displacement of the joint. 
Therefore, compared with the calculation of frames without sidesway, the basic 
equations of displacement method are different for frames with sidesway. In addition 
to the basic equation corresponding to the joint rotational displacement (7.e., the 
moment equilibrium equation), the basic equation corresponding to the static 
equilibrium condition by the joint linear displacement (i.e., the sectional projection 
equilibrium equations) should also be established. The following is an example to 
illustrate how to establish the basic equations of displacement method for frames 
with sidesway. 
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Figure 6.14a demonstrates a frame, the linear stiffness of the column is t, and that 
of the beam is 2i. Ignoring the axial deformation of the members, the primary 
unknowns of the displacement method are the angular displacement 6, at joint B and 
the horizontal linear displacement A at the column top, as shown in figure 6.14b. 


(©) Mpa (f) 

D 

C = 

£ FsBA Cl Fscp 
4 g g 
en < <+ 
Ni la D Fspc | 

w — 

MaB Moc 


Fic. 6.14 — Analysis of frame with sidesway by displacement method. 


When calculating the frame members, we should notice that there is relative 
translation A between the two ends of the members AB and CD. But both ends of 
member BC have only the overall horizontal displacement, without vertical dis- 
placement and relative transverse translation. By using the slope-deflection equa- 
tions (6.8) and (6.9) and superimposing the fixed-end moments, the end moments of 
each member can be written as follows: 


A 1 
Map = 2103 — 61 —-—x3x 4? 


4 12 
M 4i0 gee er 
= 41 — 01— == 
BA B 4 12 (a) 


Mpc = 3(2i)0g 
A 
Mpc = ae 
Now we can establish the basic equation of the displacement method. Firstly, for 


the angular displacement 6g of joint B, taking joint B as a free body (figure 6.14c), 
the moment equilibrium equation can be written as 


> Mp = 0, Mpa + Mpc = 0 (b) 
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Using equation (a), this moment equilibrium equation can be written as: 
10i0p — 1.514 +4=0 (6.14a) 


Then, for the horizontal displacement A of the beam, taking the BC part of the 
beam above the column top as a free body (figure 6.14d), the horizontal projection 
equilibrium equation can be written as: 


X Fr = 0, Fepa + Fson = 0 (c) 


The member end shears in equation (c) can be transformed into the member end 
moments. To do this, take column AB as a free body (figure 6.14e, the member end 
axial forces are not drawn in the figure), we have: 


1 
Ss" Ma = 0, FBA = — 7 (Mas + Mpa) —6 


Taking column CD as a free body (figure 6.14f), we have 


1 
Š Mp = 0, Fso = —q Moc 


Substituting the above two equations of shear forces into equation (c) yields 
Mag + Mpa + Mpc + 24 = 0 (d) 
By using equation (a), we have 
6703 — 3.7514 + 24 = 0 (6.14b) 


By solving the linear algebraic equations (6.14a) and (6.14b) simultaneously, the 
joint displacements 0g and A can be obtained. Then, the member end moments can 
be obtained by substituting them into equation (a). Finally, we can draw the 
internal force diagram of the frame. 

In general, the basic equations of the displacement method are derived from the 
equilibrium conditions. Among the primary unknowns of the displacement method, 
each angular displacement is related to a joint moment equilibrium equation, and 
each linear displacement is related to a section projection equilibrium equation. The 
number of equilibrium equations is equal to the number of primary unknowns, so all 
the primary unknowns can be solved. 


Example 6.2. Draw the moment diagram of the bent structure shown in 
figure 6.15a, ignoring the axial deformation of the links. 


Solution: (1) Determine the primary unknowns. 

The columns AB, CD, and EF are parallel, so the links will only move horizon- 
tally after deformation. The links remain parallel before and after deformation 
(figure 6.15b), so the horizontal displacements at the top of each column are iden- 
tical, i.e., there is only one independent linear displacement A. There is no rigid joint 
in this example, so there is no angular displacement in the primary unknowns. 
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Fic. 6.15 — Analysis of the bent structure by displacement method. 


(2) Calculate the end moments and the end shears of each member. 


EL EI EI. 
The linear stiffnesses of columns are: ġ = 2 , h = ? , b = 3, 
hy hy hz 


From the slope-deflection equation (6.9), the member end moments are: 


A A A 
Mpa = —34 —, Moc = -3h —, Mrge = —3%3 — 
BA u he DC a Dy FE 13 hz 


The end shears of each column can be obtained from its equilibrium condition: 
_A Zl _A 
Fsap = anya) Fscp = Shae Fspr = Stig 


(3) Establish the displacement method equation. 


Taking the links above the column top as a free body (figure 6.15c), according to 
the horizontal equilibrium condition } F, = 0, we have 


Fp — (Fsan + Fscp + Fsrr) = 0 


Then we have 
Fp Fp 


satiri) 32m 


where, J- 75 is the sum of each column’s lateral stiffness 75. 


A= 
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(4) Solve the end moments and the end shears of each member. 


Substituting A into the formulas in step (2) yields. 


Mpa = — > Fp, Moc = — 2; Fp, Mrz =- 


hy 
ye ae wae 
RZ Te Te 
h hy h 
FsaB = 7; Fr, Fso = x; Fp, Forr = EP 


ee De Ue 


(5) Draw the diagram M, as shown in figure 6.15d. 
(6) Discussion. 


The calculation results show that the shear Fs of each column is proportional to 
the lateral stiffness a when the bent is only loaded at the top of the columns. 
Therefore, the internal forces of the frame can be obtained by shear distribution 
method: the load Fp, as the total shears of each column, is distributed to each 
column according to the ratio of the lateral stiffness a of each column. After the 
column top shears are obtained, the moment diagram can be drawn (figure 6.15d). 


Example 6.3. Draw the internal force diagrams of the frame shown in figure 6.16a. 


(a) q=20 kN/m (b) 


Mee McF 
@ MBE (e) McF 
Fe m=i 5 Fscr ——=— c 


FsBE Fscr Mre 


Fic. 6.16 — Analysis of the frame structure with sidesway. 


Solution: (1) Determine the primary unknowns. 

The difference between this example and example 6.1 is that the joints B and C 
have a horizontal linear displacement A in addition to the angular displacements 6, 
and Oc. 
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(2) Calculate the member end moments. 


The fixed-end moments have been calculated in example 6.1. Let us still use the 
relative stiffness of each member. According to the slope-deflection equations (6.5), 
(6.8), and (6.9) and superimposing the fixed-end moments, the end moments of each 
member are: 


Mpa = 3%, 0p + Mga = 30g + 40.0 


Mpc = 4300p + 2ipc0c + Mho = 40g + 200 — 41.7 


Mcp = 2igcOg + 4igc0c + MEg = 20g + 40c +41.7 


Mcp = 3icp9c = 30c 


Mer ley — 6754 = 303 — 1.1254 
BE 


Men = Sig hax 6A = 1.50g — 1.1254 
BE 


ŒE A = 29g — 0.54 


Mcr = 4icr 0c — 6 ia 


Mro= Weta 6 EA She— 054 
lor 


(3) Establish the displacement method equations. 


Considering the moment equilibrium of joint B (figure 6.16b), 
XC Mp = 0, Mpa + Mpc + Mer = 0 
We have 
1003 +20¢ — 1.1254 —1.7=0 (a) 
Considering the moment equilibrium of joint C (figure 6.16c), 
X0 Mc = 0, Mos + Mcp + Mcr = 0 
We have 
20g +90c — 0.54 + 41.7 = 0 (b) 


Displacement Method 251 


Cutting off the top of the columns with a section, and considering the equilibrium 
condition of the ABCD part of the beam above the top of the columns (figure 6.16f), 
we have: 


XOF, =0, Fsge + Foor = 0 


Considering the equilibrium of columns BE and CF (figure 6.16d, e), we obtain: 


Mpr + MgB 


XO Mr = 0, spp = — 7 


Mcr + Mre 


X` Mr =0, Fscr = — 6 


Therefore, the sectional projection equilibrium equation can be written as: 


Mer + Meg | Mor + Mre _ 


0 
4 6 


That is 
6.750z + 30¢ — 4.374 = 0 (c) 


(4) Solve the primary unknowns. 
Solving the three linear algebraic equations (a)—(c) simultaneously yields 


0g = 0.937, 0c = —4.946, A = —1.946 


(5) Solve the member end moments. 
Substituting the obtained displacements into the equations in step (2), we get 


Mpa = 42.82 kN-m 

Mpc = —47.82 kN-m, Mcp = 23.76 kN-m 
Mcp = —14.84 kN-m 

Mcr = —8.92 kN-m, Mpc = —3.97 kN-m 


(6) Draw the internal force diagrams. 


Diagram M can be drawn from the member end moments, as shown in 
figure 6.17a. From the free body of each member, the end shears can be obtained by 
the equilibrium equations. And then the diagram Fs can be drawn (figure 6.17b). 
The end axial forces can be obtained from the equilibrium equations of the joints, 
and then the diagram Fy can be drawn (figure 6.17c). 
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moment diagram M (kN-m) shear diagram Fs (KN) 
(d) (e) 14.84 kN-m 
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Sin wy 
5kN-m 8.92 kN-m 
(f) 20kN/m 
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105.5kN |48.9kN 


Fic. 6.17 — Internal force diagrams of frame and check of equilibrium conditions at joints B, 
C, and member AD. 


(7) Check the results. 


The check for calculated results of statically indeterminate structures by the 
force method has been discussed in detail before, and many of these methods are 
still applicable here. But we should note that, in the displacement method, the 
equilibrium conditions should be mainly checked; in contrast, in the force method, 
the continuous conditions of deformation are mainly checked. This is because the 
continuous conditions of deformation have been considered when we select the 
primary unknowns of the displacement method, and the calculation of the stiffness 
coefficients is relatively simple and not easy to make mistakes. Therefore, the 
continuous conditions of deformation are not the key point when checking the 
displacement method. 

The internal force diagram in figure 6.17 can be checked by the equilibrium 
conditions. Firstly, it is seen in figure 6.17d and e that the moment equilibrium 
conditions at joints B and C are satisfied. Secondly, in figure 6.17f, by taking the 
ABCD part (that is the beam above the column top) as a free body, the horizontal 
and vertical equilibrium conditions can be checked: 


5 F, = 0,2.15 kN — 2.15 kN =0 
$ F, = 0,29.3 kN +105.5 kN +48.9 kN — 20kN/m 
x 9m —3.7kN = 183.7kN — 183.7kN = 0 
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6.5 Analysis of Symmetric Structures 


Symmetric continuous beams and frames are widely used in engineering. Any load 
acting on a symmetric structure can be divided into two parts: the symmetric load 
and the antisymmetric load. Under the action of symmetric load, the deformation is 
symmetric, the moment diagram and the axial force diagram are symmetric, but the 
shear diagram is antisymmetric. Under the antisymmetric load, the deformation is 
antisymmetric, the moment diagram and the axial force diagram are antisymmetric, 
but the shear diagram is symmetric. Section 5.5 has introduced how to select the 
half structure of a symmetric structure in the force method analysis. This section 
will introduce the use of symmetry in the displacement method to simplify the 
calculation of structures. 


Example 6.4. Draw the moment diagram of the symmetric frame shown in 
figure 6.18a. 


(a) q=20kN/m 


as r 6m jám -| 


Fic. 6.18 — (a) A symmetric frame with odd spans, (b) half structure, and (c) equilibrium of 
joint B. 


Solution: (1) Determine the primary unknowns. 

This example is a symmetric structure with odd spans under symmetric loads. 
Due to the symmetry, the section G on the axis of symmetry has only symmetric 
internal forces and displacements (i.e., the moment, axial force, and vertical dis- 
placement), and the antisymmetric internal forces and displacements (i.e., the 
shears and horizontal displacements, rotation angles) are zero. Therefore, when 
constructing the half structure, a slider support should be added in section G. The 
half structure of the symmetric frame is shown in figure 6.18b. There is only one 
primary unknown in the displacement method, that is, the angular displacement 6, 
of joint B. 


(2) Calculate the member end moments. 


The fixed-end moments can be gotten from table 6.2, 


-qÊ _ 20kN/m x (4m)? 


= 40.0kN- 
8 8 as 


qP 20kN/m x (3m)? 
Mea= ~ 3 = —60kN-m 
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q? 20kN/m x (3m)? 


= kN. 
5 6 30 m 


Mg = 
Taking the relative stiffness of each member for calculation, and assuming 
Eh = 1, we have 


; 4Ebh . 6El . 3EIh 1 
BA = —— 1, igg z= 2, BE 


6 2 


The end moments of each member are as follows: 


Mpa = 3iga 0g + Mga = 30g + 40.0 
Mpc = ipcOp + Mga = 20g — 60, Mes = —igchs + MEg = —208 — 30 


Mpr = 4igrbg = 20g, MrB = 2ige0B = Op 


(3) Establish the displacement method equation. 
Considering the equilibrium of joint B (figure 6.18c), 


X Mp = 0, Mpa + Mpc + Mer = 0 


we have 
70g — 20 = 0 
(4) Solve the primary unknown. 
20 


(5) Solve the member end moments. 


Substituting the obtained angular displacement 0g into the equations in step 
(2) yields 


Mpa = 48.56 kN-m 
Mpe = 5.72 kN-m, MEB = 2.86 kN-m 
Mac = —54.28 kN-m, Mcg = —35.72 kN-m 


(6) Draw the moment diagram. 


The diagram M is shown in figure 6.19. 
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Fic. 6.19 — Moment diagram M (kN-m) of a symmetric frame. 


Example 6.5. Draw the moment diagram of the symmetric frame shown in 
figure 6.20a. EI of each beam is identical. 


(a) q= 20 kN/m (b) q= 20 kN/m 


4m 


Fic. 6.20 — (a) Even-span symmetric frame and (b) half structure. 


Solution: 
(1) Determine the primary unknowns. 


This example is a symmetric structure with even spans under symmetric loads. 
Because of symmetry, the member BE at the position of the symmetry axis has only 
the axial force, and there is no moment at section B due to the pinned joint. 
Therefore, when constructing the half structure, fixed hinged support should be set 
in section B. The half structure of the symmetric frame is shown in figure 6.20b. 
There is only one primary unknown in the displacement method, that is, the angular 
displacement 04 of joint A. 


(2) Calculate the member end moments. 


The fixed-end moment can be gotten from table 6.2, 


P 20kN 4m)” 
Min =~ = : [mx m) L 40.0kN-m 


The stiffness and length of each member are the same, so the linear stiffness 7 is 
the same. The end moments of each member are written as 


Mag = 310, + Mi = 310, — 40.0, Map = 4104, Mpa = 2704 
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(3) Establish the displacement method equation. 


Considering the equilibrium of joint A, 


X Ms = 0, Map + Map = 0 


we have 
710, — 40 = 0 
(4) Solve the primary unknown. 
40 
i= 
ATi 


(5) Solve the member end moments. 


Substituting the obtained angular displacement 0a into the equations in step 
(2) yields 


Mag = —22.86 kN-m 
Map = 22.86 kN-m, Mpa = 11.43 kN-m 


(6) Draw the moment diagram. 


In terms of the member end moments, diagram M is exhibited in figure 6.21. 


Fic. 6.21 — Moment diagram M (kN-m) of even-span symmetric frame. 


6.6 Primary System in the Displacement Method 


There are two ways to establish the basic equation of the displacement method: one 
is to write the equilibrium equation directly; the other is to establish the basic 
equation from the primary system of displacement method and equilibrium condi- 
tion. The previous sections introduce in detail the fundamental principle and solu- 
tion process of the first way of displacement method: firstly, establish an equilibrium 
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equation, which is expressed by the member end internal forces; then, the member 
end internal forces are expressed by the joint displacements, thus the equilibrium 
equation expressed by joint displacements can be obtained. This is the basic equa- 
tion of the displacement method. There is no application of the concept of a primary 
system. 

This section introduces the second way of displacement method, including the 
primary system and the basic equation of displacement method: firstly, establish the 
primary system of displacement method, and then establish the basic equations of 
displacement method (also called the canonical equations) through the primary 
system. This method is similar to the establishment of the basic equation in the force 
method, which helps to deeply understand the meaning of the basic equation of the 
displacement method and make some preparations in advance for the matrix dis- 
placement method that will be introduced later. 

In what follows, combined with the frame shown in figure 6.22a, the two points 
are highlighted: (1) how to establish the primary system of displacement method; 
(2) how to construct the basic equation of displacement method. This frame has 
been analyzed in section 6.4, as shown in figure 6.14. We can study it by 
comparison. 


(a) 


3 kN/m 


q= 


primary system primary structure 


Fic. 6.22 — (a) A frame structure, (b) primary system, and (c) primary structure. 


The frame has two primary unknowns: the rotational angle 4; of joint B and the 
horizontal displacement A» of joint C. Here, the primary unknowns of the dis- 
placement method, regardless of angular displacements or linear displacements, are 
uniformly represented by A, so as to contrast with the primary unknown X in the 
force method. 


6.6.1 Primary System of the Displacement Method 


Figure 6.22b is the primary system of the displacement method: a rigid arm is added 
at rigid joint B to control its rotational angle (the linear displacement is not con- 
trolled), and a horizontal strut is added at joint C to control its horizontal 
displacement. 

The difference between the primary system of displacement method and the 
original structure is that: artificial constraints corresponding to the primary 
unknowns are added to make the primary unknowns change from the passive dis- 
placements to the artificially controlled active displacements. 
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In the primary system of displacement method, if we remove the load and just 
look at the structure, we can get the structure shown in figure 6.22c, which is called 
the primary structure. The primary structure of the displacement method is a 
structure obtained by adding some controllable restraints corresponding to the 
primary unknowns on the original structure. 

The primary system is a tool or bridge for calculating the original structure. On 
the one hand, it can be transformed into the original structure, which means it can 
represent the original structure; on the other hand, its calculation is relatively 
simple, so as to “make hard things simple”. Due to the increase of artificial con- 
straints, the original entire structure is divided into many members (these members 
deform independently and do not interfere with each other, and their 
slope-deflection equations have been derived in advance). Accordingly, the calcu- 
lation of the structure is divided into the calculation of many members, which 
simplifies the calculation. Therefore, the primary system of the displacement 
method is a set of members with additional restraints, which is identical to the 
original structure in terms of load and deformation characteristics. 

It should be noted that in the force method, we remove restraints to simplify the 
calculation of structural internal forces. In the displacement method, however, we 
add restraints to achieve the purpose of simplifying the calculation of internal forces. 
The measures are the opposite, but the effects are the same. 


6.6.2 Basic Equations of the Displacement Method 


The basic equations of the displacement method can be established from the pri- 
mary system of the displacement method. 

Under what conditions, can the primary system be transformed to the original 
structure? This transformation condition is just the basic equation of the dis- 
placement method. Now we consider this problem in two steps. 

The first step is to control the additional restraints so that the joint displace- 
ments A, and A» are zero. Under this condition, the primary structure is in a locked 
state. After the load is applied, the internal forces in the primary structure can be 
solved (figure 6.23a). At the same time, additional restraints will produce a restraint 
moment Fp and a restraint horizontal force Fyp. These restraint forces do not exist 
in the original structure. 

The second step is to control the additional restraints so that the primary 
structure has joint displacements A; and Ap. In this case, the restraint forces F and Fo 
in the additional restraints will change accordingly. If the joint displacements 4, and 
Ay are controlled to be exactly identical to the actual values of the original structure, 
the constraint forces F} and F will disappear completely. Then the primary system 
shown in figure 6.22b can be obtained. Though the primary system still has addi- 
tional restraints, they are actually indistinguishable. Hence, the primary system is 
actually in a relaxed state, which is exactly the same as the original structure. 

Therefore, the conditions for transforming the primary system into the original 
structure are: under the combined action of a given load and joint displacements 4, 
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and As, for the primary structure, the total restraint forces F} and Fy generated in 
the additional restraints should be equal to zero, that is 


F,=0 
io T (6.15) 


Clearly, this transformation condition leads to the basic equations of the dis- 
placement method. 

Based on the superposition principle, the calculation of total constraint forces in 
the primary system can be divided into several cases: 


(1) The loads are applied alone—the corresponding restraint forces are Fp and Fop 
(figure 6.23a). 

(2) Unit displacement 4, = 1 has been imposed alone—the corresponding restraint 
forces are ky; and ky, (figure 6.23b). 

(3) Unit displacement 4> = 1 is imposed alone—the corresponding restraint forces 
are kıs and kəs (figure 6.23c). 


(b) aki 


Fic. 6.23 — Primary structure under (a) loads, (b) unit displacement A, = 1, (c) unit 
displacement 4,=1. 


The total restraint forces can be obtained by superimposing the above results 


Fy = ky A, + ki242 a 


6.16 
Fi PAs eg Ay Bop aie] 


Considering equation (6.15), the basic equations of the displacement method are 
written as: 


ky Ay + hyp A + Fop = 0 cat) 


ky Ay T ki242 T Fip =0 \ 


The primary unknowns A; and Ap» can be solved from the basic equations. 

From the perspective of the primary system, the basic equations have a clear 
meaning, that is, the additional restraints in the primary system should actually be 
in a relaxed state, and the restraint forces in the additional restraints should all be 
zero; in fact, it requires the original structure to satisfy the equilibrium equation. 

In fact, the basic idea of the displacement method is still a transition method, 
that is, the transition from the primary system to the original structure. The 
transition step is to first lock and then relax, and then establish the basic equations 
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of the displacement method according to the relaxed conditions. The idea of “first 
lock and then relax” mentioned here and the “first disassemble and then assemble” 
mentioned earlier summarize the basic ideas of the displacement method from 
different perspectives; but the two ideas are interrelated. “Lock” is actually 
“disassemble” the overall deformation of the structure into isolated member 
deformation. “Relax” is to require the additional restraints ineffective, that is to 
require the equilibrium condition to be satisfied when the members are assembled 
together. 


6.6.38 Process of Establishing the Basic Equations 
of the Displacement Method 


Now we will follow the above steps to apply the displacement method for structural 
analysis and calculation. 


(1) Calculation of the primary structure under loads. 


Firstly, the fixed-end moments of each member are calculated respectively, and 
the moment diagram is drawn in figure 6.24a. The moment diagram of the primary 
structure under loads is called the diagram Mp. 

Taking joint B as a free body (figure 6.24b), it can be obtained that 
Fip = 4kN-m. 

Taking beam BC as a free body (figure 6.24c), as the fixed-end shear of column 


BA Fspa = —@ = —3%4 = 6 KN is known, we have Fop = —6 KN. 


(a) (b) (c) 


Fip 0 B C Fr 
4 (com a eal 
ail a a 
h 
4 4kN-m = 6KN 0 


5 7 
moment diagram Mp 


Fic. 6.24 — Primary structure under loads. 


(2) Calculation of the primary structure under unit angular displacement 4, = 1. 
When the angular displacement of joint B is 4; = 1, the end moments of each 
member are calculated and the moment diagram (diagram M,) can be drawn in 
figure 6.25a. 
From figure 6.25b and c, we can get 


ku = 4i + 3(2i) = 10i, kı = —1.5i 
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(b) (c) 
6i 
ku B C Ja 
P —— 
s A — eS 
4i Gi 45 0 
h 


moment diagram M: 


Fic. 6.25 — Primary structure under unit horizontal displacement A; = 1. 


(3) Calculation of the primary structure under unit horizontal displacement 
A, = 1. 


When the horizontal displacement of joints B and C is Aj = 1, the end moments 
of each member are calculated and the moment diagram (diagram M2) can be drawn 
in figure 6.26a. 

From figure 6.26b and c, we can get 

15 


ki = —1.51, ky aa" 


(c) B c kz 
a > 
os aa 
a 3, 
16 


moment diagram M2 


Fic. 6.26 — Primary structure under unit horizontal displacement Ay = 1. 


(4) Establishment of the basic equations of the displacement method. 
According to equation (6.17), the basic equations can be written as follows: 


1074, — 1.5i42 +4 = 0 
; 15. 
— 1.5141 + 76 42 —6=0 


The basic equations obtained here are the same as equations (6.14a) and (6.14b) 
in section 6.4. 
Solving the basic equations simultaneously yields: 


1 1 
A, =0.737-—, A2 = 7.580— 
a i 
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By using the following superposition formula, the total moment of the frame is: 
M = MA, + M242 + Mp (6.18) 


The member end moments are: 


1 1 
Map = 2i x (0.7375) —1.5i x (7.5807) — 4 = —13.90kN-m 
1 1 
l 1 l 1 
Mpa = 4i x (0.7373) —1.5i x (75807) +4 = —4.42kN-m 
1 V7 
1 
Mac = 6i x (0.7375) = 4.42kN-m 
v7 
1 
Mpc = —0.75i x (7.580) = —5.69kN-m 


According to the member end moments, the diagram M of the frame can be 
drawn, as shown in figure 6.27. 


13.90 


Fic. 6.27 — Moment diagram M (kN-m) of frame. 


6.6.4. Canonical Equations of Displacement Method 


In the above sections, the frame with two primary unknowns is taken as an example, 
and the meanings of the primary system and basic equations in the displacement 
method are illustrated. For a problem with n primary unknowns, the basic equations 
of the displacement method can be written as follows in accordance with 


equation (6.17): 


ky A, + k22 + +++ +hindn+ Fip = 0 
hy, Ay + hyp Ao + +++ + konán + Fop = 0 (6.19) 


kn Ay kno A oa," Knn An Frp =0 
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Equation (6.19) is written according to certain rules. It does not depend on the 
form of the structure and has the same form as the canonical equations of force 
method. Therefore, it is called the canonical equations of displacement method. 

The canonical equation (6.19) of the displacement method can be written in the 
matrix form: 


KA+Fp =0 (6.20) 
where 
ky kız2 v kin 
kay kyo Tas kon 
K=| . : ; 
kni kno n knn 


is called the stiffness matrix of the structure, and the corresponding coefficients are 
named after the stiffness coefficients. From the theorem of reciprocal reactions, we 
know: 


Therefore, the structural stiffness matrix is also a symmetric matrix, and the 
coefficients k;; on the diagonal are called the primary coefficients. They represent the 
reaction forces (or reaction moments) of the additional restraint i caused by the unit 
displacement A; = 1 at the position of the additional restraint į of the primary 
structure. The direction of the reaction force (or reaction moment) is consistent with 
the direction of the assumed 4;, so the primary coefficients are always positive. The 
other coefficients kj; are called the secondary coefficients. They represent the reaction 
force (or reaction moment) on the additional constraint i caused by the unit dis- 
placement 4; = 1 at the position of the additional constraint j. Their signs depend 
on whether it is in the same direction as the assumed 4;, so they can be positive, 
negative, or zero. Moreover, the quadratic form derived from the structural stiffness 
matrix and the non-zero displacement vector represents the strain energy of the 
structure, which is always positive, hence K is also a positive definite matrix. The 
canonical equations of the displacement method are also named the stiffness equa- 
tions of the structure, which is essentially a set of equilibrium equations. It is worth 
pointing out that the canonical equations of the displacement method and the 
canonical equations of the force method reflect the beauty of symmetry, simplicity, 
and unity in mechanics. 

A is the primary unknown displacement vector, and Fp is the constraint force 
vector generated by the additional constraint. The free term Fp represents the 
reaction force (or reaction moment) generated on the additional constraint i of the 
primary structure when the load acts alone, so it is also called the loaded term. Its 
sign also depends on whether it is consistent with the direction of the assumed 4;. If 
it is true, the sign is positive, otherwise negative. 

The displacement method equations are a set of linear algebraic equations. All 
the primary unknowns can be obtained by solving the equations, that is, the 
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independent joint displacements. Then, the member end moments and member end 
shears can generally be calculated directly by the slope-deflection equations, or they 
can be calculated by equation (6.21) according to the superposition principle: 


M = M,4,4+ Mo4.4+---+M,A,+ Mp 


Fs = Fs) A, + Fs242 + ae + Fsn4n + Fsp (6.21) 
Fy = Fy 414+ Fyodot +++ + Fyn dn + Fyp 


where M;, Fs; and Fy; in the equations represent the internal forces generated by 
A; = 1 inthe primary structure. Mp, Fsp and Fyp are the internal forces generate by 
the loads in the primary structure. 


6.7 Principle of Potential Energy and Displacement 
Method 


In mechanical analysis, the displacement method is the core. Problems of structural 
mechanics, elastic mechanics, and fluid mechanics can all be solved by the dis- 
placement method. The energy principle is the theoretical basis of mechanical 
analysis. The principle of potential energy is very important in structural analysis, 
and it is the basic energy principle corresponding to the displacement method. 
Applying the principle of potential energy not only can derive the equilibrium 
equation of the displacement method, so as to calculate the internal forces of 
structures, but also analyze and solve problems such as buckling stability of struc- 
tures. This solution is another important method of structural mechanics: the 
energy method, which is the key means to solving complex mechanical problems. 
The energy method is aimed at the whole structural system. Considering the energy 
relationship of the system, the equilibrium equations and geometric equations are 
replaced with the corresponding virtual work equations or energy equations, and 
some functional variation equations are established. Thus, the structural mechanic’s 
problem is reduced to the variation problem of obtaining the functional extreme 
(stationary) value under the given constraints. This section focuses on applying the 
principle of potential energy to establish the equilibrium equation of the displace- 
ment method. 


6.7.1 Principle of Stationary Potential Energy 


(1) Total potential energy of elastic structure system 


The total potential energy of an elastic structure system is equal to the work 
done by all forces when the system recovers unloaded from the loaded state (i.e. the 
original state). The forces of the system include external forces and internal forces. If 
the total potential energy of an elastic system is denoted by H, then the total 
potential energy of a general elastic structure system is 
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H=U-S > PA; (a) 


i=l 


where, U is the strain energy stored in the system during the loading deformation 
process, which is equal to the work done by the internal forces of the system in the 
process of unloading; — )7>'_, P;4; is the work done by the external forces when the 
system recovers from the final deformed state to the unloaded state, and it is usually 
called the potential energy of external force. The minus sign indicates that the 
direction of external forces is opposite to the direction of deformation and 
displacement during unloading. 


(2) Principle of stationary potential energy of elastic system 


Assuming that the elastic structure system is in equilibrium, if any small dis- 
placement that satisfies geometric conditions (including deformation continuity 
conditions and displacement boundary conditions) occurs in the system, the vari- 
ation of total potential energy is expressed as 


on =o(U-¥ Pa) 
Zi 


i=l 


i=1 


where, ô is the variational symbol. 

Since the above displacements 66, du, dy, dA are arbitrary small displacements 
that conform to the structural constraints, and the system satisfies the equilibrium 
conditions of the force system, the virtual work equation of the deformed body can 
be established: 


D (M60 + Fydut Fsôy) = X PA; (c) 
i=1 


Comparing with equations (b) and (c), we can get 


an=o( v- Yora) =0 (6.22) 


This formula is called the stationary condition of the potential energy of the 
elastic structure system. It shows that when an elastic structure system is in equi- 
librium, the first-order variation of any total potential energy that satisfies the 
geometric conditions must be zero. In other words, for the total potential energy in 
an equilibrium structural system, the necessary condition for the existence of a 
stationary value is that its first-order variation is zero. 

The principle of stationary potential energy of an elastic structural system, 
simply referred to as the principle of potential energy, is expressed as follows: in all 
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possible displacements that satisfy the geometric conditions, the true displacement 
makes the potential energy be a stationary value; in return, the possible displace- 
ment that makes the potential energy a stationary value is the true displacement. 
According to the classical criterion of equilibrium stability, when the second-order 
variation of total potential energy ôI > 0, it indicates that the total potential 
energy is the smallest, and the system is in a stable equilibrium state; When ôT = 0, 
the system is in any equilibrium state; When 67/7 <0, it indicates that the total 
potential energy is the largest, and the system is in an unstable equilibrium state. 
In the process of discussing the principle of stationary potential energy, the 
principle of potential energy is applicable to linear elastic system, nonlinear elastic 
system and elastoplastic deformation system because the properties of material are 
not involved. For a linear elastic structure system, the true displacement not only 
makes the potential energy a stationary value, but also makes the potential energy a 
minimum value. Therefore, not only the principle of stationary potential energy is 
established, but also the principle of minimum potential energy is also established. 


6.7.2 Linear Elastic Strain Energy of Prismatic Member 


(1) Truss member 


The linear elastic strain energy of a truss member is 


Substituting Fy = Edu into the above equation, we can get 
1 EA , 
=- —u 


=o 4 


(6.23) 


where, u is the axial displacement caused by Fy. 
(2) Bending member with both fixed ends 


When there is no load on a prismatic member fixed at both ends, and there are 
only the end rotations 04, 0g and the lateral relative displacement A,p, the member 
end forces can be calculated by equations (6.5) and (6.6) 


A 
Mag = 4i0a + 2iðp — p 


A 
Max = 2104-4 4i0p = oi 


0 0 A 
Fspa = Fsan = —62 J 6i + + 12% > 
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Then the strain energy can be calculated 


1 1 1 
U == Magla +- Mpgabe +- FsBgĘAAAB 
2 2 2 
(6.24) 


6i A 
= 2i(0} + 0p + 0405) a (01+ 0 = an) AAB 
(3) Bending members with one fixed end and another pinned end 


When there is no load on a prismatic member with one end fixed and the other 
end pinned, only the end rotation 04 and lateral relative displacement A Apg exist, the 
resulting end forces can be calculated by equations (6.9) and (6.6) 


A 
Map = 3104 — 3 


0 A 
Fsga = —31t T +38 2 


Then the strain energy is 
1 1 
=, Manba + z Pspadas 
. (6.25) 
Bt fn, 2 1 o 
(4) Bending members with one fixed end and another slider-supported end 


For a bending prismatic member with one end fixed and the other end 
slider-supported, if only the end rotation 04 exists, the resulting end moment can be 
calculated by equation (6.10) 


Map = 104 


Then the strain energy is 


1 1 
U= 5 Manda =3 i04 (6.26) 


6.7.3 Principle of Potential Energy and Equilibrium 
Equation of Displacement Method 


From the process of demonstrating the principle of stationary potential energy, we 
know that the principle of stationary potential energy is essentially another 
expression of the principle of virtual displacement of deformable structures. Since 
the principle of virtual displacement is equivalent to the equilibrium condition, 
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the principle of potential energy is also equivalent to the equilibrium condition. The 
principle of potential energy is equivalent to the force equilibrium equation 
expressed by the functional stationary condition. If the potential energy is expressed 
as a function of the joint displacements in an elastic structural system, the equi- 
librium equation of the system expressed by the joint displacements can be estab- 
lished according to the principle of potential energy. Therefore, the principle of 
potential energy is similar to the displacement method. An example is taken to 
illustrate the use of the principle of potential energy to derive the equilibrium 
equation of the displacement method and to calculate the internal forces and 
displacements. 


Example 6.6. Figure 6.28a shows a truss structure and tensile stiffness EA of each 
member is identical. Determine the internal forces of members by the principle of 
potential energy. 


(a) 


Fic. 6.28 — Truss structure with the same tensile stiffness HA for each member. 


Solution: 

Denote the elongation of the members as u, assume the displacement of joint A 
under the vertical load P is A, and assume the change of @ is small, which can be 
omitted. From the geometric relationship of figure 6.28b, we can get 


uac =A, uag = Uap = A cos 0 


Then, according to equation (6.23), the linear elastic strain energy of the system is 


Lewd , 
U5 An 
1 EA 1 EAcos0 
= A? 4 Acos 0)” x 2 
5h 5 7, (A cos 6)” x 


EA : 
= = (1+ 2cos* 6) A? 
a +2cos” 0) 
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The total potential energy of the system is 
T= U -5 PA; 
i=] 


1 
EA 
==— (1 +2cos @)A* — PA 
2h 
This formula shows that the total potential energy is a quadratic function of the 
displacement 4, therefore the variation operation of the potential energy can be 


transformed into a differential operation, so we get 
di EA ‘ 
— = — (1+ 2cos? 0)A- P= 
qa hk (1+ 2 cos” 0) 0 


This formula is the equilibrium equation of the displacement method. By solving 
it we get 


B Ph 
~ EA(1 +2 cos? 0) 
Thereby, the axial force of truss members can be obtained: 
EA P 
Fyac = A= - 
M 1+2 cosè 0 
EA cos 0 P cos? 0 
NAR NAD h i 1+2 cos? 0 


Example 6.7. Use the principle of potential energy to solve the joint displacements 
of the frame shown in figure 6.29a. 


EI i 
A 
ao ae: ee 


k i : 
Fic. 6.29 — (a) Frame structure, (b) two displacement unknowns. 


Solution: Joint B has two unknowns: linear displacement Ap and rotational dis- 
placement 0g. In order to make a comparison with the displacement method, take 
A, = g and Ay = Ax. From equations (6.24) and (6.25), the elastic strain energy of 
the system can be written as 
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U = Um + Uge 
6i A 3i 
= jia i (4 a 4 
T 6i 6i 
ag 7 41424 p 42 


The external potential energy is 
ae 5 PA = -M4 — Pode 


The total potential energy is 


6i 6i 
~A 142+ A} — Modi- Pod 


Te 
I => i4? — P 


2 

This formula shows the total potential energy is a quadratic function of the joint 

displacements A, and As, hence the variation operation of potential energy can be 
transformed to the partial differential operation. 


Oo 6i 
— = 714, — — A. — Mo = 0 
BA; (ZABI 7 2 0 
oll 6i 12i 

= A4 A Pj= 
OA» eg ea a ed 


The above equations are the equilibrium equations of displacement method, in 


12i 
which the primary coefficients kı = 7i, ky» =p secondary coefficients 


6i 
kyo = kə = -=, free terms Pı = —Mo, Po = —Pp. Solving the equations simultane- 
ously yields 
P 2 Mo 
4 = Pot 
> SEE ( ae ) 
Ê /7Py 3Mo 
Ay = l 
12EI\ 4 21 


Then, the internal force of each member can be easily solved. 

Now let us observe the second-order variation &°M of the total potential energy. 
Since J is a quadratic function of displacements, we can transform the second-order 
variation operation to the second-order partial differential operation, that is 


OTT 

or ee Ti= kı >0 
PYF 

PM 12i 


=—=hy2>O0 
Eye B 22 
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or generally written as 
OTT 
az = hii > 0 
OA; 
This formula shows that the second-order variation of the total potential energy 
of the elastic system o> 0, indicating that the total potential energy takes a 
minimum value. So the principle of potential energy is just the principle of minimum 
potential energy. The total potential energy of the system takes a minimum value, 
which indicates that the system is in a stable equilibrium state. 


Example 6.8. Utilize the principle of potential energy to solve the joint displace- 
ments Og and Oc of the continuous beam shown in figure 6.30a. 


q=24 kN/m 
(a) A FI B EI C EI D 
k 4m -- 6m > 4m J 
Wan /) A Mce=24 kNm 
(b) 
(c) 


Fic. 6.30 — (a) A continuous beam, (b) rigid arms and reaction moments, and (c) compu- 
tational model under equivalent joint loads. 


Solution: This structure is subjected to non-joint loads. To use the principle of 
potential energy to establish the equation of displacement method, rigid arms must 
be placed on joints B and C (figure 6.30b), and the reaction moments in the addi- 
tional rigid arms should be determined: P, = 40 kN-m(¥) and Py = 24 kN-m()\y). 
Then the reaction moments of the additional rigid arms should be applied at the 
joints with an opposite direction, so the computational model under equivalent joint 
loads can be obtained, as shown in figure 6.30c. Assuming that the direction of 
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angular displacements 63 and Oc at joints B and C is clockwise, the strain energy of 
the system can be obtained from equations (6.24) and (6.25) as 


U = Uas + Ugc + Ucp 
ee EI 


EI 
=2x 7-63 +2 x F O + Ono + 02) + 7% 
5EI EI 17EI 
= —— 0 + — 630¢ 4 
g Bt Gy Sabet “or o 
Accordingly, the total potential energy of the system is 
I= U-S>PA 
a 17EI 
— 6% + =O + “54 OC — 4003 + 240¢ 


In terms of the principle of potential energy, the equilibrium equations of the 
displacement method can be obtained: 


am 5EI, EI 


ôs 3 
on EI L7EI 
0c = 3 Op T 12 Oc T 24 = 0 


Solving the above equations simultaneously yields 


776 _ 640 


B 37E? C 27EI 


6.8 Rayleigh-Ritz Method 


One of the important applications of the principle of potential energy is the 
approximate analysis of structures that cannot be solved accurately or are very 
difficult to solve. This approximate analysis method is the Rayleigh-Ritz method. 
Applying the principle of potential energy, it is necessary to express the strain 
energy U as a function of the joint displacements, which is often quite difficult. In 
this case, the true deformation curve can be approximated by a hypothetical 
deformation curve. This kind of deformation curve can be represented by a dis- 
placement function, which contains one or more indefinite displacement parameters, 
and then the potential energy can be expressed as a function of the above-mentioned 
displacement parameters. According to the principle of potential energy, the partial 
derivative of potential energy with respect to each displacement parameter should 
be zero, from which a set of equations expressed by the unknown displacement 
parameters can be obtained. Solving the equations simultaneously yields the 
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displacement parameters, and then the hypothetical deformation curve can be 
obtained. Based on this, the internal forces can be further determined. This is the 
main idea of the Rayleigh—Ritz method for structural analysis. 


Example 6.9. Determine the approximate value of the deflection at the center of the 
stepped beam shown in figure 6.31. 


F 
y EI axr} EI x 
1/4 1/4 1/4 1/4 
le ld y 


Fic. 6.31 — A stepped beam. 


Solution: 

The precise calculation of the beam displacement is complicated, but the Ray- 
leigh—Ritz method can be used to find its approximate value more conveniently. 
Assuming the displacement function of the deflection curve is 


l 


Regarding the undetermined constants (i.e., the displacement parameters) in 
equation (6.27), the following conditions should be satisfied: (1) when x = 0, y = 0, 
then A, = 0; (2) when z= 0, y’ = 0, then A; = 0; (3) when 2 = 4, from the sym- 
metry, y'= 0, then Ay = — 34, (4) when z = 4 
Substituting the above results into equation (6.27), the displacement function 
expression can be obtained, 


assuming y = A, then A; = —“FF. 


442? l 
j= r (31— 42) (o<e<;) (6.28) 


For the segmented straight beams with constant section, the bending strain 
energy of the full beam is 


M?(x) 
U = d 
x J 256I” 
According to the approximate differential equation of the deflection curve 
Ely’ = M(x), we have 


EI 
v= SF, (y'}?dz 
For the stepped beam in this example, the bending strain energy is 


EI 1/4 1/2 
U =2 =f (y!) dr + zr f (y) dz 
2 Jo 1/4 
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(1) 


Substituting equation (6.28) into it and integrating, we get 


_ 144 ETA? 


U= 


Then, the total potential energy of the beam is 


144 FI A? 


H = U — F4 = B 


FA 


Applying the principle of minimum potential energy, we obtain 


dI 288EI4 
A eee F = 
dA B P 
Thus, we get 
FP FP 
= 88H ~ 0.00347 x Fr 


The precise result of central deflection of this beam is 


adl 0.00358 x i 
~ 3072EI ` EI 


Therefore, the approximate result is only 3% smaller than the precise result. 
It should be pointed out: 


The appropriate selection of displacement function is very important to ensure 
the accuracy of the final result. Therefore, the selected displacement function 
should be close to the actual deformation curve. The more precise the selected 
displacement function is, the higher the accuracy of the calculation result. As a 
minimum requirement, the choice of displacement function should satisfy the 
displacement boundary conditions of the structure. For a beam, that is to meet 
the conditions of deflection and rotation. 

Since the calculated displacement is approximate, the reaction forces and internal 
forces represented by the derivative of the displacement function are also 
approximate, so the equilibrium condition of the structure can only be approxi- 
mately satisfied. The Rayleigh-Ritz method can not only approximately solve the 
displacement and internal force of structures, but also approximately calculate 
the instability critical pressure and natural frequency of structures, etc. 


6.9 Moment-Distribution Method and No-Shear 


To 


Distribution Method 


calculate a statically indeterminate frame, regardless of either the force method 


or the displacement method used, the canonical equations must be established and 
solved. When there are many unknowns, the workload of solving simultaneous 
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equations is very heavy. In order to find a simpler way to calculate statically 
indeterminate frames, various asymptotic displacement methods have appeared 
since the 1930s, such as the moment-distribution method, the no-shear distribution 
method, and the moment iteration method. These methods are variants of the 
displacement method. Their common feature is to avoid the establishment and 
solution of canonical equations but to use the asymptotic method to calculate the 
member end moments. The accuracy of the results increases as the number of cal- 
culation rounds increases, and finally converges to an accurate solution. The 
physical concepts of these methods are vivid, and each round of calculation is 
repeated in the same step. Thus, it is easy to grasp, suitable for hand calculation, 
and can directly obtain the member end moments without calculating the joint 
displacements. Therefore, in the past, they have been widely applied in the struc- 
tural analysis and design of frames, multi-span bridges, roofs and floors and con- 
tinuous beams, etc. With the popularization of computers and the matrix 
displacement method programs, the application of this kind of hand calculation 
method has decreased, but it is still a simple and easy method for preliminary 
analysis and design when the structures are a few unknowns. 


6.9.1 Basic Principle of the Moment-Distribution Method 


The moment-distribution method is particularly convenient for the calculation of 
continuous beams and frames without sidesway. 

The concepts of rotational stiffness and carryover factor are used in the 
moment-distribution method, which are defined as follows: when end A of member 
AB (figure 6.32) rotates by a unit angle, the moment Map of end A (also called the 
near end) is called the rotational stiffness of the member end and is denoted as Sap. 
It represents the resistance of the member end to rotation. Its value is not only 
related to the linear stiffness of the member, but also related to the support of 
another end (also called the far end) of the member. When end A rotates, end B also 
generates a certain moment, which is like the moment of the near end carried over to 
the far end in some proportion. Thus, the ratio of the moment of end B to that of 
end A is called the carryover factor from end A to end B, which is expressed by Cap, 
that is Cap= 1, or Mga=Cag Mag. Table 6.3 lists the rotational stiffness and 


carryover factor of prismatic members. When end B is free or has an axial support 
link, obviously the member will have no resistance when end A rotates, so its 
rotational stiffness is zero. 

The moment-distribution method is a structural analysis method evolved from 
the displacement method, so the sign convention of angular displacements of the 
joints and the member end forces are the same as that of the displacement method. 

Now the frame shown in figure 6.33a is taken as an example to illustrate the 
basic principle of the moment-distribution method. When the frame is calculated by 
the displacement method, there is only one primary unknown, namely the joint 
rotational angle X4, and its canonical equation is that of the displacement method, 
and the symbol should be consistent with section 6.6. 
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) MBa=2i 


Fic. 6.32 — Rotational stiffnesses of prismatic members. 


TAB. 6.3 — Rotational stiffnesses and carryover factors of prismatic members 


Support condition at far end Rotational stiffness S$ Carryover factor C 
Fixed support 4i 0.5 
Pin support 3i 0 
Slider support i -1 
Free or axial strut 0 


ky, X, + Fip =0 


Drawing the diagrams Mp and M, (figure 6.33b, c), the free term can be 
obtained as 


Fip = Mi, + M + Mi, = > Mi 6.29 


Fp is the reaction moment on the additional rigid arm when the joint is fixed, 
which is called the reaction moment of rigid arm. It is equal to the algebra sum 
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§ 3 = 
3 moment diagram Mı 


moment diagram Mp 
5 


Fic. 6.33 — Structural analysis of frame via displacement method. 


ME of the fixed-end moment of each member that meets at joint 1, that is, the 
1j J 


difference that cannot be balanced by the fixed-end moment of each member, so it is 
also called the unbalanced moment of joint. 


kii = 4i + 3h3 + h4 = S12 + S13 + S14 = 5 Sij (6.30) 


where, )> Sı; represents the sum of the rotational stiffness of each member end 
meeting at joint 1. 
Solving the canonical equation yields 


Fip a > Mi; 
ky X sy 


The final end moment of each member can be calculated according to the 
superposition principle M = Mp+M,X,. The end where each member meets 
at joint 1 is the near-end, and the other end is the far end. The near end 
moments are 


My, = MÌ T 8) (- > Mj) = Mi T Hip (- > My) 
Mis = MẸ + =u (- 5 ME) = MB + ma(- >> Mi) (6.31) 
Mi, = ME, + Sy ( 5 mE) = Mù + ma(- 5 ME) 


The first term on the right side of the above equations is the moment generated 
by the load, that is, the fixed-end moment. The second term is the moment gen- 
erated by the joint rotational angle X,, which is equivalent to multiplying the 
unbalanced moment by the minus sign, and then distributing it to the near ends 
according to the ratio of the stiffness coefficient, so it is called the distributed 
moment. H2, H13, H4 are called the distribution factors. Their calculation formula is 


PORSE 
Hij 5 Sij 


Obviously, the sum of the distribution factors of the member ends of the same 
joint should be equal to 1, that is, $- y; = 1. 


Xı 


(6.32) 
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The far end moments are written as 


Mn = My, + = (~ » Mi) = My + On [m 3 2 Mi) 


Ms, = ME + Cis [ms (- 3 Mi) (6.33) 


My, = ME + Cis [eis (- = Mi) 


The first term on the right side of each formula is still the fixed-end moment. The 
second term is the moment generated by the joint rotational angle X4, which is like 
carrying over the distributed moment of near end to far end in the proportion of the 
carryover factor, so it is called the carryover moment. 

According to the above-mentioned rules, the moment diagrams of Mp and M, do 
not need to be drawn. We do not need to write and solve the canonical equations, 
while directly calculate each member end moment according to the above conclu- 
sions. The process can be visually summarized as two steps: 


(1) Fix the joints. Add the rigid arm, then each member end has a fixed-end 
moment, and there is an unbalanced moment on the joint, which is temporarily 
borne by the rigid arm. 

(2) Relax the joints. Remove the rigid arm and let the joint rotate. This is equivalent 
to adding an opposite unbalanced moment to the joint, so the unbalanced 
moment is eliminated and the joint is balanced. This opposite unbalanced 
moment will be distributed to the near ends in proportion to the rotational 
stiffness so that each near end gets the assigned moment, which carries over to the 
far end. 


Finally, each near-end moment is equal to the fixed-end moment plus the dis- 
tributed moment, and each far-end moment is equal to the fixed-end moment plus 
the carryover moment. 


Example 6.10. Draw the moment diagram of the frame shown in figure 6.34a. 


Solution: (1) Calculate the distribution factors of member ends. For the convenience 
of calculation, let iag = iac = ZI = 1, then iap= 2. From equation (6.32), the dis- 
tribution factors are calculated 


4x1 4 4 


= 2 =2 0.44 
Pe tyiagxies la 0° °°" 


3 
= — = 0.333 
HAC 9 


2 
HAD = 9 = 0.222 
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(a) 


moment diagram M (kN-m) 


(b) member end _AB A AC AD 


0.222 


distribution factor | 0.445 | 0.333 


B D 
—40 fixed-end member +40 
carryover moment _ | 0.5 distribution moment +15.5|+11.747.8 “CQ ais 
-32.2 finial moment +55.5| +11.7 {67.2 -32.8 
x0 
< 
M (kN-m) 


Fic. 6.34 — Structural analysis of frame via moment-distribution method. 


(2) Calculate the moments of fixed ends. According to table 6.2, we have 


30kN/m x (4m)? 

ME, = D = —40kN-m 
30 kN 4m}? 

Mf, = 4 aa apie 
3 x 50kN/m x 4 

m= > M = 75kN-m 

kN/m x 4 
Wa jm M Z —25kN-m 


(3) Calculate the distributed and carryover moments. The unbalanced moment of 
joint A is $` M re = 40 — 75 = —35kN-m, and the opposite unbalanced moment 
is multiplied by the distribution factor to obtain the distributed moment of each 
near end, and then the carryover factor is multiplied to obtain the carryover 
moment of each far end. In the moment-distribution method, in order to make the 
expression of the calculation process more compact and intuitive, and avoid 
writing a large number of calculation formulas, the entire calculation can be 
directly written on the graph (or tabular calculation), as shown in figure 6.34b. 
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(4) Calculate the final member end moments. The final end moment of each 
member is obtained by superimposing the fixed-end moment, the distributed 
moment, and the carryover moment. Based on this, the moment diagram of the 
frame can be drawn, as shown in figure 6.34c. 


6.9.2 Computation of Continuous Beams and Frames 
Without Sidesway Using the Moment-Distribution 
Method 


The basic principle of the moment-distribution method has been elaborated through 
a structure with only one joint rotation in example 6.10. For a structure with multiple 
joint angular displacements but no joint linear displacements (abbreviated as no 
sidesway), it can be solved by using the method described in section 6.9.2 for each 
joint in turn. The procedure is presented as follows: firstly, fix all the joints and 
calculate the fixed-end moment of each member; then relax each joint in turn, that is, 
only relax one joint at a time, and the other joints are still temporarily fixed. The 
unbalanced moment is distributed and carried over in turn until the carryover 
moment is so small that can be omitted. The member end moment is calculated by 
such a successive asymptotic method. We illustrate this with specific examples. 


distribution factor u 


fixed-end moment M" 
distribution carryover at joint 1 


distribution carryover at joint 2 -96 —> 0 


distribution carryover at joint 1 


distribution carryover at joint 2 


distribution carryover at joint 1 


distribution carryover at joint 2 


final moment M —208 +484 


Note: The unit of moment is kN-m 


Fic. 6.35 — Analysis of continuous beam via moment-distribution method. 


The continuous beam shown in figure 6.35 has two joint angular displacements 
and no joint linear displacement. Now that the two rigid joints 1 and 2 are fixed, the 
moment of each member can be calculated as 
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3 25KN/m x (12m)? 


ME = > = —300kN-m 
Mi, = 4 DENI Qm _  300kN-m 
de one 12m pv ene 
ME = 4 Pa A FoNN 
M} = An Q2 450 kN 
ME, =0 


The above values are filled into the column of the fixed-end moment M” in 
figure 6.35. There are unbalanced moments on joints 1 and 2 


> ME = +300kN-m — 600 kN-m = — 300 kN-m 
> MF = +600kN-m — 450 kN-m = +150kN-m 


To eliminate these two unbalanced moments, in the displacement method, joints 1 
and 2 are made to produce the same rotational angle as the original structure, that is, 
the two joints are relaxed at the same time, and they are rotated around the actual 
balance position meanwhile. As mentioned earlier, this requires establishing simul- 
taneous equations and solving them. In the moment-distribution method, the situ- 
ation is different: the joints are gradually relaxed in turn to achieve the same goal. 

At first, relax joint 1, and joint 2 is still fixed, so it is exactly the same as the 
situation of relaxing a single joint in the previous section. Therefore, the unbalanced 
moment of joint 1 can be eliminated according to the aforementioned method of 
moment distributed and carried over. For this reason, the distribution factors of 
member end at joint 1 need to be obtained first. Since each span EJ and I are the 
same, the linear stiffness is i, and according to equation (6.32), we get 

4i 1 4i 1 


ho = jigg 2 “2T gitti 2 


Fill it into the column of the distribution factor u in figure 6.35. The unbalanced 
moment -300 kN*m of joint 1 is first reversed and then distributed, and the dis- 
tributed moment can be obtained as 


My=-= x [—(—300kN-m)] = +150kN-m 


Mi= x [—(—300 kN-m)] = +150kN-m 


NI= Bele 


Fill them into the figure. In this way, joint 1 is temporarily balanced, and a 
horizontal line is drawn under the distributed moment to indicate the balance. At 
this time, joint 1 has also rotated an angle (but has not yet moved to the final 
position). Meanwhile, the distributed moment should be carried over to the 
respective far ends, and the carryover moments are 
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Moi=-x x (+150kN-m) = +75kN-m 


Mə1= x (+150 kN-m) = +75kN-m 


NIe NIe 


In the figure, the arrows represent the moment carried over to the far end. 

Secondly, for joint 2, its original unbalanced moment is +150 kN-m, plus the 
carryover moment +75 kN-m from joint 1, so the total unbalanced moment is 
+150 kN-m + 75 kNm = + 225 kN-m. Reset the rigid arm to fix joint 1 at the 
position after the rotation just now, and then relax joint 2, which is the same as the 
situation of relaxing a single joint in the previous section. The member end distri- 
bution factors of joint 2 are 

4i 4 3i 3 


Ha = Zii T H3 = i+3i 7 


Reverse the unbalanced moment +225 kN-m and distribute it: 


Mp, == x (—225kN-m) = —129kN-m 


My3= = x (—225kN-m) = —96kN-m 


alo NIA 


Simultaneously carry over them to the corresponding far ends: 


1 
My= 5 x (129 kN-m) = ~64kN-m 


Therefore, joint 2 is temporarily balanced, and at the same time it is rotated by 
an angle (not to the final position), and then it is fixed again at the rotated position. 

Look at joint 1 again, it has a new unbalanced moment —64 kN-m, so joint 1 is 
relaxed again, and the distribution and carryover are implemented out in the same 
way, and so on. In this way, each joint is fixed and relaxed repeatedly, and the 
moment is continuously distributed and carried over. The value of the unbalanced 
moment will become smaller and smaller (because the distribution factor and car- 
ryover factor are both less than 1), until the carryover moment value is small enough 
to be omitted according to the calculation accuracy requirements, and the calcu- 
lation can be stopped. At this time, after each joint rotates successively, it gradually 
approaches its final equilibrium position. 

The final end moment of each member is obtained by adding up the fixed-end 
moment of each member and the distributed and carryover moments obtained 
repeatedly. 


Example 6.11. Apply the moment-distribution method to analyze the continuous 
beam exhibited in figure 6.36a and draw the moment diagram. 
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distribution 


and 


carryover 


M (kN-m) 


Fic. 6.36 — Analysis of continuous beam by using moment-distribution method. 


Solution: (1) The cantilever part EF on the right is statically determined. If it is cut 
off, and the corresponding moments and shears are applied to joint E as the external 
force, then joint E will be turned into a pinned end, as shown in figure 6.36b. 

(2) Calculate the distribution factors. If the linear stiffness of the members BC 
and CD is 251 =i, then the linear stiffness of the members AB and DE is converted to 


a 0.87, as shown in figure 6.36b. For joint D, the distribution factors are 


eee 
MOC" 7543x088 4424 
24 
Mop = gy 5g = 0875 


The distribution factors of the remaining joints can be calculated in the same 
way, as shown in the figure. 
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(3) Calculate the fixed-end moments. The member DE is equivalent to a beam 
with one end fixed and the other end pinned, bearing a concentrated force and a 
couple at the pinned end. Among them, the concentrated force of 4 kN will be 
directly borne by the support E without causing the beam to generate moment, so it 
is not considered; while the fixed-end moment generated by the couple of 4 kN-m 
can be calculated from table 6.2 


1 
Mpp=5 x 4kN-m = +2kN-m 
Mfp = +4kN-m 


In addition, the fixed-end moment of the member DE can also be obtained using 
the moment-distribution method. As shown in figure 6.37, there is no need to 
remove the cantilever, but the joint E is also temporarily fixed, so each fixed-end 
moment can be written in the figure. Then, relax the joint E. Since member EF is a 
cantilever beam, the rotational stiffness of E end is zero, so it is known that the 
distribution factors are Upp = 0, and [gp = 1. Therefore, the unbalanced moment of 
joint E will be all distributed to end E of the member DE after the reverse sign, and 
half of it will be carried over to end D. The calculation is shown in figure 6.37, and 
the result is the same as above. After joint E is relaxed this time, it will not be fixed 
again, and will be treated as a pinned end in subsequent calculations. 


distribution 


carryover 


Note: The unit of moment is kKN:m 


Fic. 6.37 — Analysis of cantilever beam via moment-distribution method. 


The remaining moments of each fixed end can be obtained according to table 6.2, 
and there is no need to describe the details. 

(4) Take turns to relax each joint for moment distribution and carryover. In order to 
make the calculation faster, the distribution should start from the joint with the larger 
value of the unbalanced moment. In this example, first relax joint D. In addition, since 
joint C is fixed when joint D is relaxed, joint B can be relaxed at the same time. It can be 
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seen that all non-adjacent joints can relax at the same time so that the speed of 
convergence can be accelerated. The whole calculation process is shown in 
figure 6.36b. 

(5) Calculate the final member end moments and draw the M diagram 
(figure 6.36c). 


Example 6.12. Utilize the moment-distribution method to draw the moment dia- 
gram of the frame displayed in figure 6.38a. 


10 kN/m 


— 


2I 21I 2I 


Fic. 6.38 — Analysis of symmetric frame subjected to symmetric loads via 
moment-distribution method. 
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Solution: This is a symmetric frame subjected to symmetric loads. The half struc- 
ture is shown in figure 6.38b. There are two joint angular displacements and no joint 
linear displacement (without sidesway). For convenience, assuming a 1, and the 
linear stiffness of each member can be calculated as denoted by the small circle in the 
figure. All other calculations are shown in figure 6.38c, without detailed description. 
After the calculation is completed, it can be checked whether the member end 
moments at each joint meet the equilibrium condition. For joint B, it has 


X Mp = +54.4kN-m + 4.7 kN-m—59.1kN-m = 0 


Joint C has 
XC Moj = +27.5kN-m — 12.2 kN-m — 15.3kN-m = 0 


Therefore, the calculation is correct. The final diagram M is shown in 
figure 6.38d. 


6.9.8 No-Shear Distribution Method 


The no-shear distribution method is a calculation method for frames with sidesway 
that meet certain conditions. This section takes the half-structure of a single-span 
symmetric frame under antisymmetric load as an example to illustrate this method. 


Fic. 6.39 — Frame-type pier. 


Single-span symmetric frames are common in engineering, such as frame-type 
pier (figure 6.39), brace of aqueduct or pipeline, and single-span plant. For the 
single-span symmetric frame shown in figure 6.40a, the load can be divided into two 
groups: symmetric and antisymmetric load. In the case of a symmetric load 
(figure 6.40b), the joints have only angular displacement. Therefore, it can be cal- 
culated by the aforementioned general moment-distribution method, and it is not 
discussed here. When it is an antisymmetric load (figure 6.40c), in addition to the 
rotation, the joint also has a linear displacement. In this case, the following no-shear 
distribution method can be used to calculate. 
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(b) 


Fic. 6.40 — (a) Single-span symmetric frame, (b) symmetric load, and (c) antisymmetric 
load. 


The half frame under antisymmetric load is shown in figure 6.41a, and C is a roller 
support. The deformation and force of the half frame have the following characteris- 
tics: member BC has a horizontal displacement but there is no relative linear dis- 
placement between its two ends, so it is called a non-sway movement member; 
Column AB has a linear displacement between its two ends because there is no hori- 
zontal reaction force at the support C, the shear of column AB is statically determined, 
which is called a shear statically determinate member. When calculating this 
half-frame, it can still be considered in two steps like the moment distribution method: 


(1) Fix the joint. A rigid arm is only added to restrain the rotation of joint B, 
without adding a link to prevent its linear displacement, as shown in 
figure 6.41b. In this way, although the upper end of column AB cannot rotate, it 
can still slide freely horizontally, and it is equivalent to the beam with the lower 
end fixed and the upper end slider-supported (figure 6.41c). For the crossbeam 
BC, as its horizontal movement does not affect its internal force, it is equivalent 
to a beam with one end fixed and the other end pin supported. From table 6.2, it 
can be found that the moments at the fixed end of the columns are 


Mis =- z> Mpa = — (6.34) 


The unbalanced moment at joint B is temporarily borne by the rigid arm. Note 
that the shear of column AB is still statically determinate at this time, and the 
shears at both ends are 


Fopa = 0, FsAB = ql (6.35) 


That is, all horizontal loads are balanced by the shears at the lower end of the 
columns. 

(2) Relax the joint. To eliminate the unbalanced moment on the rigid arm, the joint 
is now relaxed and the moment is distributed and carried over. At this time, 
joint B not only rotates an angle X, but also has horizontal displacement, as 
shown in figure 6.41d. Since the lower end of column AB is fixed and the upper 
end is slider-supported, the shear of the column is zero when the upper end 
rotates, so it is in a pure bending state (figure 6.4le). The forces and 
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deformation state (figure 6.41f) are exactly the same, so it can be inferred that 
the rotational stiffness should be i, and the carryover factor should be —1. 
Therefore, the distribution factors of joint B are 
i 1 3 Xx 2% 6 

= —L =O 6.36 

Mea Taxa 78" gE 7 a 

The rest of the calculation is shown in figure 6.42, and the details are omitted. 
The moment diagram M is exhibited in figure 6.41g. 


moment diagram M 
Sql’ 


Fic. 6.41 — Analysis of half frame under antisymmetric load by no-shear distribution method. 


It is known that the shear of column AB is statically determinate when the joint 
is fixed; when the joint is relaxed, the distributed moment obtained at end B of 
column AB should be multiplied by the carryover factor of —1 and carried over to 
end A, so the moment remains unchanged along the full length of member AB and 
the shears is zero. In this way, in the process of moment distribution and carryover, 
the original shears in the column will remain unchanged, and no new shears will be 
added. Therefore, this method is called the no-shear moment distribution method, 
or simply the no-shear distribution method. 

The above method can be extended to multi-story situations. As shown in 
figure 6.43a, each beam is a no-sidesway member, and each column is a shear 
determinate member. When the rigid arms are added to fix the joints, they only 
restrain the rotation of each joint, but do not restrain their linear displacements, as 
shown in figure 6.43b. At this time, there are no rotations at both ends of each story 
of columns, but there are linear displacements. When investigating the relative 
lateral movement of the two ends of any column, such as column BC, the lower end 
is considered fixed and the upper end is sliding. From the equilibrium conditions, the 
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distribution 
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MF 
carryover 
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Fic. 6.42 — Distribution and carryover factors of moments of half frame. 


shear at the upper end can be determined (figure 6.43c). It can be inferred that no 
matter how many stories the frame has, the column of each story can be regarded as 
a beam with the upper end slider-supported and the lower end fixed. In addition to 
bearing the load of this story, the upper ends of the columns also bear the shears, 
which are equal to the algebraic sum of all horizontal loads on each story above it. In 
this way, the fixed-end moments of the columns of each story can be calculated 
according to table 6.2. Then, relax each joint, in turn, to distribute and carry over 
the moment. Figure 6.43d shows the situation when joint C is relaxed, which is 
equivalent to applying the opposite of the unbalanced moment on the joint as a 
couple of loads on the joint. In this case, not only joint C rotates at a certain angle 
Ac, but the two columns BC and CD will also have relative side shifts. However, it is 


Fic. 6.43 — No-shear distribution method for multi-story frame analysis. 
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known from the equilibrium condition that the shears of the two columns are zero, 
and they are in a state of pure bending (as shown in figure 6.41f), so the rotational 
stiffness of each column should be calculated as its respective linear stiffness i, and 
the carryover factor is —1 (referring to the constant cross-section member). It is 
worth pointing out that, only the members meeting at joint C will deform and 
receive force; the stories below joint B have no displacement and therefore are not 
stressed; the stories above joint D will move horizontally along with joint D, but 
there is no sidesway between the ends of the members, so they are still not stressed. 
Therefore, when joint C is relaxed, the distribution and carryover of the moment 
only need to be carried out within the range of members CB, CF, and CD. The 
situation is similar when relaxing other joints. The specific calculation steps for 
distributed and carryover moments are the same as the general moment-distribution 
method, so we omit the details. 

The no-shear distribution method is used to calculate the frame with sidesway. 
Because of the special measures that only control the rotation of the joint and allow 
it to have linear displacements, the calculation process is as simple as the moment 
distribution method. However, it should be noted that the no-shear distribution 
method is only applicable to some special frames with sidesway, namely, a part of the 
members in the frame has no lateral movement, and the rest are statically deter- 
minate shear members. For example, there is only one column and the support bars 
at the outer end of each member are parallel to the column (figure 6.44). 


Fic. 6.44 — Special frame with sidesway. 


Example 6.13. Apply the no-shear distribution method to construct the moment 
diagram of the frame shown in figure 6.45a. 


Solution: When calculating the distribution factors, the end rotational stiffness of 
each column should be equal to the linear stiffness of the column. According to 
table 6.2, the fixed-end moments can be calculated, for the AC column there are 


10kN x 4 
Me 7 = = -5kN-m 
10kN x 4 
ME, = av a Se Nan 


For column CE, in addition to a load of this story, it is also subjected to the shear 
10 kN at the column top, so the fixed-end moments can be obtained 
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a a | 


M (kN-m) 


Fic. 6.45 — Analysis of multi-story frame with sidesway by no-shear distribution method. 


10kN x4m 10kNx4m _ 


Mey = 3 5 = —25kN-m 
10kN x 4 10kN x 4 
ME, _ 3 x 10 : x4m 0 > m 35 kN-m 


For column EG, in addition to a load of this story, it is also subjected to the shear 
20 kN at the column top, thus the fixed-end moments are calculated as 
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1OkNx4m 20kN x4 

Mig = = = = FA le a 
10kKNx4m 20kNx4 

iss a pai > = = 55 kNm 


The remaining calculation is shown in figure 6.45b, and diagram M is shown in 
figure 6.45c. 


6.10 Characteristics of Statically Indeterminate 
Structures 


Compared with statically determinate structures, statically indeterminate struc- 
tures have the following important mechanical characteristics. Understanding these 
characteristics can help to deepen the understanding of statically indeterminate 
structures and make better use of them. 

(1) The internal forces of a statically determinate structure can only be determined 
by the static equilibrium conditions, and these values are independent of the material 
properties of the structure and the cross-sectional dimension and stiffness ratio of the 
members. However, the internal forces of a statically indeterminate structure cannot 
be uniquely determined only by the static equilibrium conditions, and deformation 
coordination conditions must also be considered. Therefore, the internal forces of the 
statically indeterminate structure are related to the material properties of the struc- 
ture and the cross-sectional dimension, and the stiffness ratio of the members. 

Because of this characteristic, the cross-sectional dimension of each member or its 
relative value must be determined in advance before calculating the statically inde- 
terminate structure. However, since the internal forces have not yet been calculated, 
it is usually based on experience or a simple method to approximate the 
cross-sectional dimensions of the members, which is the basis for calculation. Then, 
the required cross-section is selected according to the calculated internal forces, 
which of course does not necessarily coincide with the pre-determined cross-section. 
So, it requires re-adjusting the cross-section and then recalculating. This process is 
repeated until a satisfactory result is obtained. Therefore, the design process of a 
statically indeterminate structure is more complicated than that of a statically 
determinate structure. In addition, this characteristic can also be used to adjust the 
internal force distribution of the statically indeterminate structure by changing the 
stiffness ratio of each member to achieve the desired purpose. 

(2) In a statically determinate structure, other factors (such as support move- 
ment, temperature changes, material shrinkage, manufacturing errors, etc.) will not 
cause internal force except loads. However, in a statically indeterminate structure, 
any of the above factors can usually cause additional internal forces. This is because 
the above factors will cause structural deformation. Due to the restriction of 
redundant constraints of the structure, such deformation often causes the internal 
forces of the structure, which are generally proportional to the absolute value of the 
stiffness of each member. 
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This characteristic of the statically indeterminate structure may bring adverse 
effects under certain conditions. For example, a continuous beam may generate 
excessive additional internal forces due to uneven subsidence of the foundation. 
However, it may become a beneficial aspect in other cases. For example, the internal 
forces of a continuous beam can be adjusted by changing the height of the supports 
to obtain a more reasonable distribution of internal forces. 

(3) A statically determinate structure will lose its geometric stability when any 
constraint is broken, and then it can no longer bear loads. However, a statically 
indeterminate structure still maintains its geometric stability after the redundant 
constraints are broken, so it still has a certain bearing capacity. Therefore, from the 
perspective of military engineering and structural seismic resistance, statically 
indeterminate structures have strong disaster prevention capabilities. 

(4) Due to the existence of redundant constraints, the influence of local loads on 
the internal force and deformation of statically indeterminate structures is larger than 
that of statically determinate structures. As shown in figure 6.46a, when the 
mid-span of the three-span continuous beam is loaded, the two side spans will also 
generate internal forces and deformation. However, the three-span simply supported 
beam shown in figure 6.46b is different. The two side spans do not generate internal 
forces and deformation when the mid-span is loaded, and the maximum deflection of 
the mid-span (figure 6.46d) is larger than that of the continuous beam (figure 6.46c). 
Moreover, the distribution of the internal force of statically indeterminate structures 
is more uniform than statically determinate structures, and the peak value of the 
internal force is also smaller. In addition, from the perspective of structural stability, 
the critical pressure of a beam fixed at one end and slider-supported at the other 
end is four times that of the beam pinned at both ends. Therefore, the stiffness and 
stability of statically indeterminate structures are improved due to the existence of 
redundant constraints. 


(a) P 


P14 


12. 2 1/2 1/2 
a 


moment diagram M moment diagram M 


deformation 


deformation 


Fic. 6.46 — (a) Moment diagram of three-span continuous beam, (b) moment diagram of 
three-span simply supported beam, (c) deformation of three-span continuous beam, and 
(d) deformation of three-span simply supported beam. 
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Problems 


6.1 Write the expressions of the member end moment and the basic equation of the 
displacement method. 


Fic. P6.1 


6.2 Calculate the axial force of each member in the frame by displacement method. 
The FA is the same for each member. 
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Fic. P6.2 


6.3 Draw the moment diagram M of the frame. The E/is the same for each member. 


q=2.4 kN/m 


15m 


k 20 m k 15m | 
Fic. P6.3 


6.4 Draw the diagram M of the bent shown in the figure. 


C E4—>% D 
£ 
4 
O 
A 
k 12 m | 
Fic. P6.4 


6.5 Draw the diagram M of the frame shown in the figure. 


40 KN /m 


Fp=20 kN 


Fic. P6.5 
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6.6 Draw the internal force diagram of the frame. 


1 kN/m 


Fic. P6.6 


6.7 Draw the moment diagram M of the symmetric frame by using the symmetry. 


Fic. P6.7 


6.8 Draw the moment diagram M of the symmetric frame by using the symmetry 


12m 


Fic. P6.8 
6.9 Draw the diagram M of the symmetric frame by using the symmetry. 


80 kN/m 


Fic. P6.9 


Displacement Method 297 


6.10 Draw the moment diagram M of the frame. l= 10 m, F is constant, the uni- 
formly distributed load is q. 


8 4 4 18 
a ee 


Fic. P6.10 


6.11 Draw the moment diagram M of the symmetric frame by using the symmetry. 
The ElI is the same for each member, Fp = 20 kN, q = 10 kN/m. 


Fic. P6.11 


6.12 Draw the moment diagram M of the frame, and EJis the same for each member. 


Fic. P6.12 
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6.13 Draw the moment diagram M of the frame, and EJis the same for each member. 


2.5 kN/m 10 kN 


4m 


Fic. P6.13 


6.14 Draw the moment diagram M of the frame, and EJis the same for each member. 


le 6m >k 6m >| 


Fic. P6.14 


6.15 Use the moment-distribution method to draw the moment diagram M of the 
beam. 


À kN 


7 yo 55 KN/m C 
T EI BT EI D 
k 2m + 2m k 6m | 


Fic. P6.15 


6.16 Apply the no-shear distribution method to draw the moment diagram M of the 
frame. 


6 kN/m 


Fic. P6.16 
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6.17 Utilize the moment-distribution method to draw the moment diagram M of the 
frame. 


30 kN/m 


Fic. P6.17 


6.18 Construct the moment diagram of the open web beam (also called the open web 
truss), and calculate the vertical displacement of joint F. 


2 ? El=constant F 
3 ZI 3 


Fic. P6.18 


Chapter 7 


Influence Lines for Structures 
under Moving Loads 


For the force analysis of structures discussed in the previous chapters, the loads 
considered are fixed loads whose magnitudes and directions are unchanged, and the 
loading positions are fixed. However, some structures are subjected to not only the 
fixed loads (such as the dead loads of structural weight or machine weight and so on) 
but also the moving loads whose positions change along the structures, for examples, 
the trains and automobiles driving on the bridges, the cranes traveling on the rails, 
as well as the distributed loads which can be placed arbitrarily such as the crowd, 
goods, or non-fixed equipment on the building floor. All of them are moving loads 
and also belong to the live loads. 

This chapter will investigate how to construct the influence lines and calculate 
the internal forces of statically determinate and indeterminate structures under 
moving loads. There are two methods for constructing the influence lines of internal 
forces or the support reactions of structures, namely, the equilibrium method and 
the kinematic method, in which the kinematic method is simpler and more conve- 
nient. The concept of influence line was independently introduced by Otto Mohr and 
Emil Winkler. In 1886, Heinrich Muller-Breslau (1851 ~ 1925) proposed a method 
for rapidly determining the shape of influence line for the internal force of statically 
determinate and indeterminate beams based on the principle of virtual displace- 
ments. Namely, the influence line shape of a certain force is the same as the deflected 
shape of a beam, in which the corresponding restraint under this force is removed. 
This method is well known as the Muller-Breslau principle or the Muller-Breslau 
criterion, also named the kinematic method. In 2015, Dixiong Yang et al. utilized the 
principle of virtual displacements of the deformable body to establish a kinematic 
method for exactly, analytically, and conveniently calculating the influence line 
equations of internal forces of the statically indeterminate beam structures, and then 
rapidly constructing corresponding influence lines. At present, the influence lines 
have important applications in the analysis and design of bridge structures under 
moving loads as shown in figure 7.1 and structural health monitoring. 
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Fic. 7.1 — Bridge structure under moving loads. 


7.1 Concepts of Moving Load and Influence Line 


Generally, a moving load refers to the live load whose magnitude and acting 
direction remain unchanged, but whose position moves along the structure. The 
internal force calculation of the structure subjected to a moving load has the fol- 
lowing characteristic: the load is still static, while the internal force of the structure 
varies with the movement of the load. Thus, it is necessary to study the change range 
and regulation of internal force under moving load. In fact, the possible maximum 
value of internal force must be taken as the design basis. Therefore, the most 
unfavorable position of loads, that is, the loading position where a certain internal 
force or reaction reaches the maximum should be determined. 

There are many types of moving loads. It is not necessary to discuss each one of 
them, but it is suitable only to extract the load characteristic that is common for 
typical analysis. First, a typical case is selected from the general. The typical case is 
the unit moving load Fp = 1, which is the simplest and most fundamental element 
extracted from various moving loads, and its dimension is 1 which means the unit 
moving load is dimensionless. Then, a general problem can be resolved through the 
typical case. As long as the varying regulation of internal forces of the structure under 
the unit moving load (namely, typical load) is analyzed clearly, according to the 
superposition principle, the internal forces under the actual moving loads and the 
most unfavorable position of the loads can be determined smoothly. 

The diagram showing the change regulation of the internal force of the structure 
subjected to unit moving load is called the influence line of internal force. Influence 
line is a basic tool for studying the influence of moving load on the reaction, shear, 
and moment of the structure. The concept of the influence line will be illustrated 
through the following example. 

The simply supported beam AB is shown in figure 7.2a. When a single vertical 
load Fp moves on the beam, the varying regulation of support reaction Fp is dis- 
cussed herein. 

Point A is the origin of the coordinate system, and x represents the abscissa of 
the acting point of load Fp. If xis a constant, Fp is a fixed load. Conversely, if x is 
treated as a variable, Fp is the moving load. When Fp acts on any position 
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x (0 < 21) over the beam, the support reaction Frg can be obtained by the 
following equilibrium equation 


Fro = 5 Fe (0<a<J) (a) 


It is noted that FRp is proportional to Fp, and the proportionality coefficient 
z/lis named as the influence coefficient of Fxg and can be expressed by Fp 
= x 
Pre =7 (O<2<J (b) 


Obviously, the influence coefficient Fp is numerically equal to the reaction Freg 
caused by unit moving load Fp = 1, and its dimension is also 1. 


(a) 


(b) 


(c) Fei Fm 


Fic. 7.2 — (a) Simply supported beam under unit moving load, (b) influence line for reaction 
Frp, (c) wheel pressures Fp, and Fp» of crane. 


Equation (b) represents the functional relationship between the influence coef- 
ficient FRg and loading position parameter x, the graph of this function is called the 
influence line for Figg. Since the right-hand term of equation (b) is a linear function 
of x, the influence line for Fp is a straight line. To determine the two points on the 
line, we can suppose x = 0 to achieve Frp = 0, and assume z = | to get Frg = 1. By 
connecting these two points on a straight line, the influence line for Fp is obtained, 
as shown in figure 7.2b. 

The influence line in figure 7.2b demonstrates the changing law of support 
reaction Frp with Fp = 1: when Fp = 1 gradually moves from point A to point B, 
the influence coefficient of reaction F'gg starts from zero, gradually increases, and 
finally reaches the maximum F'pp = 1. 

The influence line for FRg can also be employed to determine the reaction Frp 
caused by various loads. For instance, the beam shown in figure 7.2c has the wheel 
pressures Fp; and Fp, of crane. According to the superposition principle, the sup- 
port reaction Fp can be calculated by 


Fra = Feiy + Fpoy2 
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where, yı and yo indicate the influence coefficients Fepi and Fro corresponding to 
the positions of loads Fp; and Fps, respectively. 

In summary, when the unit concentrated load Fp = 1 moves vertically along the 
structure, the curve representing the changing law of the structural response Zis just 
the influence line for Z. The abscissa x of any point on the influence line means the 
position parameter of the load, and the ordinate y represents the influence coefficient 
Z of response Z in the structure under the load applied on this point. 

The influence coefficient Z is a proportional coefficient between the structural 
response Z and load Fp, namely 


When Fp = 1, Z is numerically equal to Z. However, the difference between Z 
and Z is the dimension of load Fp. If the dimension of Fkgp is LMT =, then the 
dimension of Fpg is LMT ?/LMT?, which is a quantity of dimension 1. 


7.2 Equilibrium Method for Constructing Influence 
Lines of Simply Supported Beams 


The equilibrium method can be applied to construct the influence lines for the 
internal forces or reactions of the statically determinate structures, in which the 
variable is the loading position zx, and the static equilibrium equations are estab- 
lished to determine the influence line equations of the internal forces (or reactions), 
and then the influence lines are drawn. Hereafter, the procedure of the equilibrium 
method is described by taking the influence lines for internal forces (or reactions) of 
the simply supported beam as examples. 


1. Influence line for support reaction 


The influence line for the reaction Fpp for a simply supported beam (figure 7.3b) 
has been discussed in section 7.1 (figure 7.2). The influence line for the support 
reaction Fra will be discussed below. 

Fp = 1 moves on the arbitrary position of the beam, and the distance from 
support A is z. Calculate the influence coefficient Fra = Fra /Fp in terms of the 
equilibrium equation: 


XO Ms =0, Fral—1(l—2) =0 


then 
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This is the influence line equation of Fra. It can be seen that the influence line 
for Fra is also a straight line. At point A, z= 0, and Fra = 1. At point B, z= l, 
and Fra = 0. Using these two ordinates to connect a straight line, we can draw the 
influence line for Fra in figure 7.3c. The upward support reaction is regarded as 
positive value, and the ordinates of influence line with positive values are drawn 
above the baseline (i.e., axis of beam). 


2. Influence line for shear 


Now construct the influence line for shear Fsc at the specified section C. When 
Fp = 1 is applied at the left or right side of point C, the influence coefficient of Fsc 
has different expressions, which should be considered separately. When Fp = 1 is 
applied on segment CB, the segment AC is regarded as a free body. By using 
>> F, = 0, we have 


Fgc = Fra (Fp = lin segment CB) 


It is seen that in segment CB, the influence line for Fsc is the same as that of 
Fra. Thus, the influence line for Fra can be drawn first, and then the diagram of 
segment CB remains (the diagram of segment AC is discarded). The ordinate of 
point C can be determined as b/l according to the proportional relation. 

When Fp = 1 moves on segment AC, segment CB is taken as a free body. Based 
on >> F, = 0, we have 


Fsc = —Fpp (Fp = 1in segment AC) 


In segment AC, the influence line for Fsc is the same as that of Frp, but its sign 
is opposite. Therefore, the influence line for FRp is turned over and drawn below the 
baseline, and then the diagram of segment AC remains. The ordinate of point C can 
be calculated as —a/I according to the geometrical relation. 

To sum up, the influence line for shear Fc is divided into segments AC and CB, 
which consist of two parallel lines, and forms a step at point C as shown in 
figure 7.3d. When Fp = 1 is applied on any point of segment AC, the shear at 
section C is negative. When Fp = 1 moves on any point of segment CB, the shear at 
section C is positive. When Fp = 1 moves through point C from the left to right side, 
the shear of section C will change abruptly with a value of 1. When Fp = 1 is just 
applied at point C, the influence coefficient of Fsc is meaningless. 

The influence coefficient of shear Fs = Fs/Fp is a proportional coefficient, which 
is a quantity with the dimension 1. 


3. Influence line for bending moment 


Now draw the influence line for bending moment Mc of the specified section C. 
Two cases are still considered, namely, Fp = 1 is applied at the left or right side of 
section C. 

When Fp = 1 is applied on segment CB, the segment AC is taken as a free body, 
and 


Mc = Fra: a (Fp = lonsegment CB) 
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Influence line 


for FRB 


Influence line 


for FRA 


Influence line 


for Fsc 


Influence line 


for Mc 


Fic. 7.3 — Influence lines for reactions and internal forces of simply supported beam. 


In segment CB, the influence coefficient of Mc is equal to a times of that of Fra. 
Hence, we can multiply the ordinate of the Fra’s influence line by a, and then keep it 
in segment CB to achieve the Mc’s influence line in segment CB. Note that the 
ordinate of point © should be ab/1. 

When Fp = 1 is applied on segment AC, the segment CB is taken as a free body. 
We have 


Mc = Fre: b (Fp = lonsegment AC) 


Therefore, the ordinate of the influence line for Fp is multiplied by b, and the 
diagram of segment AC is remained, and then the influence line for Mc in segment 
AC can be drawn. Herein, the ordinate of point C is still ab/l. 

In summary, the influence line for Mc is divided into two segments AC and CB. 
Each segment is a straight line, and they form a triangle, as shown in figure 7.3e. 
When the unit load acts on point C, Mc is the largest. When Fp = 1 moves from 
point C to both ends of the beam, Mc gradually decreases to zero. 

The influence coefficient M = M/Fp of bending moment is a proportional one, 
whose dimension is L and the unit is m. 

Finally, take the simply supported beam in figure 7.4 as an example. Table 7.1 
lists the differences between the influence line and internal force diagram of the 
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@ = @) 


(b) 


(0) 


Fic. 7.4 — Influence lines and internal force diagrams of simply supported beam. 


TAB. 7.1 — Differences between influence line and internal force diagram of structure. 


Influence line Internal force diagram 


Load 
. Fp=1 Actual Fp 
magnitude 
Load 
Moving Fixed 
property 
Abscissa Indicates the load position Indicates the position of section 
. Represents the change of internal Represents the distribution of 
Ordinate à : ; - : 
force in a section internal forces in all sections 
Graphic 
p The segments where Fp = 1 moves Entire structure 
range 
M diagram is drawn on the tensile 
General The positive value is drawn above side without any sign. The sign 
rules for the baseline, and the sign is rules of diagrams F's and Fy are the 
drawing marked same as those of influence line for 
internal force 
Dimension 


of internal M: L, Fs, Fy: dimension 1 M: LMT”, Fs, Fy: LMT? 


force 


structure. Figure 7.4b, c indicate the influence lines for the shear and bending 
moment of a simply supported beam, respectively. Figure 7.4e, f illustrate the shear 
and bending moment diagrams of the simply supported beam in figure 7.4d, 
separately. 


Example 7.1. Draw the influence lines for Fra, Frp, Fsc, and Fsp of the cantilever 
beam as shown in figure 7.5a. 
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x Fe=1 
(a) E A tc BD F 
5 d d 


FRA 


Influence line for 


Fre 


Influence line 


for Fsc 
1 : 
(e) f Influence line 
for Fsp 


Fic. 7.5 — Influence lines for reactions and internal forces of cantilever beam. 


Solution: (1) Draw the influence lines for Fra and Frp 

Point A is the origin of the coordinate, and the abscissa x is positive when it 
points to the right. When the unit moving load Fp = 1 is applied at any position x 
on the beam, the influence coefficients of the support reactions are achieved by using 
the equilibrium equation as follows 


(-h<z<i+b) 


The influence line equations of the two support reactions are identical to those of 
the simply supported beam, except that the scope of action of Fp = 1 is extended. 
For a simply supported beam, the change range of x is 0 < x< l, and for this 
cantilever beam, the variation range is —4 < x < l+ b. The influence line diagrams 
are shown in figure 7.5b, c. The influence line within segment AB is identical to that 
of the simply supported beam, and it is still a straight line. Subsequently, the line is 
extended to the two cantilever portions to obtain the entire influence line. 


(2) Draw the influence line for shear Fsc 


When Fp = 1 is applied on the left part of point C, we have 


Fsc = —Frg (Fp = lin the EC segment) 
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When Fp = 1 is applied on the right part of point C, then 
Fgc = Fra (Fp = lin the CF segment) 


The influence line for Fsc is obtained by using the method similar to that of 
simply supported beams, as shown in figure 7.5d. 


(3) Draw the influence line for shear Fsp 


When Fp = 1 acts on the left part of point D, the right part of D is taken as a 
free body, we have 


Fsp = 0 


When Fp = 1 acts on the right part of point D, the right part of D is still taken as 
a free body, thus 


The influence line for Fsp can be drawn as shown in figure 7.5e. Only the 
influence coefficient of segment DF is not zero. In other words, the shear Fsp is 
affected only when the load acts on segment DF. 


7.3 Influence Lines for Girders and Trusses 


7.3.1 Influence Lines for Internal Forces of Girders 


Figure 7.6a indicates a schematic diagram of the floor beam and girder system in the 
bridge structure. The floor loads are applied on the stringers. The stringers are 
regarded as simply supported beams with two ends resting on the floor beams. The 
floor beams are supported by the girder, and the floor loads are transmitted from the 
stringers to the floor beams, then to the side girders. Regardless of the loads on the 
stringers, the girders are only subjected to concentrated forces at the locations of the 
floor beams such as joints A, C, E, F, and B, etc., hence the girders are under the joint 
loads. There are two types of loading for beam bridge: direct load (such as the load 
acting on the stringers) and joint load (also called indirect load, such as the load 
exerting on the girders). 

The method of drawing the influence lines for support reaction and internal force 
of the girder under joint loads are illustrated as follows. 


(1) Draw the influence lines for support reaction Fra and Fps. 


The influence lines for support reactions Fra and Fp are exactly the same as 
those shown in figure 7.3c, b, which are not drawn in figure 7.6. 


(2) Draw the influence line for Mc. 


Point C is the key point. When Fp = 1 is applied on the right side of point C, Mc 
is obtained by Fra, and when Fp = 1 is applied on the left side of point C, Mc is 
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obtained by Freg. The influence line for Mg is exactly the same as that of figure 7.3e, 


as shown in figure 7.6b. The ordinate of point C is 


ab_dx3d_ 3, 
[4d 4 


(3) Draw the influence line for Mp. 


The influence line for Mp is shown in figure 7.6c. 


First, assume that Fp = 1 is applied on the girder AB, then the influence line for 
Mp is a triangle (where the CE segment is a dashed line). The ordinate of point D is 


ab 3dx3d_ 15 


l 4d 16 r 


In terms of the proportional relation, the ordinates of points C and E are 


15 2 5 15 4 3 
w=" ee 
Fe=1 floor beam stringer 


(a) 


(b) 


4 
(d) 
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for Fsce 


Fic. 7.6 — Influence lines for internal forces of girder under joint loads. 
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By connecting the ordinates of the two points C and E by a straight line, the 
influence line of Mp under the joint load is obtained, as shown by the solid line in the 
figure. In order to prove the correctness of the above approach, only the following 
two points need to be paid attention: 


1) Ifthe unit load is applied on point C or point E, the joint load is exactly the same 
as the direct load. Therefore, under the joint load, the ordinates yc and yp of the 
influence line of Mp at points C and E are equal to the corresponding ordinate 
under direct load. 

2) Ifthe unit load acts between the two points C and E of the stringer, and the 
distance to point C is expressed by z, the reaction of the stringer CE is shown in 
figure 7.6d. The girder bears a downward load (d — 2)/d at point C and a 
downward load z/d at point E. The influence coefficient of moment Mp of the 
girder when unit load acting at the point x can be obtained by the superposition 
principle 


When Fp = 1 is applied at point C, Mp = yc 


When Fp = lisapplied at point E, Mp = yr 


When the distance between Fp = 1 and point C is z, the load at point C of the 
girder is won and the load at point E is 4, so 


o aca x 
Y= yc F wg 


The above equation is an expression of the linear function. It is seen that under 
the joint loads, the influence line for Mp is a straight line in the panel CE. 
The general conclusions can be expressed as follows: 


1) Under the joint loads, any influence line of structure is a straight line between 
two adjacent joints. 

2) The influence line under the direct load is constructed first, and then the ordi- 
nates of the two adjacent joints are connected by a straight line. In this way, the 
influence line of the structure under joint load is obtained. 

3) Draw the influence line for Fscp. 


Under the joint loads, the girder has no external force between the two joints C 
and E, so the shear of each section of panel CE is equal, which is usually called the 
panel shear, and is expressed by Fgqp. The influence line for Fscp is shown in 
figure 7.6e, which is drawn based on the above conclusions. 


7.3.2 Influence Lines for Axial Forces of Trusses 


Figure 7.7a shows a parallel chord truss in bridge engineering. Suppose the unit load 
moves along the bottom chord AG of the truss, and constructs the influence lines for 
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axial forces of members. The truss is usually subjected to joint loads, and the load 
transference method is the same as the girder system with stringers, floor beams, 
and girders as shown in figure 7.7b. The problem of constructing the influence line 
for the axial force of the truss using the equilibrium method can be regarded as the 
issue of drawing the force influence line of the truss under joint load. The influence 
line for the axial force of any bar (e.g., Fxpe) is a straight line between adjacent 
joints. The unit load Fp = 1 can be placed on the points of A, B, C, D, E, F, and G 
in turn, and the value of Fy»ec is calculated and expressed by the ordinates, and then 
connected with straight lines to obtain the influence line for Fyne. It is seen that in 
principle, there is no difficulty in constructing the influence line for internal force of 
the member of a statically determinate truss, but this way is fairly cumbersome. The 
equilibrium method for constructing the influence lines for axial forces of truss is 
described as follows via combining the example in figure 7.7, and its basis is still the 
method of sections and the method of joints, which is more convenient. 


1. Influence lines for support reaction Fra and Fra 


The influence lines for Fra and Frag are the same as those of simply supported 
beams, which are omitted herein. 


2. Influence line for axial force Fyne of top chord be 


Set the section I-I, take joint C as the moment center, and use the torque 
equation ` Mc = 0 to calculate Fype- 

If the unit load is applied on the right side of joint C, take the left portion of 
section I-I as a free body, thus 


FRA x 2d+ Fyne h = 0 


2d 
FNbe = -y Fra (a) 
If the unit load is applied on the left side of joint C, take the right portion of 
section I-I as free body, we achieve 


Fre x 4d+ Fyne h = 0 


ENbe = —— Fre (b) 


In figure 7.7c, in terms of equation (a) the influence line for Fra is drawn. Its 
ordinates are multiplied by 2d, the influence line is drawn below the baseline, and 
then the right segment of joint C is retained. Similarly, according to equation (b) the 
influence line for Faq is constructed. Its ordinates are multiplied by 4d the influence 
line is drawn below the baseline, and then the left segment of C retained. In this way 
a triangle is gotten. Since the diagrams between adjacent joints are straight lines, 


the obtained triangle is the influence line for Fyne- 
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Moreover, equation (a) and equation (b) can be merged into one formula, 
namely: 
Me 
F Nbc = — F (c) 
where Me is the bending moment of joint C of the corresponding simply supported 
beam as figure 7.7b. It is known from equation (c) that, the influence line for Fyne is 
a triangle, and the ordinate of the vertex is: 


ab  2dx4d_ 4d 


ho 6dh 3h 


3. Influence line for axial force Fycp of bottom chord CD 


The section I-II is set, and the joint c is taken as the moment center to establish 
the moment equation $ Mc = 0. Thus, 


M? 
FNcp = a (d) 


The moment influence line of joint C of the corresponding beam is drawn, and 
then its ordinates are divided by h to obtain the influence line for Fycp as shown in 
figure 7.7d. 


4. Influence line for vertical component F'y,c of axial force of diagonal bar bC 


Still using section I-I, the influence line is considered in three segments. 

When the unit load is applied on the right part of joint C, we consider the 
equilibrium condition of the left part of section I-I. According to the projection 
equation ` F, = 0, we have 


F po = Fra (e) 


When the unit load is applied on the right of joint B, the equilibrium condition of 
the right part of section I-I is expressed by 


F pe = — Fre (£) 


If the unit load is moved between joint B and joint C, the influence line is a 
straight line. 

The influence line for F, pc based on the above analysis is displayed in figure 7.7e. 
The shear ae of panel BC of the corresponding beam is utilized, and the above 
analysis can be summarized into a formula: 


Fic = Flao (g) 


The influence line exhibited in figure 7.7e is actually that of panel shear Floe of 
the corresponding beam. 
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5. Influence line for axial force Fyec of vertical bar cC 


The section I-H is taken, and the projection equation )> F, = 0 is used to solve 
Fyecc. The shear Fer of panel CD of the corresponding beam can be utilized to get 
the following equation: 


Fyec = —F§cp (h) 


Figure 7.7f illustrates the influence line for Fyec, which is constructed according 
to the influence line for panel shear Fooi but the sign is changed. 
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Fic. 7.7 — Influence lines for axial forces of plane truss. 
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6. Influence line for axial force Fyap of vertical bar dD 


In the above analysis, it is assumed that the unit load moves along the bottom 
chords. Namely, the load is carried by the joints of bottom chords of the truss 
(loading at bottom chords). The equilibrium condition of joint d of the top chord 
leads to 


Frap = 0 


Therefore, the influence line for Fyap overlaps the baseline (figure 7.7g), and bar 
dD is always zero-bar regardless of the position of the unit moving load. 

Assume that the unit load moves along the top chords of the truss, and the load 
is carried by the joints of top chords (loading at top chords). Considering the 
equilibrium of the joint d, we have: 


When Fp = 1 is applied on joint d, Fyap = -1 


When Fp = 1 is applied on another joint, Fyap = 0 


The influence line for Fyap is a triangle as shown in figure 7.7g. 

When constructing the force influence line for the truss, it is necessary to dis- 
tinguish whether the load is placed at bottom chords or top chords. In this example, 
if the load is changed to place at the top chords, the influence lines for Fype, FNcp, 
and F,pc are still shown in figure 7.7c-e. However, the influence line for Fyec in 
figure 7.7f needs to be modified, because for the loading at top chords of truss, 
equation (h) is replaced by the following formula: 


0 
Fyec = —F pe 


The influence line for Fyec should be drawn according to that of panel shear 
Fen but the sign is opposite (influence line for Fy.c is omitted for the loading at 
top chords of truss). 


7.4 Kinematic Method for Constructing Influence Lines 
of Statically Determinate Structures 


In addition to the equilibrium method, the kinematic method can also be used to solve 
the influence lines for the internal force or support reaction of statically determinate 
structures. The kinematic method is based on the principle of virtual work and can 
transform the static problem of the statically determinate force or support reaction 
into the geometric problem of a virtual displacement diagram. In fact, the basis of the 
kinematic method for influence line for statically determinate force is the principle of 
virtual work of rigid body system, and the kinematic method of influence line for 
statically indeterminate force introduced in section 7.6 is based on the principle of 
virtual work of the deformable body. The influence line equations derived from these 
two cases are the same, while the calculation processes are different. 
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The influence line for the support reaction of a simply supported beam is taken 
as an example as follows, to illustrate the concept and procedure for constructing the 
force influence lines of statically determinate structures by the kinematic method. 

In order to draw the influence line for reaction Z = Fp of support B in the beam 
shown in figure 7.8a, the constraint corresponding to Z (roller support B) is 
removed, and replaced with the unknown force Z (figure 7.8b) to make the system 
have one degree of freedom and become a mechanism. Then, the equation of virtual 
work of the rigid body system is obtained by imposing the virtual displacements of 
the system and making the beam rotate slightly around point A: 


Zôz + Fpôp = 0 (7.1) 


where dp means the displacement corresponding to the load Fp = 1. Since the 
downward Fp is considered positive, the downward dp is also positive. dz is the 
displacement corresponding to the unknown force Z, which is positive when it is 
consistent with the positive direction of Z. According to equation (7.1), we have 


Gas (7.2) 


When Fp = 1 moves, the displacement dp changes as a function of the loading 
position x (figure 7.8b), while the displacement dz is independent of x and is a 
constant. The influence coefficient Z(x) indicates the ratio of the two displacements 
in the rigid body system. For the sake of convenience, let dz = 1, that is, the unit 
displacement is generated along the positive direction of Z, and thus the influence 
line equation (7.2) is expressed as 


Z(x) = —6dp(z) (7.3) 


(b) 


Fic. 7.8 — (a) Simply supported beam, (b) virtual displacements, (c) influence line for reaction 
Frp. 
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The function Z(z) represents the corresponding ordinate of the influence line for 
response Z, and the function dp(x) indicates the corresponding ordinate of the 
vertical displacement diagram of the loading point when 6z= 1 (figure 7.8c). 
According to equation (7.3), the virtual displacement 6p diagram can be used to 
construct the influence line. 

First, determine the shape of the influence line. Because the ratio of function 
Z(z) to function dp(z) is a constant, the influence line for Z has the same shape as 
the displacement dp diagram. 

Subsequently, determine the ordinate values of the influence line. It is known 
from equation (7.3) that the ordinate Z(z) of influence line is equal to the corre- 
sponding ordinate in the displacement diagram of the rigid body system for ôz = 1. 
The obtained figure 7.8c completely determines the influence line for Z from the 
aspects of shape and value. 

Finally, the sign convention of ordinate of force influence line is determined. 
When dz is a positive value, it is seen from equation (7.3) that the sign of Z is 
opposite to that of dp, and the downward 6p is positive. Therefore, if the virtual 
displacement diagram is above the abscissa axis, the value of dp is negative, then the 
influence coefficient is positive. 

To sum up, the procedure to determine the influence line for reaction or internal 
force of statically determinate structure via the kinematic method is presented as 
follows: 


(1) Remove the constraint corresponding to the response Z and apply the unknown 
force Z. 

(2) Let the rigid body system yield tiny virtual displacement 6z in the positive 
direction of Z, and the vertical displacement diagram (dp diagram) of the 
loading point is obtained. Thus, the shape of the influence line for Z can be 
rapidly determined. 

(3) Let ôz = l, and further determine the ordinate values of the influence line. 

(4) For the graph above the abscissa, the influence coefficient is taken as a plus sign, 
while for the graph below the abscissa, the influence coefficient is taken as a 
minus sign. 


The advantage of the kinematic method lies in that it can quickly construct the 
shape of the influence line for internal force or support reaction without calculation, 
which is very helpful for engineering design. For example, when determining the 
most unfavorable position of loads, it is desirable only to know the shape of the 
influence line without having to calculate its value. In addition, the influence line 
addressed by the equilibrium method can also be checked by using the kinematic 
method. 


Example 7.2. Utilize the kinematic method to construct the influence lines for 
bending moment and shear for the simply supported beam shown in figure 7.9a. 


Solution: (1) Construct the influence line for bending moment Mc. 
The constraint corresponding to bending moment Mc is removed, that is, section 
C is changed as a hinged joint, and a pair of couples Mc with equal values and 
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(a) 


(b) 


(c) 
Influence line for 


Mc 


(e) 


Influence line for 


Fse 


Fic. 7.9 — Influence lines for moment and shear force of simply supported beam by kinematic 
method. 


opposite directions are applied. At this time, the rigid bodies at both sides of hinge 
C can rotate relatively. 

Impose the system virtual displacements as shown in figure 7.9b. Here, the 
displacement ôz (6z = a + f) corresponding to Mc is the relative rotation of two 
sides of hinge C. The ordinate in the displacement diagram can be determined by 
using dz. Since dz is a tiny rotation, BB; = 67) is obtained first. According to the 
geometric relation, the vertical displacement of point C is (ab/l)ôz. Thus, the 
resultant displacement diagram represents the shape of the influence line for Mc. 

To obtain the values of influence coefficients, the displacement diagram in 
figure 7.9b is transformed as follows: the ordinate is enlarged, and 6z is set to 1, then 
the influence line for Mc is drawn in figure 7.9c, where the influence coefficient of 
point C is ab/l. 

It should be pointed out that when performing the enlargement and transfor- 
mation of the virtual displacement diagram, only the ordinate is enlarged (1/6z) 
times. That is, the parameter 67 in the ordinate is changed to 1, instead of changing 
the relative rotation at the hinge C to 1 rad. 
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(2) Construct the influence line for shear Figo. 


The constraint corresponding to the shear at section C is removed, and the shear 
Fsc is applied. The mechanism shown in figure 7.9d is obtained. At this time, a 
relative vertical displacement can occur at section C, but relative rotation and hor- 
izontal movement cannot occur. Therefore, the two sides of the incision remain 
parallel after the virtual displacements occur, and the relative vertical displacement 
of the incision is dz. Based on the geometric relation of parallel lines, the values of 
critical points are determined as exhibited in figure 7.9d. Finally, the transformation 
of the virtual displacement diagram is performed. The parameter 67 in the ordinate is 
changed to 1, and the influence line for shear Fsc is attained as shown in figure 7.9e. 


Example 7.3. Use the kinematic method to draw the influence lines for My, Fsk, 
Mc, Fsg, and Fro of statically determinate multi-span beam shown in figure 7.10a. 


Solution: (1) Construct the influence line for Mx. 

The virtual displacements occur when a hinge is inserted to section K as shown in 
figure 7.10b. The relative rotational angle of two sides of hinge K is dz, and the 
intercept is BB’ =1-6z=6z. The ordinates in figure 7.10b are enlarged and 
transformed, and the parameter 6z is changed to 1, so that the influence line for 
moment Mk is achieved as shown in figure 7.10c. The influence coefficients of critical 
points can be obtained in terms of the proportional relation. The figure of the 
influence line for Mx above the abscissa is positive, and the figure below the abscissa 
is negative. 


(2) Construct the influence line for Fsg. 


The virtual displacement diagram of the rigid body system (i.e., the released 
system) is not drawn below, and the shape of the influence line is directly 
constructed. 

The shape of the influence line for shear Fs is proportional to the displacement 
dp diagram when the two sides of section K have vertical translation. First, remain 
the displacement of each support point to be zero when constructing the influence 
line. Then, the parallel lines AK’ and K” B are drawn on both sides of point K, and 
the translation at point K is the virtual displacement 6z corresponding to Fx (its 
direction is consistent with the positive direction of shear Fsg). The parameter 6z in 
the ordinate is set as 1, that is, K'K” = 1. Finally, the influence lines for auxiliary 
parts EF and FG are constructed. For this purpose, connect E’C and extend to F’, 
then connect F’D and extend to G’. Thus, the influence line for Fsg is obtained as 
shown in figure 7.10d. 


(3) Construct the influence line for Mc. 


After a hinge in section C is added, segments HE and EC still cannot produce 
virtual displacement. Thus, the influence line for moment Mo in segment HC 
overlaps with the baseline, but the auxiliary parts CF and FG can yield virtual 
displacement. The displacement 67 corresponding to Mg is the relative rotation of 
two segments of hinge C. Since EC has no rotation, the rotational angle of CF is 6z, 
and the vertical displacement of point F is 2-67. Change the parameter 67 in the 
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Fic. 7.10 — Influence lines for internal forces and reaction of statically determinate 


multi-span beam by kinematic method. 

ordinate to l, and thus the influence coefficient of point F is equal to 2 m. The 
influence line for Mg is shown in figure 7.10e. 

(4) Construct the influence line for Fsg. 


When the two sides of section E have vertical translation in the positive direction 
of Fsg, the basic part of HE cannot yield displacement. Therefore, the influence line 
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for Fsg in segment HE is always equal to zero. The segment EF rotates around 
support C, and the segment FG rotates around support D. The relative displace- 
ment dz (ordinate of point E) corresponding to shear Fgp is changed to 1, and the 
influence line for Fsp is constructed as shown in figure 7.10f. 


(5) Construct the influence line for Frp. 


In the statically determinate multi-span beam, FG is an auxiliary part of HF. 
When support D is removed, segment HF still cannot generate displacement, so the 
influence line for reaction Frp in segment HF always equals zero. The vertical 
displacement of segment FG along the direction of Frp at point D is dz, then let 
67 = 1, and the influence line for Fp is drawn in figure 7.10g. 

It is seen from the diagrams of various influence lines shown in figure 7.10 that in 
the statically determinate multi-span beam, the influence lines for internal force (or 
support reaction) of the basic part are full of the entire beam. Nevertheless, for the 
influence lines of auxiliary parts, only the influence coefficients of auxiliary parts are 
not zero (the influence coefficients of the basic parts are constantly zero), and the 
influence ranges of moving load on the internal force or support reaction of the basic 
parts and auxiliary parts are different. This conclusion is consistent with the 
mechanical properties of statically determinate multi-span beams. 


Example 7.4. Apply the kinematic method to construct the influence lines for Mx, 
Fs, Ee and F,r of the girder system under joint loads shown in figure 7.11la. The 
spacing of floor beams is 2 m. 


Solution: In this example, the girder is subjected to joint load. It is noted that the 
displacement diagram dp(z) in the kinematic method refers to the displacement 
diagram of the applying point of unit moving load. Therefore, when the kinematic 
method is used to construct the influence line for statically determinate force under 
joint load, dp(x) should be the displacement diagram of the stringers rather than 
girders. It is because the unit load is moving on the stringers. The diagram range of 
influence lines of the internal force or support reaction for the girders should be the 
range that the moving load can reach, namely, from point A to point I. When using 
the kinematic method, the corresponding influence lines (point A to point H) under 
direct load can be drawn separately, and the region of broken lines between the floor 
beams (i.e., joints) is connected by straight lines, and then the diagram is extended 
to point I. Finally, the ordinates of critical points are determined according to the 
geometric relation. The various influence lines obtained are shown in figure 7.11b-e. 


7.5 Applications of Influence Lines 


The influence line is the basic tool for structural analysis under moving loads. The 
influence line can be used to determine the changing regulation of structural 
response (reaction, shear, or moment) with the acting position of loads, and the 
magnitudes of internal forces of structures due to various kinds of loads, as well as 
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Fic. 7.11 — Influence lines for internal forces of girder system under joint loads by kinematic 
method. 


the most unfavorable positions of structures under uniformly distributed live load or 
a series of moving concentrated loads. 


7.5.1 Responses Due to Various Kinds of Loads 


Actually, the unit moving load is employed to determine the influence lines for 
internal forces and support reactions of statically determinate and indeterminate 
structures. According to the superposition principle, the influence line can be uti- 
lized to compute the magnitudes of structural responses subjected to various kinds 
of loads. 

A set of concentrated loads Fp,, Fp2, and F’p3 are applied on the simply sup- 
ported beam, and the positions are known as shown in figure 7.12a. If the ordinates 
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of the influence line (figure 7.12c) for shear Fsc at loading points are y1, Y2, y3, then 
Fsc caused by Fp, is equal to Fp; y,, Fgq caused by Fz is equal to Fp2 yo, and Fse 
caused by Fp3 is equal to Fp y3. In terms of the superposition principle, the mag- 
nitude of Fsc under this set of loads is 


Fso = Fpiyı + Feoy + Fe3y3 


Generally speaking, a set of concentrated loads F’p;, Fp2,..., Fpn are applied on 
the structure, and the ordinates of influence line for a structural response Z at 
various loading points are y1, Yo,---, Yn 


Z = Ferm + Feaye + +++ + FenYn = 5 Fpiyi (7.4) 
i=l 


(a) Fei Fp2 Fp3 (b) A 4 B 


(d) 


b 
<a, a 8 


q Influence line for Fsc 


Fic. 7.12 — Simply supported beam under concentrated and distributed loads and influence 
line of shear Fgc. 


If the structure has uniformly distributed load q over the segment AB 
(figure 7.12b), the load qdz at the differential element of length dx can be regarded 
as a concentrated load, and the magnitude of Z caused by it is y-qdz. Thus, the 
magnitude of Z under uniformly distributed load cross segment AB is 


B B 
Z= f yqdz = af ydx = qAg (7.5) 
A A 


where the area of influence line diagram (figure 7.12d) over the loading segment AB 
is indicated by Ap. Equation (7.5) denotes that the magnitude of Z caused by the 
uniformly distributed load is equal to the load intensity multiplied by the influence 
line area of the loading segment. When applying this formula, we should notice the 
sign of area Ao. 
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Example 7.5. Figure 7.13 illustrates a simply supported beam with a full span 
subjected to the uniformly distributed load. Calculate the magnitude of shear Fscq 
by using the influence line for Fsc of section C. 


Influence line 


3 for Fsc 


Fic. 7.13 — Calculation of shear Fsc of beam using influence line. 


Solution: The area of plus sign part of the influence line of Fsc is expressed by Aj, 
and the area of minus sign part is denoted by Ag, thus 


1 2 
A,=5%,xX4m=,m 
1 
Ay=3x (5) x2m=—Fm 


According to equation (7.5), we have 


Fgc = q(Ai + A2) = 20 kN/m x G m- m) = 20 kN 


7.5.2 Most Unfavorable Position of Moving Loads 


If the loads move to a certain position, the response Z of the structure reaches the 
maximum, and such a loading position is called the most unfavorable loading 
position for Z. An important role of the influence line is to determine the most 
unfavorable position of loads. 

For some simple cases, the most unfavorable position of loads can be determined 
by some analysis and judgment on the influence line and loading characteristics. The 
general principle of judgment is that the loads with large magnitude and close 
arrangement should be placed on the location with great ordinate of influence line. 
Here, a few simple examples are taken as follows. 

If the moving load is a single concentrated load, the corresponding most 
unfavorable position is the position where this concentrated load is acting at the 
maximum ordinate of the influence line. 
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If the moving loads are a set of concentrated loads, then at the most unfavorable 
position, there must be a concentrated load acting at the vertex of the influence line 
(figure 7.14). The next subsection will elaborate on the reason. 

If the moving loads are uniformly distributed and can be arranged in an arbitrary 
way, the corresponding most unfavorable position is that the plus sign part of the 
influence line is full of loads (to solve the maximum positive value of response), or 
the minus sign part is full of loads (to solve the maximum negative value of response) 


(figure 7.15). 
T Influence line 


PI Fp2 Fp3 Fp4 


Fic. 7.14 — Most unfavorable position of a set of concentrated loads. 


Fic. 7.15 — Most unfavorable position of uniformly distributed loads. 


Example 7.6. Figure 7.16a demonstrates the wheel pressure and wheel span of two 
cranes, and calculate the maximal shear of section C in the crane beam AB. 


Solution: First, draw the influence line for shear Fsc in the crane beam 
(figure 7.16c). 

To maximize the shear Fsc, the live loads should first be positioned on the plus 
sign portion of the influence line for Fc. Secondly, the loads with the close 
arrangement (the middle two wheel pressures) should be placed at the location with 
a larger influence coefficient (i.e., the load of 435 kN is placed at the right side of 
section C). Figure 7.16b displays the most unfavorable position of loads. Thus, the 
maximum shear of section C is 


Fsomax = Fpiyi + Frey = 485 kN x 0.667 + 295 kN x 0.425 = 415 kN 


Example 7.7. The simply supported beam in figure 7.13 is subjected to a uniformly 
distributed load with q = 20 kN/m, and the load can be arbitrarily arranged on the 
beam. Solve the maximal and minimal values of shear Fgq. 
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Fic. 7.16 — (a) Wheel pressure and wheel span of two cranes, (b) the most unfavorable 
position of loads, (c) influence line for shear Fgc of crane beam AB. 


Solution: It is seen from the influence line for Fsc shown in figure 7.13 that, the 
maximal shear can be obtained when the loads are placed in the whole segment CB 


4 
F’scmax = qÅcB = 20kN/m x au = 26.7kN 


The minimal shear is obtained when the loads are placed in the whole segment 
AC 


1 
Fgcmin = GAac = 20kN/m x (-5) = —6.7kN 


7.5.8 Determination of Critical Position for Polygonal 
Influence Line 


If the moving load is a series of concentrated loads, the most unfavorable position of 
loads for a certain structural response Z can be usually determined in terms of the 
following two steps. 

In the first step, determine the loading position where Z reaches the extreme 
value. Such a loading position is named the critical position of loads. 

In the second step, the most unfavorable position of loads is selected from the 
critical position of loads, that is, the maximum is selected from the extremely large 
values of response Z, and the minimum is chosen from the extremely small values. 

The polygonal influence line of structural response is taken as an example to 
illustrate the feature and determination method of the critical loading position. 
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Figure 7.17a indicates a set of concentrated loads. Their spacing and magnitudes 
remain invariable as the loads move. The influence line for response Z shown in 
figure 7.17b is a polygon. The slopes of the sides are represented by a1, @2, and a3 
separately (where a, and as are positive and as is negative). The resultant forces of 
concentrated loads at the interval of each side are denoted by Fi, Fro, and Frs, 
respectively. 

According to the superposition principle and the resultant forces of loads at the 
interval of each side, we have 


3 
Z = Fry, + FroYo + FR3Y3 = 5 FRY; 
El 


where y1, Y2, Y3 are the influence coefficients corresponding to the resultant forces 
Fri, Fre and Fp; of loads of various sides. 
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Fic. 7.17 — (a) A set of concentrated loads, (b) polygonal influence line for response Z. 


Assuming that the loads move a distance Ax (Az is positive when moving to the 
right), the increment of influence coefficient y; is 


Ay, = Az: tan a; 
and the increment of Z is 
3 
AZ = Ac: 5 Fri tan &i 
i=l 


For the critical loading position where the response Z reaches the extreme large 
value, it is necessary to satisfy the following condition: when the loads move to the 
right or left from the critical position, the magnitude of Z should decrease, AZ <0, 
namely 


3 
Ar- X | Fritan a; <0 (a) 


i=1 
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Equation (a) can also be divided into two cases: 


(7.6) 


if Az > 0 (loads move slightly to the right), >> FR; tana;<0 
if Ax<0 (loads move slightly to the left), X Fri tana; > 0 


Similarly, for the critical loading position where the response Z reaches the 
extreme small value, the following condition must be met: 


e Az > 0 (loads move slightly to the right), X- Fp; tana; > 0 (7.7) 


if Az <0 (loads move slightly to the left), $- Fr: tan q; <0 


At this time, the following conclusion can be drawn: if Z is the extreme value 
(extremely large or extremely small), the sign of X- Fr; tan «; must be changed when 
the loads move slightly to the left or right. The term J` Fr; tana; is called as the 
determination formula of critical position. 

Under what situations might the determination formula }* FR; tan «; change the 
sign? tana; in the formula is the slope of a straight line of each segment in the 
influencing line, which is a constant. Therefore, only the resultant force Fp; within 
each segment changes its magnitude, it is possible to change the sign of Y` Fr; tan q; 
when the entire loads move slightly to the left or right. Obviously, in the critical 
position, there must be a concentrated load acting exactly at the vertex of the 
influence line. For example, if the concentrated force Fp; is applied at the vertex 
between the straight line of the ith segment and that of the i + 1th segment, then 
Fp should be counted into FR; when the entire loads slightly move to the left, and 
Fp. should be counted into FR; when the entire loads slightly move to the right. Ina 
word, when the loads move slightly to the left or right, the necessary condition to 
change the sign of X` FR; tana; is a concentrated load acting at the vertex of the 
influence line, but this is not a sufficient condition. 

To sum up, the procedure for determining the most unfavorable position of 
moving loads is described as follows. 


(1) Select a concentrated force Fper from the moving loads and position it at one of 
the vertexes of the influence line. 

(2) When Fpe moves slightly to the left or right at the vertex, the values of 
>> Fri tan; are obtained separately. If the sign of Y` Fp; tana; is changed (or 
changed from zero to non-zero), then this loading position is called critical 
position, and the load Fper is called critical load. If the sign of 5> Fp; tan «; is 
invariable, this loading position is not a critical position. 

(3) An extreme value of Z can be obtained for each critical position, and then the 
maximum or minimum is selected from various extreme values. Meantime, the 
most unfavorable position of loads is also determined. 


Example 7.8. Figure 7.18a shows a set of moving loads for railway train. Five 
concentrated forces correspond to the 5 axle weights of one locomotive, and the 
average intensity of the uniformly distributed load of length 30 m for another 
locomotive in the middle of loads is qı, and the average intensity of a train vehicle of 
arbitrary length in the rear is q2. The influence line for a certain structural response 
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Z is shown in figure 7.18b. When the train travels from the right to left, determine 
the most unfavorable position of loads and the maximum value of Z. It is known that 
Fpi Fp2 Fps Fp, Fos 220 kN, n= 92 kN/m, and a = 80 kN/m. 


(a) Fp, |Fp2 | Fe3 | Fea |Fes qı q2 


,| Arbitrary length 


(b) 


Influence line 


for Z 


3.5m ME mla aa ms mi ml m 


Fic. 7.18 — (a) A set of moving loads for railway train, (b) influence line of response Z, 
(c) loading layout. 


Solution: (1) The loads of the locomotive are dense and large. It can be judged that 
the most unfavorable position of loads is to place the load Fp4 at the highest vertex 
of influence line. The loading layout is exhibited in figure 7.18c. 


(2) The determination formula (7.6) for critical position of loads is adopted for 
check. 


In terms of figure 7.18b, we have 


0.75 


tan &x3= 6 


1 2 
tan a= 53 tan d= — PE. 


If the entire loads move slightly to the right, the resultant forces of three seg- 
ments corresponding to the influence line are 
FR = 220 kN x 3 = 660 kN 
Fro = 220 kN x 2+92kN/m x 1 m = 532kN 


Fp3 = 92 kN/m x 6m = 552 kN 
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Therefore 
1 0.25 0.75 
X Fritanga; = 660 kN x 3 +532 kN x (5) +552 kN x (-*5) 
= —19.75kN <0 
If the entire loads move slightly to the left, we obtain 
Fp, = 220kN x 4 = 880 kN 


Fro = 220kN+92kN/m x 1m = 312kN 


Fp3 = 92kN/m x 6m = 552kN 


1 2 ; 
X Fritan a; = 880kN x : +312kN x (-°5) +552kN x (-*5) 
= 21.5kN > 0 
This position is a critical position because the sign of X` FR; tan «; changes. 


(3) Calculate the maximum of Z. 


Using the influence coefficients marked in figure 7.18c, we have 


Zax = 220kKN x (= ° = 1) E 220kN x 0.906-+92kN/m 
x ae xim+ oxin) = 1110.58 kN 


7.5.4 Determination of Critical Position for Triangle 
Influence Line 


When the influence line is a triangle, the characteristic of the critical position of 
loads can be expressed in a more convenient form. As shown in figure 7.19, 
assume the influence line for response Z is a triangle. If the maximal value of 
Z is to be determined, there must be a load Fper just acting at the vertex of the 
influence line. F} represents the resultant force for the left loads of Fper, and Fe 
stands for the resultant force for the right loads of Fp,,. To maximize the 
response Z, the determination formula (7.6) for the critical loading position can 
be written as 


Loads move to the right : Fk tan a — (Fee + FR) tan B <0 


Loads move to the left : (FR + Fee) tan a — FÈ tanf > 0 
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substituting tan «=£ and tan B= into the above formula yields 
FR < Fee + FÈ 
a b 
Fk + Fea _ FR oe 
a A > — 
a b 


The two sides of inequality (7.8) can be understood as the “average load” of each 
side. It is seen that for the triangle influence line, the characteristics of the critical 
position and critical load Fper can be summarized as follows. 


(1) There is a concentrated load Fp, exactly acting at the vertex of triangle 
influence line. 

(2) This concentrated load Fp,, plays an important role. If it moves towards the left 
of the vertex, the left side of the influence line has more load; while if it moves 
towards the right, the right side has more load (for average load). 


(a) FL Fe 


Fic. 7.19 — Critical position of loads for triangle influence line. 


Example 7.9. Figure 7.20a illustrates a set of motorcade loads, one of which is a 
heavy motor and the rest are regular motors. Figure 7.20b shows a simply supported 
beam bridge AB with a span of length 40 m. Calculate the maximum bending 
moment of section C in this beam under loads of the vehicle. 


Solution: At the beginning, we explain two points. 


(1) This motorcade has two ways to pass this beam bridge, namely, pass from right 
to left (figure 7.20a) or from left to right (figure 7.21a). 

(2) According to the intuitive judgment, the heavy motors with the largest resul- 
tant force must be placed near the vertex of the influence line, and certain 
concentrated loads should be applied at the vertex, so that the most unfavor- 
able position of live loads can be determined basically. For further check, the 
determination formula (7.8) critical position can be adopted. 


The influence line for moment Mc is a triangle as shown in figure 7.20c. 
Firstly, suppose the motorcade passes the bridge from the right to left. The rear 
wheel of heavy motor of motorcade shown in figure 7.20a, that is, the fifth axle 
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120 kN 
(a) 70 KN 130 kN 60 kN 120kN 70 KN 130 kN 7OKN 130kN 


ty ti i 


Im 4mo 15m cae 10m 4m 15m REENU 15m 


120 kN 
(b) 60kKN 120kN 70 KN 130 kN 


14m 
A Cc B 
“15m 25m 5 
K “0m >| 
© 9.38 
8.507 5.63 
6.00 4.13 
At T B 


Influence line for Mc (m) 


Fic. 7.20 — (a) Motorcade passing beam bridge from right to left, (b) the most unfavorable 
position of live loads, (c) influence line for moment Mc. 


weight 120 kN from the left of the loads is placed at point C (figure 7.20b). The 
determination formula (7.8) is applied to check as follows: 
60 kN + 120kN 2 60kN + 70kN + 130kN 
15m 25m 


60 kN + 120kN + 120kN z 70 kN +130 kN 
15m 25m 


The position is a critical position and the corresponding value of Mc is 


Mc = 60kN x 6.00 m + 120KN x 8.50m+120kN x 9.38 m 
+ 70kN x 5.63m + 130kN x 4.13 m = 3436.6 kN-m 


Secondly, assume the motorcade passes the bridge from the left to right 
(figure 7.21a). The rear wheel of heavy motor of the motorcade, that is, the fifth axis 
weight 120 kN from the right of the loads is applied at point C (figure 7.21b), and 
the determination formula (7.8) is used to check: 


130kKN+70kN 120kN+120kN+60kN+130kN+ 70kN 
15m 25m 


130 kN + 70kN + 120 kN = 120 kN + 60 kN + 130 kN + 70 kN 
15m 25m 


This position is also a critical position and the corresponding moment Mc is 


Mc = 130kN x 0.63m+ 70kKN x 3.13m + 120 kN x 9.38 m + 120 kN x 8.85m 
+ 60kN x 7.35 m+ 130kN x 1.73m +70kN x 0.23 m = 3170.6 kN-m 
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Comparing the above calculated results, it is known that the loading position 
shown in figure 7.20b is the most unfavorable position. The maximal moment of 
section C is 3436.6 kN-m. 

(a) 


120 kN 
130 KN 70 kN 130kN 70kKN 120kKN 60kN 130 KN 70 kN 


i i} i 


15m fme 15m 4m, 10m HEN 15m 4m 15m 
14m 


(b) 120 KN 
130KN 70KN 120kN  60kN 130 KN. 70 KN 


Am. 10m 4m. 15m {m 
m 


1.4 ° 

A : C ; B 
i 15m 25m i 

k > i 

(c) 
9.38 
8.85 735 

0634 173 0.23 
A T 7 


Influence line for Mc (m) 


Fic. 7.21 — (a) Motorcade passing beam bridge from left to right, (b) the most unfavorable 
position of loads, (c) influence line for moment Mo. 


7.6 Kinematic Method for Constructing Influence Lines 
of Statically Indeterminate Beams 


First of all, according to the principle of virtual displacements for a deformable 
body, the basic formulation for constructing the influence line of internal force or 
reaction of the statically indeterminate structure is derived. This formulation is the 
same as the basic formulation for force influence line of the statically determinate 
structure by the kinematic method. Moreover, a simple and convenient method is 
established, which can exactly and accurately calculate the influence line equations 
of support reactions and internal forces of statically indeterminate structures. 

The influence line for response Z, standing for the reaction and internal force of 
statically indeterminate structure is considered to construct. On the one hand, the 
force state of the original structure under unit moving load Fp = 1 displayed in 
figure 7.22a is equivalent to that of the released structure by relaxing relevant 
constraint with constraint force (generalized load) Z, in figure 7.22b. Its support 
reaction is Fg, and the internal forces are M(x), Fy(x), and Fs(x). The generalized 
load Z, of the released structure in figure 7.22b is equal to the corresponding 
internal force of the original structure, and the dashed lines in figure 7.22 are the 
deflected curves, which are identical to the deflected curves of the original structure. 
Here, the force states and the displacement states of the original structure and the 
released structure are the same. On the other hand, assume that the released 
structure is exerted by a unit generalized displacement ¢, = 1 relevant to the relaxed 
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constraint, and there are no other support displacements. Then, the released 
structure yields the virtual displacement dp at the point corresponding to the unit 
moving load and the virtual strains K, € and Yọ shown in figure 7.22c. 


(a) 


(b) 


(c) 


Fic. 7.22 — (a) Original structure, (b) released structure, (c) released structure with unit 
generalized displacement. 


Substituting above two states into the virtual displacement equation of 
deformable body yields: 


Z,-1+1-dp = > | r+ FNE + Fsjy)da (7.9) 


It is known from the analysis that the right-hand term of equation (7.9) is zero, 
that is, the internal virtual work done by the internal forces of statically indeter- 
minate structure under unit moving load and generalized load undergoing the vir- 
tual strains of its released structure caused by virtual unit displacement in the 
direction of respective restraint is zero. Therefore, equation (7.9) becomes 


Z (z) = —dp(z) (7.10) 


Equation (7.10) is the basic formulation for drawing influence lines for reactions 
and internal forces of the indeterminate structure via the kinematic method. It 
means that the influence coefficients Z,(x) of internal forces or reactions of the 
original structure are exactly equal to the virtual deflections of the released structure 
with unit generalized displacement at the acting point of unit moving load, but its 
sign is opposite. Clearly, the formulation of the kinematic method for constructing 
the influence lines for reactions and internal forces of statically indeterminate 
structure derived from the principle of virtual displacements is consistent with that 
of statically determinate structure. 

It is worth noting that the basic formulation equation (7.10) of the kinematic 
method can also be derived from the theorem of reciprocal works. Under the unit 
moving load Fp = 1, the indeterminate structure generates some deformations and 
internal forces, for example, as displayed in figure 7.22a. The equivalent released 
structure of this state is defined as state I (figure 7.22b). This state is equivalent to 
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relaxing the corresponding constraint at Z,, and acting the external force Z, equal to 
the constraint force of the original structure. Meanwhile, the state of forces and 
deformations of the released structure caused by a generalized displacement in the 
direction of relaxed constraint in figure 7.22c is defined as state II. 

The external forces of state I include the unit moving load Fp = 1 and generalized 
load Z,. The displacements of state II include the unit generalized displacement 
@ = 1 (without support displacement) and the displacement dp along the direction 
of the unit moving load. According to the reciprocal theorem of works, we have 


Wiz = Way 


The work done by external forces of state I undergoing the displacements of state 
IL is: Wig = 1 - ôp + Z, - 1. If the external forces of state II are 0 (when the released 
structure is statically indeterminate structure, and the support displacement is 
caused by the support settlement, then the external force is 0), and the support 
displacements of state I corresponding to support reactions of state II are 0, then 
W., = 0. If the external forces of state II are not 0 (for example, the corresponding 
generalized displacement of the statically indeterminate structure shown in 
figure 7.22c is caused by the external force F), but the relative displacement 
corresponding to a pair of non-zero external forces in the original structure is 0 
(the generalized displacement of the left and right sides of section E in figure 7.22b, 
i.e., the relative rotation is zero), then there is still W>, = F x 0 = 0. Thus 


Wig = 1- 5p +Z- 1= Wo =0 (7.11) 


In terms of equation (7.11), the influence line formula equation (7.10) of struc- 
tural reaction and internal force can be obtained. 

According to the formulation of equation (7.10), the process of the kinematic 
method to construct the influence lines for reactions and internal forces of statically 
indeterminate structures is proposed as follows. 


(1) In order to determine the influence line for internal force or reaction force Z of 
the statically indeterminate structure, we remove the constraint corresponding 
to the internal force (reaction force) Z to form the released structure. Impose 
the corresponding generalized unit displacements ôg = 1 corresponding to the 
relaxed constraint of released structure, and take the deflected curve as the 
shape of the influence line for the statically indeterminate force. 

(2) Utilize the load-displacement differential relationship of the prismatic beam 
with bending stiffness ET: 


Ely (x) = q(x) 


Since the released structure has no distributed loads, namely g(x) = 0, the 
analytical expression of the deflection curve of each segment for the released 
structure is a cubic polynomial function 


ylz) = ax®+ ba? +cat+d 
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Considering the specific cases of the displacement and force of segments in 
beam-like structures, four boundary and continuity conditions for every seg- 
ment can be written. 

(3) Substituting the four boundary and continuity conditions for every segment of 
the released structure into the deflection curve function with 4 undetermined 
coefficients and its first, second, and third-order differential formulas, connect 
the solved deflection curves of segments to achieve the displacement curve 
y(x) of the released structure. Consequently, the analytical influence line 
equation Z(x) = y(x) of the statically indeterminate internal force (reaction 
force) can be quickly obtained. 


Finally, construct the curve diagram of the cubic function according to the 
analytical equation of the influence line. The influence coefficient above the abscissa 
is taken as a plus sign, and that below the abscissa is taken as a minus sign. On this 
basis, the most unfavorable position of loads and the most unfavorable internal 
forces of indeterminate structure can be determined. 


Example 7.10. Draw the influence lines for shear Fsp and moment Mp at section D 
of the two-span statically indeterminate continuous beam shown in figure 7.23. 


Fel 


> 


Fic. 7.23 — Two-span statically indeterminate continuous beam. 


Solution: (1) Construct the influence line for Fp. 

Relax the section D of original structure with a sliding device, and obtain the 
released structure with three segments. Subsequently, impose the unit relative 
translation 6p = 1 at D, and outline the influence line shape of shear Fsp according 
to the virtual displacement diagram in figure 7.24. 


Fic. 7.24 — Shape of influence line for shear Fp. 


Three cubic polynomials y,(x) = az* + ba” + cx + d of released structure are 
written, which contain 12 undetermined coefficients. Twelve boundary and conti- 
nuity conditions are listed as: 
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y (0) = (D) = (D) = ys(21) = 0, y(1/2) — (1/2) = 1, yy (1/2) = y (1/2), 


W) = (1), Ely! (0) = Elys(21) = 0, Ely; (1) = Elys(1), 


Ely) (1/2) = Ely (1/2), Ely (1/2) = Elys'(1/2) 


After calculating the undetermined coefficients by solving simultaneous linear 
algebraic equations, the influence line equation for Fsp can be obtained 


15, 5 
— p- <a< 

Ip” I (0<x<1/2) 

(x) Ta p (/2<r< Ù 
y AB” Al’ | QOS 

13 3, 11 3 
| | l<z<2l 
gp’ tapt gatta CSS 


(2) Construct the influence line for Mp. 


Relax the section D with a hinge to get the released structure with three seg- 
ments, and then impose the unit relative rotation 0p = 1 at hinge D and outline the 
influence line shape of moment Mp according to the deflected curve, as shown in 


figure 7.25. 


Fic. 7.25 — Shape of influence line for moment Mp. 


Similarly, three cubic polynomials y;(£) = a? + ba? + cx + d of the released 
structure with 12 unknown coefficients are listed, and 12 boundary and continuity 


conditions are written as: 
yi(0) = (l) = y(i) = ys(21) = 0, y (1/2) = y(1/2), 


v (1/2) — yo (1/2) = 1, Y) = (1), Ele) = Ely; (0), 


Ely} (0) = Elys(2l) = 0, Elyi (1/2) = Ely; (1/2), Ey" (1/2) = EIyz (1/2) 


The unknown coefficients are solved, and the influence line equation for Mp is 


formulated 
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Finally, take L= 6 m and draw the influence lines for Fsp and Mp shown in 
figure 7.26. 


@ 2 


Influence line for Fsp Influence line for Mp (m) 


Fic. 7.26 — Influence line for Fsp and Mp of two-span statically indeterminate continuous 


beam. 


Example 7.11. Construct the influence lines for support reaction FrRg, moment Mg 
and moment Mg at section E of the statically indeterminate beam with 3 degrees of 


indeterminacy in figure 7.27. 


= 


A Boo E ¢ z 
a 


Fic. 7.27 — Statically indeterminate beam with 3 degrees of indeterminacy. 


Solution: (1) Construct the influence line for Fpp. 

Remove the support B and obtain the released structure with three segments. 
Then, impose unit displacement dg = 1 at B, and outline the influence line shape of 
reaction Frp in figure 7.28. 

Three cubic polynomials y,(z) = a3 + ba? + cx + d of the released structure 
are formulated. Twelve boundary and continuity conditions are listed as follows 


y (0) = yo(2l) = y3(21) = (3) = 0, (2) = w(t) = 1, (0) = 0, 


A) =%() =0, (21) = (21), Ely, (21) = Elys (21), Elys(3l) = 0 
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Fic. 7.28 — Influence line shape for FRg of three-span statically indeterminate beam. 


As a result, the influence line function for F’pp can be obtained as follows: 


2 3 
-ttia (0<2<1) 
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(2) Construct the influence line for Mp. 


The released beam is divided into three segments. Then, impose unit relative 
rotation 0g = 1 at the left and right sides of hinge B, and outline the shape of 
influence line for Mg, as shown in figure 7.29. 


Fic. 7.29 — Influence line shape for Mg of three-span statically indeterminate beam. 


Combine the deflection equations of released beam with the following 12 
boundary and continuous conditions: 


yi(0) = y () = yo(2) = (20) = y3(21) = y(31) = 0, ¥,(0) = 0, 


vw) — AM) =1, (2) = (2), Ely) = EI), 


Elyf (21) = Elyi(2l), Ely{(31) = 0 


After the undetermined coefficients are addressed, the analytical equation of 
influence line for Mp is expressed as: 


6 3 6 2 
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(3) Construct the influence line for Mp. 


The released structure is divided into four segments. Then, impose the unit 
relative rotation 0g = 1 at the left and right sides of hinge E, and outline the shape 
of influence line for Mp, as exhibited in figure 7.30. 


Fic. 7.30 — Shape of influence line for Mp of three-span statically indeterminate beam. 


Combining the deflection functions of released structure with 16 boundary and 
continuous conditions as follows: 


m(0) = y (1) = yl) = ys(2l) = ya(21) = ya(3l) = 0, yo(31/2) = y3(3l/2), 


y,(0) = 0, (D = wD, y4(31/2) — y4(31/2) = 1, (20 = (20), 
Ely{(l) = Ely, (1), Ely; (31/2) = Ely (31/2), Ely;(2l) = Ely; (20, 


Ely (31) = 0, EIJ} (31/2) = Ely (31/2) 
the influence line function for Mg is obtained as 


9 3 9, 
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Finally, take l = 6 m and draw the influence lines for Mg and Mg, respectively, as 
displayed in figure 7.31. 


@ * (b) 3 


-10 Influence line for Mp (m) 4l Influence line for Me (m) 


Fic. 7.31 — Influence line for Mg and Mg of three-span statically indeterminate beam. 
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Problems 


7.1 Apply the equilibrium method to draw the influence lines for reactions and 
internal forces of structures: 


(a) Fya, Ma, Mo, Feo. 

) Fya, Mc, Fc, Fxo of inclined beam. 
(c) Fay, FR, Fsc, Mo. 

) Fra; Fp, Mp, Figp. 


Ha 


Fic. P7.1 


7.2 Apply the equilibrium method to draw the influence lines for Fra, Fsg, Mp, Fr, 
Fro, Frp, Mp, and Pop of beam. 

Remark: The influence lines for various responses of auxiliary part (AB) are 
the same as those of simply supported beam, and there is no ordinate in the basic 
part (BD). 

The influence lines for various responses of basic part (BD) in segment BD 
are the same as those of the cantilever beam BD, and it is straight line in 
segment AB. 


Fic. P7.2 
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7.3 Apply the equilibrium method to construct the influence lines for Ma, Fya, Mx, 
and Fg; of the frame. Suppose that both Ma and My making the inside of member 


in tension are positive. 


Fic. P7.3 


7.4 Apply the equilibrium method to construct the influence lines for Fra, Fro, F: te 
FR, Mr, Fgp, Ma and Fsg of the multispan statically determinate beam. 
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7.5 Apply the equilibrium method to construct the influence lines for Fra, Ppp and 
Mz, of the multispan statically determinate beam. 
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7.6 Apply the equilibrium method to draw the influence lines for axial forces Fyı, 
Fy. and Fyg of the truss (the loadings are divided into the two cases of acting at the 
top and bottom cords, respectively). 


10 equal einen. each 21 m 


Fic. P7.6 


Influence Lines for Structures under Moving Loads 343 


7.7 Construct the influence lines for Mc and Fsc of frame, where the unit horizontal 
load moves along the column height. 


fee 


>< 


Fic. P7.7 


7.8 Apply the kinematic method to draw the influence lines for Mp, Fi and F of 
beam. 


Jim|in| 2m 2m | ony 


Fic. P7.8 


7.9 Apply the kinematic method to redo problems 7.4 and 7.5. 
7.10 Apply the kinematic method to draw the influence lines for axial forces Fyı, 
Fyo, Fy3 and Fy4 of the truss. 


Fic. P7.10 


7.11 Determine the reactions Fra, Frp and internal forces Fgc and Mc of the beam 
under the loads by using the influence line. 


q=10 kN/m 
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Fic. P7.11 
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7.12 Determine the most unfavorable position of motorcade on the influence line for 
response Z shown in the figure and the absolute maximum value of Z. 


70 KN 130 KN 50 kN 100 KN 50 kN 100 kN 


A E NOE E 
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Influence line for Z 
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7.13 Determine the most unfavorable position of loads for Mc and Fsc of crane 
beams with the moving two cranes shown in the figure, and calculate the corre- 
sponding maximum and minimum responses. 
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7.14 Construct the influence line for shear Fsc of section C in the statically inde- 
terminate beam. 


Fic. P7.14 


7.15 Construct the influence line for moment M of section I at the middle of span 
BC in the four-span frame with 9 degrees of indeterminacy. 
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Chapter 8 
Matrix Displacement Methods 


For the analysis of force and deformation of complex structures, traditional 
approaches of structural analysis rely heavily on hand calculation in which there 
may exist serious difficulties. On the one hand, the computational cost by hand is 
huge. On the other hand, the calculation procedure is too complicated to prevent 
making mistakes. The shortcomings of traditional approaches have limited their 
wide application in engineering. With the development of computer and computa- 
tional science and technology, it is demonstrated that the mechanical analysis 
approaches based on computer calculation are powerful for reducing the demanding 
computational efforts. Thus, the engineers can be free from cumbersome manual 
calculations and focus on other creative works. In conjunction with the blooming of 
engineering digitalization design, informatization, and intelligentization technology, 
computer-aided and automatic structural analysis has received extensive attention 
and made great progress. In fact, the matrix displacement method (or, matrix 
stiffness method) is representative. 

By the 1950s, the Greek mechanician Argyris J.H. proposed the matrix analysis 
method (including matrix displacement method and matrix force method) for the 
analysis of complex structures in the aircraft industry. Like the traditional force 
method, the matrix force method requires choosing a primary structure. This 
approach is rather complicated since many cases should be considered during the 
implementation, and at present it is rarely adopted. The matrix displacement 
method establishes the stiffness matrix for each element based on the slope-deflection 
equation and assembles the matrices of all the elements into a global stiffness matrix. 
Then, it constructs the equivalent nodal force vector and finally forms the global 
stiffness equation corresponding to the displacement method. Solving the global 
equation gives nodal displacements, and the nodal internal forces of the elements can 
be further obtained. The matrix displacement method has the following features: the 
numbering of nodal displacements and member elements as well as global structure 
are organized in a unified way. A standard and modularization procedure is devel- 
oped for forming the elemental and global stiffness matrices, and the global stiffness 
equation is solved conveniently through computer programming which matches the 
requirement of automatic computing. Actually, the matrix displacement method is 
an early form of the later-developed finite element method for continua. Therefore, it 
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is also termed the finite element method for member systems, and it can be derived 
via the principle of minimum potential energy. Learning the matrix displacement 
method is helpful for students to understand some important concepts and compu- 
tational procedures of the finite element method for continuum structures, and is a 
good way to deepen their comprehension on the finite element analysis. 

This chapter introduces the fundamental principle and some details of the matrix 
displacement method, including the elemental stiffness matrix and coordinate 
transformation for bending member, continuous beam and axial force member, 
global stiffness matrix of structure, equivalent nodal loads, computational proce- 
dure, and illustrative examples. 


8.1 Fundamental Principle of the Matrix Displacement 
Method 


The matrix displacement method is an approach of matrix analysis for member 
structures, which is based on the displacement method. In other words, it is a variant 
of the displacement method which is expressed in the form of a matrix and is more 
suitable to be solved with a computer. The nodal displacements in the matrix 
displacement method are also taken as primary unknowns. In this way, the com- 
patibility condition of deformation has already been satisfied when choosing the 
primary unknowns. According to the idea of the displacement method for selecting 
the primary system, the corresponding primary structure is unique. Slightly different 
from the displacement method, the matrix displacement method generally considers 
the axial deformation of frame members and treats all the members of the frame 
including statically determinate elements as the beams with two ends clamped. 
Hence, only one type of basic member with two ends clamped is defined in the 
matrix displacement method. In this way, the number of primary unknowns can be 
determined easily, and it is convenient to standardize the procedures of structural 
analysis and calculation. 

The matrix displacement method consists of two steps: the first one is elemental 
analysis and the second one is global analysis. In a member structure, a member is 
normally taken as an element, and thus the whole structure is divided into many 
elements. It is seen that the member structures are naturally discrete structures. The 
purpose of elemental analysis is to construct the elemental stiffness equation and 
form the elemental stiffness matrix. The elemental stiffness equation refers to the 
equation that the end force vector F° and the end displacement vector A° of a 
member element e satisfy, and it is expressed as follows: 


5.6 Je 


F°=k A 


where K‘ is the elemental stiffness matrix of element e. 

The purpose of global analysis is to combine all the elements together, to form 
the global stiffness matrix by assembling all the element stiffness matrices following 
certain rules, to obtain the basic equation of the matrix displacement method, and 
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to solve the nodal displacements and inner forces. Similarly, the global stiffness 
matrix is the one the nodal force vector F and nodal displacement vector A have to 
satisfy: F = KA. Furthermore, the basic equation of the matrix displacement 
method in the form of a matrix is specified by 


KA=P 


where K is the global stiffness matrix, A includes all the unknown nodal 
displacements and P includes all the nodal forces related to the unknown nodal 
displacements, the non-nodal loads should normally be transformed into equiv- 
alent nodal forces. The assembling rule to form the global stiffness matrix from all 
the elemental stiffness matrices is a core content of the matrix displacement 
method. 

Then, solving the basic equation of the matrix displacement method, which is a 
set of linear algebraic equations, yields the nodal displacements: 


A=P'K 


Once all the nodal displacements are solved, the nodal forces and the reaction 
forces from supports can be calculated directly with the elemental stiffness equation, 
and the internal forces of the structure can be further obtained. The main advantage 
of the matrix displacement method is the uniform and standard solving procedure, 
i.e., all the elements are treated in the same way during the analysis, and this feature 
is definitely beneficial for computer programming implementation since it makes full 
use of the advantage of computer in dealing with repetitive works to conduct 
structural mechanics analysis with high efficiency. 


8.2 Elemental Stiffness Matrix 


An element is a single member of a member structure. The elemental stiffness matrix 
reflects the relationship between the member end forces and the member end dis- 
placements for two ends of an element. Figure 8.1 depicts an element e of a straight 
member with an equal cross-section in the planar frame, in which the length of the 
member is l, the cross-section area is A, the moment of inertial is J and elastic 
modulus is FE. For generality and also accurate description, the effect of axial 
deformation is considered in addition to the bending deformation of the element. 
There are 3 displacement components on each end including two line displacements 
and one rotation, so in the most general case, there are a total of 6 displacement 
components for an element of the plane member system. 
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Fic. 8.1 — Element of a straight member in planar frame. 
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The local numbering as “1” and “2” of two endpoints (nodes) of an element is 
adopted, as shown in figure 8.1. The direction from end 1 toward end 2 is specified as 
the positive direction of the member axis. In the figure, the coordinate system TẸ is 
adopted where the axis overlaps the member axis. The coordinate system is called 
the local coordinate system. The bar above the letters x and y, i.e., and ¥, is the 
mark of the local coordinate system. 


8.2.1 Elemental Stiffness Matrix in Local Coordinate 
System 


In the local coordinate system, each end of a general element has normally 3 dis- 
placement components W, v, and 0, and the corresponding force components F,, F}, 
M, respectively. The positive directions of displacement and force components are 
demonstrated in figure 8.2. 


A A 
e 
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Fic. 8.2 — Positive directions of displacement and force components of an element. 


The member end displacement vector A’ and the end force vector F° of element 
are formed by arranging the 6 member end displacement components and the 6 end 
force components in a certain sequence: 


4 (da Ai) Ais) 4 A) Ae) = (T T, 0; T Tz 0) (8.1) 
F =( Fay Fo Fa) Fa Fo) Fo)" = (Fu Fy M Fao Fy M2) 


The 6 members in the above vectors are numbered (1), (2),..., (6). Since they are 
numbered in each element separately and are not numbered uniformly in all ele- 
ments of the frame, they are also called local numbering. The local numbers (1), (2), 
... of the member end displacement components (or member end force components) 
are marked in brackets, which is a sign of local numbering. 

Now we discuss the elemental stiffness equation. The elemental stiffness equation 
is the equation that is established when solving the member end forces with member 
end displacements, it is also denoted as the “A — F” equation. For small defor- 
mation problems, the coupling between the deformations from axial loads and 
bending loads is negligible, so the elemental stiffness equations for each case are 
derived separately. 
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Firstly, the member end forces Fy and F',2 can be calculated with the member 
end displacements u, and uz: 


Te EA —e —e 
Fa 7 — Uy) 
8.2 
= FA, (8.2) 
12 5 -7 — Uy) 


Secondly, the member end transverse forces Fy, Fy and the member end 
moments Mı, Mə can be calculated with the member end transverse displacements 
Tı, U and end rotations 0), 02. According to the slope deflection equations (6.5) and 
(6.6), using the notation as well as plus and minus sign specification in this chapter 
yields 


—e 4El-e 2KI-e 6EI 


Mj = 0, + 0+ OT) 
—- 2EI-e AEI-e 6EI,. _, 
M, = 7 0; 7 0, 2 (vi — 03) 
(8.3) 
me GEI ze se, 12EI e _, 
yi =p (8, +0) + B (Ui — 05) 


Actually, the 6 stiffness equations in equations (8.2) and (8.3) have been derived 
in the chapter of displacement method. Now, we combine and rewrite them in form 
of matrix, namely 


EA ! EA í 
Fal" 12EI 6EI | 12EI 6EI A 
z 0 5 a 0 -5 = 
Fa Į Rt l i z 
ae 6EI 4EI | 6EI 2ET = 
Mi t oe og ie ee g |S 
= — A eaii 1 Po ge ne pe te et E a eT == (8.4) 
Fa = = 0 0 | fa 0 0 U2 
Fy 12EI GEL | i 12EI 6EI E 
Mo 0 — B m B P Oo 
j 6EI 25I '! r 6EI 4EI 
P i P l 
Equation (8.4) is rewritten as 
F =k A (8.5) 


350 Structural Analysis 


where 
EA 1 EA p 
C S O a a 
12EI 6EI 12EI 6FEI 
0 B gt 0 -p p 
6EI 4EI ià 6EI 2EI 
"O ae ee ae ee See 
k = i ar Spier eee ie ae ie (8.6) 
oe ae A J 
12EI 6EI 12EI 6EI 
0 - B pt B 2 
i 6EI 26i ty 6EI 4EI 
L l i R l 


Equation (8.5) is the elemental stiffness equation in local coordinate system, and 


k“ is the elemental stiffness matrix in the local coordinate system which is a 6 X 6 
square matrix. 


8.2.2 Properties of Elemental Stiffness Matrix 


(1) Physical meaning of elemental stiffness coefficients 


The elements in k“ are termed as the elemental stiffness coefficients, which rep- 
resent the member end forces caused by unit displacement of member end. Normally, 


the coefficient Ey in the ith row and the jth column indicates the value of the ith end 
force component F; when the jth end displacement component 4; equals 1 (while 
the other displacement components are zeroes). In simple words, the first subscript 
of an elemental stiffness coefficient represents the location of member end force, 
whereas the second subscript represents the reason for resulting in this member end 
force. 


(2) Symmetry 


The symmetry of K‘ refers to the elements in it satisfy the following relationship: 
7e ze 
ky = kj (8.7) 
In fact, this property also is easy to be derived from the theorem of reciprocal 
reactions. 


(3) Singularity 


The stiffness matrix k“ of a general element is a singular matrix. If one adds the 
1st row (or column) with the 4th row (or column), the resultant coefficients of one 
row (column) all equal 0. Similarly, adding the 2nd row (column) with the 5th row 
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(column) also equal 0. It indicates that the determinant of the matrix k“ is zero, 
lels 


k|=0 (8.8) 


Thus, the matrix is singular and cannot be inverted. Hence, the member end 
force F° can be determined with a specified end displacement A according to 
equation (8.4). Nevertheless, one cannot solve the member end displacement A’ with 
a specified end force F° using the same equation. This point can be explained by the 
concepts of mechanics. Since the discussed is a general element, of which the two 
ends are free from any support constraint, the member contains any rigid body 
displacement apart from the axial and bending deformations resulting from the end 
forces. Hence, the specific member end force F° cannot yield a unique solution of A, 
unless sufficient displacement constraint conditions are applied. 

Finally, it is pointed out that, equation (8.4) is the stiffness equation of a general 
element, where 6 member end displacements can be set arbitrary values. There are 
some special elements in structures, namely, one or some member end displacements 
of the element are known as 0, which cannot be set arbitrarily. The stiffness equa- 
tions of special elements need not to re-derived additionally, which can be obtained 
automatically with some special treatments on the stiffness equation (8.4) of a 
general element. The structural matrix analysis focuses on the programming, 
standardization, automation of computational procedures. Therefore, the stiffness 
matrices of non-standard special elements are not presented usually to avoid 
unnecessary complex operations. The standard form, i.e., stiffness matrix (8.6) of a 
general element is adopted, and various special forms of elemental stiffness matrix 
will be formed automatically by computer programming. 


8.3 Coordinate Transformation of Elemental Stiffness 
Matrix 


8.3.1 Elemental Stiffness Matriz in the Global Coordinate 
System 


In the previous section, the elemental stiffness matrix in the local coordinate system 
is established. Note that, the directions of the member axes of a complex structure 
are usually distinct, and the local coordinate systems of these members are different 
and are not uniform. For the convenience of structural analysis, one has to choose a 
public coordinate system, which is also termed the global coordinate system or 
structural coordinate system. In what follows, the elemental stiffness matrix in the 
local coordinate system is transformed into the global coordinate system by means 
of coordinate transformation. 
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Fic. 8.3 — Relation between local and global coordinate systems. 
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Firstly, a global coordinate system Oxy is defined, and the angle a between its 2- 
axis and the axial axis z of the local coordinate system is considered to be positive 
when it is along the clockwise direction, as shown in figure 8.3. The member end 


force components in the local coordinate system are denoted by F“, Fi, M‘ as shown 


in figure 8.3a, and the member end force components in the global coordinate sys- 
tem are denoted by F, Fp, M° as shown in figure 8.3b. Obviously, the nodal force 


components in the local coordinate system can be expressed in terms of the nodal 
forces in the global coordinate system, and the relationship between them is speci- 


fied by 


Rewriting the above equation in the form of matrix gives 


FFE e 
Mi = My 


M, = M$ 


cosa sina 0 
—sing cosa 0 
0 0 1 

0 0 0 

0 0 0 

0 0 0 


=--------p------- 


Fa = Fa cosa+ Fy, sina 
F = —F%sina+ F° 


y1 COS X 


smi e e goj 
Pig = Fp cosa + Fi, sin a 


= È gi e 
= — F sin a + Fy, cosa 


0 0 0 

0 0 0 

0 0 0 
cosa sina 0 
—sing cosa 0 
0 0 1 


Equation (8.10) can be expressed in an abbreviated form as 


F°= TF° 


(8.9) 


(8.10) 


(8.11) 


where the matrix T is termed as the coordinate transformation matrix of an element, 
and it is specified by 
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cosa sing 0 i 0 0 0 
—sin« cosa 0 0 0 0 
0 0 1 | 0 0 0 
T Ee L ------------------ (8.12) 
0 0 0 i cose sing 0 
0 0 0 i —sina cosa 0 
0 0 Of 0 0 1 


In fact, equation (8.11) is the transformation formulation for the member end 
forces of the element in two coordinate systems. 

It can be proven that T is an orthotropic matrix. The inverse of T is equal to its 
transpose, t.e., 


T! =T (8.13) 
Inversing equation (8.11) gives 
F°’=T'F’ (8.14) 


Likewise, the transformation relation of end displacements between the two 
coordinate systems can be determined. Denote the end displacement vectors in the 


local and global coordinate systems as A’ and A®, respectively. One has 


A =TA® (8.15) 


A-ha (8.16) 

The coordinate transformation between element end force and end displacement 
can be expressed in the form of 

F°= k°A° (8.17) 


where k® is the elemental stiffness matrix in the global coordinate system. 

In the following, we start to perform the coordinate transformation between the 
elemental stiffness matrix k° under global coordinate system and k“ under local 
coordinate system. 

The elemental stiffness equation under the local coordinate system for an element 
e is given by 


Fo=kA (a) 
Substituting equations (8.11) and (8.15) in equation (a) gives 
TF’ =k TA 
Multiplying both sides of the above equation with TT gives 
F° =T'K TA (b) 
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If one compares equation (b) and (8.17), it is found that 
F°=T'K TA (8.18) 


Equation (8.18) is the coordinate transformation of an elemental stiffness matrix 
between the two coordinate systems. The coordinate transformation matrix, k° can 
be calculated with k through equation (8.18). 


The elemental stiffness matrix k* has the same size with kK, and it also has similar 
properties: 


(1) The member kf represents the value of the ith nodal force component when the 
jth nodal displacement component is equal to 1. 

(2) k° is a symmetric matrix. 

(3) k“ is a singular matrix. 


Example 8.1. Determine the elemental stiffness matrix k° of all the members of the 
frame structure as shown in figure 8.4. The geometric dimensions are specified by: 
length ¿= 5 m, cross-section size bh = 0.5m xX 1m, A= 0.5 m°, E= 3 x 104 


MPa, EA/l= 300 X 104 kN/m, IJ = 1/24 mf, EI/l = 25 x 10* kN/m. 


Fic. 8.4 — Elements of a frame structure. 


Solution: (1) Calculate the elemental stiffness matrix in the local coordinate 
system Kk’. 

Figure 8.4a is the global coordinate system while figure 8.4b is the local coor- 
dinate system. There are 2 elements @ and @ in the frame which link points A and 
B, and A and C, respectively. Points A, B, and C are identified as nodes 1, 2 and 3, 
respectively. 


x =O -ð 
Because elements @® and @ have the same size, sok and k“ should be equal to 
each other. According to equation (8.6), it gives 
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300 kN/m 0 0 | —300kN/m 0 0 
0 12kN/m 30kN ! 0 —12kN/m = 30 kN 
ae =e, 0 30 kN 100kN-m | 0 —30kN 50kN-m 
=k =10' x 4------------------------------ Ce eee 
—300 kN/m 0 0 i 300kN/m 0 0 
0 —12kN/m —30kN ı 0 12kN/m —30kN 
0 30kN  50kN-m 1 0 —30kN  100kN-m 


(2) Calculate elemental stiffness matrix in the global coordinate system k°. 


For element ®: «= 0, T = I, according to equation (8.18), it gives 


300 0 0 ! -300 0 0 
0 12 30! 0 —12 30 
0 30 100! 0  =30 50 
kÊ =K? =10tx [------------------- es (8.19) 
-300 0 0 ! 300 0 0 
0 = =36 0 12 —30 
0 30 50 1 0  —30 100 


For element @: « = 90°, the coordinate transformation matrix is specified by 


0 1 
—1 0 0 | 
0013 7 

T = |------------ Aea 

' 0 10 
0 it Oo 
' 0 01 


The elemental stiffness matrix in the global coordinate system is specified by 


12 0 -30! -12 0 -30 
0 30 0 : 0 -300 0 
-30 0 100 30 0 50 


| 
= 
N 
=] 
w 
So 
= 
N 
So 
w 
So 


8.3.2 Elemental Stiffness Matrix of Continuous Beam 


For a general element, the 6 nodal displacements are all primarily unknown, so all 
the elements in the elemental stiffness matrix must be considered. In fact, there are a 
few special structures that exist in the structural analysis, in which some nodal 
displacement components of elements are known. Therefore, the known 
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displacements need to be taken into account in the elemental stiffness matrix, and 
some coefficients should be deleted to obtain a reduced elemental stiffness matrix. 
The continuous beam structure as shown in figure 8.5 is a typical case, in which the 
axial deformation is normally neglected for structural analysis, and the vertical 
displacements of the 3 nodes are all zero. Thus, only the rotational angles of 2 nodes 
in each element are unknown, and the corresponding nodal forces are member end 
moments. 


Fic. 8.5 — Nodal displacement unknowns of elements in continuous beam. 


According to equation (8.3), in case only the rotations at the nodes of the ele- 
ment are unknown the relation between nodal moment and rotation is formulated as 


e ABTic 2ET ie 
Mi =—-0,+ —-0, 
a4 2El-e 4EI—e 
M, = 0+ 0; 


(8.21) 


From equation (8.21), the elemental stiffness matrix of the continuous beam in 
the local coordinate system is 


Pay (8.22) 


It is seen that the elemental stiffness matrix of the continuous beam can be 
obtained by deleting the 1st, 2nd, 4th, and 5th rows and columns from the general 
elemental stiffness matrix. Herein, an extended conclusion is obtained: when one 
nodal displacement of an element is known as zero, the corresponding row and 
column should be deleted from the general elemental stiffness matrix to achieve the 
stiffness matrix of this element. 

Since the bending moments under the global and local coordinates are equal to 
each other, i.e., 


M, = Mẹ 


W (c) 
M; = M$ 
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Rewriting equation (c) in the form of matrix gives 
Mi 1 Ov) TM 
l= (8.23) 
M, 0 1) L 


F = TF° (8.24) 


It can be simplified into 


where the transformation matrix T equals the identity matrix I. 


Similarly, the element nodal displacements A’ of continuous beam in local 
coordinate system can also be represented by using the element nodal displacements 
A® in global coordinate system 


A =1A° (8.25) 


On the contrary, the element nodal forces and displacements under the global 
coordinate system can be represented by those under the local coordinate system, 
namely 


F° = IF (d) 
A =T (e) 


Consider the elemental stiffness equation in the local coordinate system, and 
substitute the coordinate transformation matrix into it, the following equation can 
be obtained 


IF° =k 14° (£) 


The elemental stiffness matrix in the global coordinate system of the continuous 
beam can be further obtained 


F° = ITK TA°= k° 4° (8.26) 
Thus 
ke =IkI=k (8.27) 


It is found that the elemental stiffness matrices of a continuous beam in the local 
and global coordinate systems are identical. 


8.3.3 Elemental Stiffness Matrix of Axial Force Bar 


Besides continuous beams, trusses are also widely used structures in engineering. The 
specialness lies in that, the members in a truss structure are connected through smooth 
pins, and the directions of resultant forces at the member end coincide with the bar 
axis. As a result, the bar is always under axial tension or axial compression state. For 
an axial bar element of a truss, the nodal forces are only related to end displacements 
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Fic. 8.6 — Nodal displacements and forces of the axial force barelement in a truss. 


and are independent of nodal rotations. Hence, the elements in the stiffness matrix 
related to nodal rotations should be eliminated in the analysis. For the axial force bar 
element in the truss as shown in figure 8.6, the relationship between nodal forces and 
nodal displacements under the local coordinate system is expressed by 


TE EA —e —e 

Fa = y Uy) 

Fe EA —e —e 

Fa = ——- (T-T) (8.28) 
aan 

Fy =0 


EA EA TA 
a re ee a 
F 0 0 0o of] 
aaee A an (8.29) 
Fa -2 0 — O6||® 
F 1 l 
a 0 0 0 oll% 


From equation (8.29), it is observed that the elemental stiffness matrix is 


EA 4 _EA 


l : l o 
a 0 0 0 0 
k = ; 
EA EA P20) 
ar a ar 


0 0 0 0 


The relation between element nodal forces in the local and global coordinate 


systems is written as 
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Fre . 

Fa = Fa cosat Fy, sina 
€ at e 

=F sina+ Pn COS & 


a E e $ 
F2 = Fi Cos & + Fpp sin a 


i 7 a Ea e 
F 2 = — Fz sin a + Fy, cosa 


Rewriting equation (g) in the form of matrix yields 


Fal cosa sing | 0 0 Fal’ 

Fy —sina cosa | 0 0 Fy 

eM S cece tetated oa een 2 (8.31) 
F2 0 0 : cosa sina} | Fy 

Fy 0 O i —sing cosa] | Fr 


Or equation (8.31) is simplified as 


F ‘= TF° (8.32) 
where the coordinate transformation matrix T is given by 
cosa sing 0 0 
—sina cosa 0 0 
T = |ecseessesssese ss pesseesseeesesse (8.33) 
0 0 | cose sing 
0 0 —sina cosa 


F“ is the nodal force vector of axial force bar element in global coordinate system, 
and it is given by 


Similarly, the element nodal displacements A’ under the local coordinate system 
can also be represented with the counterparts A* in the global coordinate system 


A =TA (h) 


where A® is the nodal displacement vector of axial force bar element in global 
coordinate system 


On the contrary, the element nodal forces and displacements in global coordinate 
system are expressed by those in local coordinate system, i.e., 
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F° =T'F* (i) 
Ae =TTA (i) 


Considering the elemental stiffness equation of axial force bar under the local 
coordinate system combined with the coordinate transformation, the following 
formulation is obtained 


TF’ =k TA° 


In terms of the property of the coordinate transformation matrix T, the elemental 
stiffness equation under the global coordinate system can be further written as 


F°= TK TA°=k°A° (8.34) 


where 


ke =T'KT (8.35) 


k“ is the elemental stiffness matrix of axial force bar in global coordinate system. 


8.4 Global Stiffness Matrix of Structure 


Section 8.3 discusses the relationship (elemental stiffness matrix) between nodal 
forces and nodal displacements of an element. On that basis, the relationship 
between nodal displacements and nodal forces of the whole structure (namely, the 
global stiffness matrix) is further discussed in this section. Global analysis is con- 
ducted based on elemental analysis, it derives a global stiffness matrix. Moreover, 
the geometric and equilibrium conditions on the nodes are considered, a global 
stiffness equation with the primary unknowns is established, and the basic equation 
of the matrix displacement method is obtained. Specifically, a frame structure is 
taken as an example in this section to elaborate the direct stiffness method for 
forming the global stiffness matrix from elemental stiffness matrices, this method is 
also termed as the element assembling method or stiffness assembling method. 


8.4.1 Element and Node Numberings 


In the global analysis of a structure, the element numbers should be defined for the 
identification of different elements. In the meantime, it is also necessary to define the 
global numbering of the nodal displacement to determine uniquely the location of 
one component of node displacement. For the frame shown in figure 8.4, there are 2 
elements i.e., element 1 and element 2, denoted by @ and @, respectively. The 3 
nodes are denoted by the unique numberings 1, 2, and 3 (corresponding to nodes A, 
B, and C). Moreover, the two nodes of element @ are 1 and 2 separately, and the 
nodes of element @ are 1 and 3. For each node, there are 3 displacement compo- 
nents: u, vand 0, and it makes the frame have a total of 9 displacement components: 
(1), (2),..., (9). According to the property of the elemental stiffness matrix, the 
original global stiffness matrix can be expressed as 
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Fr Kı K2 K Ku Uy 

Fy Ka Ko. Ko3 Koa v 

M, | _ | A31 K2 K3 Ka 0, (8.36) 
Fa Kı Ke Ky Ku ug l 


In the above matrix and vectors, the subscript of the nodal forces and nodal 
displacements are related to nodal numberings. It can be seen from the subscripts 
i= 1,2,... that the information of a single node occupies 3 positions in the nodal 
displacement and force vectors. The locations of the 3 displacements u;, v; and 0; for 
the ith node in the vectors are 3(i— 1)+1, 3(i— 1)+2 and 3(i— 1) +3, respec- 
tively. For a structure with N nodes, there should be 3N members in the nodal force 
and displacement vectors, and the size of the original global stiffness matrix should 
be 3N x 3N. Table 8.1 lists the local numbering and the corresponding global 
numbering of nodal displacements of the 2 elements. It is clearly shown that the local 
numbering of nodal displacements for each element is identical, in which its order is 
from (1) to (6). However, the global numbering of nodal displacements should be 
determined in terms of specific cases. According to the global numbering of nodal 
displacements in figure 8.4 (the numbers in brackets in figure 8.4a), it is found that 
the global numbering and local numbering are just the same for element @, but they 
are different for element @. The vector composed of the global numbering of the 
nodal displacements of an element is called an elemental locating vector. It indicates 
the corresponding relationship between the local and global numbering of nodal 
displacements of an element, from which the coefficients in the elemental stiffness 
matrix can be located in the global stiffness matrix in terms of the respective 
numbering. The locating vectors for elements ® and @ are given by 


go — p= 


DAUNE 
O ONUN- 


TAB. 8.1 — Local numbering and global numbering of nodal displacements of two elements. 


Element © Element © 
Local numbering Global numbering Local numbering Global numbering 
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8.4.2 Direct Stiffness Method for Assembling Global 
Stiffness Matrix 


The physical meaning of the element of a global stiffness matrix is the nodal force 
resulting from a unit nodal displacement, the element at the ith row and jth column 
represents the ith nodal force resulting when the jth nodal displacement is 1 (all the 
other nodal displacements are 0). In the global analysis, a nodal force should be 
contributed from all the related elements, so one should sum all the related coeffi- 
cients in each elemental stiffness matrix, and this process is actually the formation of 
the original global stiffness matrix through the superposition of the elemental 
stiffness matrices, and this method is also termed as direct stiffness method. The 
coefficient in an elemental stiffness matrix represents the nodal force resulting from 
some specified nodal displacement, while one should find out the new positions of 
the nodal displacement and nodal force under the global numbering in order to 
identify the position in the global stiffness matrix. In fact, the process of finding the 
new position in the global stiffness matrix can be realized by using the elemental 
locating vector. For an element coefficient k{;, its position in the global stiffness 
matrix during assembling the elemental stiffness matrices should be re-examined. Its 
original row and column numbers are, respectively, į and j, and then the new row 
and column numbers of the element in the global stiffness matrix are €°(i) and €°(). 
It is seen that there are two key steps of locating and accumulation in the direct 
stiffness method. Through the two steps, the coefficients of elemental stiffness 
matrices are directly assembled into the original global stiffness matrix. 

Taking the frame structure as shown in figure 8.4 again as an example, the 
elemental locating vectors for the two elements are 


&-[1 23 45 6], &=[1 23 7 8 gf 


Then, the stiffness matrices of elements © and @ are assembled into the global 
stiffness matrix by using the direct stiffness method. For element @, the coefficient 
ki of elemental stiffness matrix occupies the €°(i)th row and €°(j)th column in the 
global stiffness matrix. As a result, in terms of the following numbering way for 
arranging the positions of matrix coefficients the contribution matrix of element © 
is given by 


a) (2) (3) (4) (5) (6) 
EE uf { IEE 
1 2 3 4 5 6 
(1) > 1/300 0 0 !+-300 0 0 18 ® gQ 
(2) + 2| 0 12 30 ! 0 -12 30 98 @ 
(3) > 3| 0 30 100 + 0 -30 50 i& ® 8 
Ke = E A E ee r Se ey E R ł Re a T 
(4) + 4|-30 o o $30 0 0 ggg 
(5) > 5] 0 -12 -30 ! 0 12 -30 | @ @ @| x10 
(6) > 6| 0 30 50 i: 0 -30 100 18 8 ® 
eeseue suse sceeeec= r-------------------l---------- 
® 8 8® 1 ® 8 ® '® @ ® 
® 8 8 ! Ə 8 8 18 ® ® 
@ 8 @ +t Q ® 8 '@ Q Q 
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where ® represents that the contribution of the position of elemental stiffness matrix 
in global stiffness matrix is zero. 

For element @, the row and column numbers of the coefficient of elemental 
stiffness matrix in global stiffness matrix are €°(i) and €(j), respectively. Similarly, 
the contribution matrix from element @ is written as 


a (2) (3) (4) © 6) 
1 | l l i 1 
1 2 3 7 8 9 
Gy > 1 12 0 -30!: 9 ® ® 1-12 0 -30 
(2). = 2 0 300 01 ® ® ® i 0 -300 0 
(3) + 3 |-30 0 10! ® ® @® 1 30 0 50 
Ea a a een ee eee 
® ® D93! ® ® ®@ 1 ®@ ® ® 
K? = © 8 81 888! 8 @ Q |x10 
Q Q D9! 888i ®@ Q Q 
Sstiesccecetesoesed ee eS 
(4) => 7 1-12 0 30! & 8 & i| 12 0 30 
(5) > 8 0 -300 0! ® ® & ! 0 300 0 
(6) = 9 |-30 0 50 | 9 8 ® i 30 0 100 


The global stiffness matrix of the frame structure is the sum of the contrition 
matrices of two elements, namely 


K = K? +K? 
312 0 -30 i -300 0 0 -12 0 -30 
0 312 30 | 0 -12 30 |o -w0 0 
-30 30 200 |} 0 -30 50 ! 30 0 50 
e ————_—_ GEEEEEeeeEeEeEE 
-30 0 oO ! 30 0 0 & @ g 

=10x| 0 -12 -3 | 0 12 -0 9 8 @ 
0 30 50 į} 0 -30 10 |8 @ 28 
-2 0 3 | ® @ ® i12 0 30 
0 -300 0 } ® @ @® | 0 30 0 
-30 0 50 | ® @® @® i 30 0 100 


Now, there are still some marks ® in the global stiffness matrix, which means 
that there is no direct relationship between some of the nodes in the structure. From 
the frame in figure 8.4, it is seen that nodes 2 and 3 are not connected by a member, 
hence the corresponding positions in the global stiffness matrix can be neglected and 
should be set to 0. In this way, the original global stiffness matrix of the structure is 
determined by 
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312 0 -30; -300 0 0 i —12 0 -30 
Oo 312 30! 0 -12 30 + 0 -300 0 
-30 30 20: 0 -30 50 i 30 0 50 
E E EEEE Reid a fete tobe ete aE 
-300 0 Of 30 0 0 : 0 0 9 
K=10°x] 0 -12 -30: 0 12 -30 + 0 0 0 
0 30 50; 0 -30 100; 0 0 9 
-12 0 30; 0 0 0 + 12 0 30 
0 -300 0; 0 0 0O ; 0 300 0 
-30 0 50} 0 0 0 ! 30 0 100 

(8.37) 


8.4.3 Imposing Support Conditions 


Since node 2 is a pin support, all the displacement components except nodal rotation 
(global numberings 4 and 5) on it should be zero. Node 3 is fixed support, so all the 
displacement components (global numberings 7, 8, and 9) should be zero. For the 
case with known displacement components being zero, we can delete the corre- 
sponding rows and columns from the global stiffness matrix to achieve a reduced 
global stiffness matrix: 


312 0 —30 0 
0 312 30 30 

—30 30 200 50 
0 30 50 100 


K = 10° x (8.38) 


Such a method handling the constraints after forming the global stiffness matrix 
is termed as the post-treatment method. Since the size of the original matrix is 
reduced, the original numberings of rows and columns in the global stiffness matrix 
are changed as well. Consequently, other methods such as the setting large number 
method and the multiplying large number method are normally used in practice to 
introduce the constraint conditions of the structure. The global stiffness matrix 
treated by these methods is not reduced, and the size and numberings remain 
unchanged, which belongs to the post-treatment method. 

In fact, the constraint conditions of the supports can also be treated in the 
early stages. A feasible way is to set the global numberings of nodal displace- 
ment components corresponding to zero displacement constraints to be 0. All 
the members in the rows and columns of the elemental stiffness matrix corre- 
sponding to 0 in the elemental locating vector are not assembled into the global 
stiffness matrix. The benefit of doing this is that the size of the global stiffness 
matrix can be reduced, and the required computer memory space is also 
decreased. Such a method for treating constraint conditions is termed the pre- 
treatment method. 
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Herein, the theoretical basis of the pretreatment method is elaborated. Con- 
sidering the constraint boundary condition of the supports, the nodal displace- 
ment vector can be divided into two groups, i.e., Aa (unknown displacement 
vector) and A» (zero displacement vector, Ap = 0). Similarly, the nodal force 
vector of structure can also be divided into two groups, i.e., Fa (known nodal 
force vector) and Fy (unknown nodal force vector). They satisfy the following 


stiffness equation 
F, ~~ Kaa Kap A a 
F, Kpa Kop | | 4» 


The above stiffness matrix is partitioned into the sub-matrices corresponding to 
unknown and known displacement vectors. Considering that Ap = 0, we have 


Clearly, if the constraint conditions at the supports are treated in advance, the 
original stiffness matrix is reduced, and the reduced stiffness matrix is composed of 
the stiffness coefficients corresponding to the unknown nodal displacements. 

No matter which method is used, the pretreatment method or post-treatment 
method, the obtained global stiffness matrices are identical to each other. The 
post-treatment method is easier to understand and thus preferred for teaching. 
However, the pretreatment method is more widely adopted in commercial computer 
programs for large-scale structural analysis. 


8.4.4 Properties of Global Stiffness Matrix 


(1) Meaning of global stiffness coefficient 


The element Ky in a global stiffness matrix K is termed the global stiffness 
coefficient. It represents the ith nodal force F; when the jth nodal displacement 
component is 1 (all the other nodal displacement components are 0). 


(2) Global stiffness matrix is symmetric, i.e., 


Ky=Kji (8.39) 


(3) Global stiffness matrix is invertible and positive definite when sufficient dis- 
placement constraint conditions of supports are imposed. 

(4) With proper node numbering, the global stiffness matrix is a banded and sparse 
matrix. Although the illustrative example in this section involves the analysis of 
frame structure with only 2 elements, for the computation of complex frames 
and continuous beams with many elements the global stiffness matrix is banded 
and sparse. 
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8.4.5 Treatment of Pinned Joints 


The frame structure with pinned joints shown in figure 8.7 is used as an example to 
discuss some related methods for handling pinned joints. The node and element 
numberings of the structure are identical to the frame without any pinned joint. 
Based on the above-mentioned ways, the frame structure can be divided into 3 
elements, i.e., D, ©, and @ and 4 nodes as displayed in figure 8.7. According to the 
pretreatment method, the nodal displacement components at fixed supports C and 
D are set to (0, 0, 0). For each element, the local numbering remains unchanged, 
which starts from (1) to (6) in sequence. Nevertheless, global numbering should be 
paid attention. Since the 2 angular displacements of member ends connected with 
the pinned joint B are different, thus it can be regarded as two half-independent 
nodes (Bı and Bə). Their linear displacements are the same which is not indepen- 
dent, but their angular displacements are different which is independent. Hence, 
their linear displacements should adopt the same global numbering, while their 
angular displacements should use different global numberings. For example, the 
global numbering for node B; is (4, 5, 6) and for B» it is (4, 5, 7). In the process of 
assembling the elemental stiffness matrix, it is necessary to consider the corre- 
sponding global numbering of each element and elemental locating vector and take 
the elements into the global stiffness matrix in terms of the respective numberings 
and positions. 


Fic. 8.7 — Frame structure with pinned joints. 


8.5 Equivalent Nodal Loads 


8.5.1 Basic Equation of Matrix Displacement Method 


In section 8.4, the global stiffness matrix K is discussed and the global stiffness 
equation is established 


F=KA (8.40) 
Note that the global stiffness equation (8.40) is constructed based on the primary 


system of the displacement method of the original structure, This equation repre- 
sents the formula to calculate nodal forces F (i.e., the restraint forces resulting from 
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additional constraints in primary system) with nodal displacements A, and only 
reflects the stiffness properties of a structure while does not involve real loads acting 
on the structure. Equation (8.40) is not the basic equation of the displacement 
method for analyzing the original structure. 

In order to construct the basic equation of the matrix displacement method, let 
us recall the derivation approach in section 6.6 and consider the two states of the 
primary system of displacement method separately. 


(1) Assuming the loads are solely acting on the structure (nodal displacement 
vector A is set as 0), the resultant nodal force vector of primary structure is 
denoted by Fp. 

(2) Assuming the nodal displacements A are solely acting on the structure (the 
loads are taken as 0), the resultant nodal force vector is denoted by F = KA. 


The basic equation of the matrix displacement method should be formulated as 
F+Fp=0 
namely, 


KA+Fp =0 (8.41) 


8.5.2 Equivalent Nodal Loads of Elements 


In structural analysis using the matrix displacement method, in addition to 
assembling the global stiffness matrix and imposing the supporting constraints the 
loads acting on the structure must also be considered. The bearing external force of 
the nodes in the structure is called the nodal load, and the bearing external force of a 
member between two nodes is termed the inter-node load. In the matrix displace- 
ment method, the forces and displacements are all discussed on the nodes, hence the 
inter-node loads need to be transformed into equivalent nodal loads. The rule for 
such an equivalent transformation is that the resultant nodal constraint forces on 
the primary system are identical for the two kinds of loads. 

If the nodal constraint force vector in the primary structure resulting from 
the original inter-node load is Fp, then the equivalent nodal loads P are the negative 
of F P 


P=-Fp (8.42) 

Substituting equation (8.42) into equation (8.41), the basic equation of matrix 
displacement method is written as 

KA =P (8.43) 

It is seen from equations (8.40) and (8.43) that, if the nodal constraint forces 

F in global stiffness equation (8.40) is replaced by the equivalent nodal loads P, the 


basic equation (8.43) of matrix displacement method, namely, the structural 
stiffness equation, is obtained immediately. 
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In what follows, the fixed-end constraint forces (nodal constraint forces) of 
member elements under some typical inter-node loads are given, which are taken 
minus and become the equivalent nodal loads of the element. 


Fic. 8.8 — Distributed load at a member element. 


For the distributed load shown in figure 8.8, the fixed-end constraint forces of 
member element are written by 


Left node: 
Fp =0 
z a? a 
Fyp io( 1 2 Ste 5) 
qa a 
Mp =- 5 (s 8— +3 r) 
Right node: 


3 
Mp = £ (4-35) 


Fic. 8.9 — Concentrated load at a member element. 


For the concentrated load shown in figure 8.9, the fixed-end constraint forces of 
member element are expressed as follows. 
Left node: 
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Right node: 


= a b 
Fp = —Fp p 1+2 


Fic. 8.10 — Concentrated couple moment at a member element. 


For the concentrated couple moment in figure 8.10, the fixed-end constraint 
forces of member element are: 


Left node: 

F.p =0 

= Mab 

Fp = 6—5 

b 

Mp = M7 (2 — 33) 
Right node: 

Fp =0 

= Mab 

Fp = —6 E 


8.5.3 Equivalent Nodal Loads of Structure 


In subsection 8.5.2, the equivalent nodal forces of member elements under the 
inter-node loads are calculated, which is actually examined in the local coordinate 
system. When performing structural analysis, they should be transformed into the 
global coordinate system and assembled into the global load vector just like the 
assembling of the elemental stiffness matrix. Firstly, the equivalent nodal load vector 
of an element in the local coordinate system is calculated: P° = —F o It is trans- 
formed into the global coordinate system, and the corresponding equivalent nodal 
load vector P®° is given by 


p’=T'p’ = -T'F, (8.44) 


370 Structural Analysis 


Then, all the elemental nodal loads are assembled into the global nodal load 
vector in terms of respective numbering based on the elemental locating vector. 

Finally, the member end force of each element is the sum of the fixed end force 
and the resultant member end forces from equivalent nodal loads 


F =Fp+k A (8.45) 


Example 8.2. Calculate the equivalent nodal load vector P of the frame structure 
for example 8.1 as shown in figure 8.4 under the given loads displayed in figure 8.11. 


3 12 4.8 kN/m x 
1 


Fic. 8.11 — A frame structure under given loads. 


Solution: (1) Calculate the fixed-end constraint force vector F E of two elements in 
local coordinate system. 


For element @, in terms of relevant formulation the fixed-end constraint force 
vector in local coordinate system is 


Fpi 0 
Fypi —12 kN 
Fo = Mp, _ —10 kN-m 
P= |F | 0 
F ypo —12 kN 
Mps 10 kN-m 
For element © 
Fyp1 0 
Fpi 4 kN 
F _ Mp, _ 5 kN-m 
P| Fel 0 
F po 4 kN 
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(2) Solve the equivalent nodal load vector P* of two elements in global coordinate 
system. 


For element Q, in terms of equation (8.44) we have 


Fıpı Farı 0 0 

Fri Fpi 12 12 

M; M 10 10 

P® = Pl) = _poT| ZP | =] = 

Fp Frp2 0 0 

F p2 F p2 12 12 

Mp2 Mps —10 —10 

For element © 
Fpi Fpi 0 -1 0 0 0 0 0 4 
Fpi Fp 1 0 0 i 0 0 0 —4 0 
Mp, Mp, 0 0 1: 0 0 0 —5 —5 
P® = TT = ees PIERE eee PEN E 

Fy po F po 0 0 0 i 0 -1 0 0 4 
Fyp2 Fp 0 0 0 i 1 0 0 —4 0 
Mps Mp» 0 0 0 i 0 0 1 5 5 


(3) Compute the equivalent nodal load vector P of the frame. 


Assemble the nodal load vectors of elements into the global nodal load vector. 
Similar to the process of assembling the elemental stiffness matrix into the global 
stiffness matrix, the positions of nodal load vectors should also be determined via the 
elemental locating vector, and then added one by one in the global nodal load vector. 

For element @, the locating vector is ¢œ=|1 2 3 4 5 6]', and the 
contribution of nodal load vector of element in the global nodal load vector is 


P,=(0 12 10 0 12 -10 & ® Q] 


For element @, the locating vector is č? = [1 2 3 7 8 9]' and the con- 
tribution of nodal load vector of element in the global nodal load vector is given by 


P,=(4 0 -5 9 & & 40 5f 
Adding the two vectors of contribution leads to the global nodal load vector 
P=P,+P,=(4 12 5 0 12 -10 4 0 5] 


Since for nodes 2 and 3, there exists the case that the known displacement 
components are zero (of which the global numberings are 4, 5, 7, 8, and 9), the 
corresponding elements in the global stiffness matrix have been removed, and sim- 
ilarly, the respective elements in the global nodal load vector also need to be 
removed. Finally, the global nodal load vector of the frame structure is achieved 
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4kN 
12 kN 
5 kN-m 
—10 kN-m 


P= 


8.6 Computational Procedures and Examples 


In the matrix displacement method, after obtaining the global stiffness matrix and 
global nodal load vector only nodal displacements are unknown, and the nodal 
displacements and nodal loads satisfy the basic equation (8.43). For such a set of 
linear algebraic equations, they can be solved by means of matrix algebraic opera- 
tion to give all the elements in the nodal displacement vector A: 


A= KP 


When implementing structural analysis by the matrix displacement method, a 
unified and standard procedure can be followed: assemble the elemental stiffness 
matrix and nodal load vector into the global ones, and then solve the linear algebraic 
equations to obtain the nodal displacements. Thus, the matrix displacement method 
is very suitable to be implemented with computer programming. 

For the example illustrated in figure 8.11, the nodal displacements can be 
directly computed as 


32.59 —0.28 5.61 —2.72 4 

—0.28 33.15 —2.89 —8.50 12 
5.61 —2.89 58.35 —28.31 5 
2.72 8.50 —28.31 116.70 —10 


A = KIP =10™¢ x 


1.82 

4.67 

5.63 
—14.21 


= 107? x 


Considering the case that the known nodal displacement components are 0, all 
the displacement components in the global coordinate system read 


u 1.82 

U1 4.67 

0, 5.63 

u2 0 
A= |v | = 10° x 0 

02 —14.21 

U3 0 

U3 0 
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In summary, the computational procedures of the matrix displacement method 


are presented as follows: 


1) 


Collect the original data, assign the element and node numbers for member 
structure. 

Form the elemental stiffness matrix k in local coordinate system. 

Form the elemental stiffness matrix k° in global coordinate system. 

Assemble all the elemental stiffness matrices to form the global stiffness matrix 
with the direct stiffness method. 

Solve the equivalent nodal load vectors of member elements under the local 
coordinate system, transform them into the equivalent nodal load vectors of 
elements P® in global coordinate system, and then assemble them to form the 
global nodal load vector P. 

Solve the equation KA = P to get the nodal displacement vector A. 

Take the obtained nodal displacements into each element to calculate the 
member end forces. 


In what follows, the matrix displacement method is applied for internal force 


analysis of some common structures. 


8.6.1 Example of Truss Analysis 


Example 8.3. Solve the internal forces of each element of the truss structure shown 
in figure 8.12. FA for all the members is identical. 


ae 
10 kN 10,2) © 2 (3,4) 
— O 


Fic. 8.12 — A truss structure subjected to specified loads. 


Solution: (1) Collect the original data and assign the element and node numbers. 


The geometric information as well as the node and element numberings are 


shown in figure 8.12, and the elastic modulus of the material is denoted by E. The 
global numberings of displacement components of node 1 are (1, 2) and the coun- 
terparts of node 2 are (3, 4). According to the pretreatment method, the corre- 
sponding numberings of nodal displacement components of two pin supports are 0. 
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(2) Form the elemental stiffness matrices in a local coordinate system. 


Firstly, according to equation (8.30) the elemental stiffness matrix of truss bars 
in local coordinate system can be calculated. Because the lengths of elements ®, @, 
@ and @ are all equal to l, the stiffness matrices of these elements under the local 
coordinate system are given by 


1 0} -1 0 
0 0! 0 0 
Pa =P = =" x ieee ee 
-1 0/1 0 
0 0! 0 0 


For elements © and ©, the lengths of them are v21. So, we have 


1 01! -1 0 
e _ BA 0 0} 0 0 
vat |_1 01 1 0 

0 0: 0 0 


(3) Calculate the elemental stiffness matrices in global coordinate system. 


Then, in terms of equation (8.33) elemental stiffness matrices in global coordi- 
nate system are obtained via coordinate transformation. For elements @ and @, the 
angle between the two coordinate systems is « = 0, so the coordinate transformation 
matrix is an identity matrix 


T = |-7--7=-- t-=-==-- 


And thus the elemental stiffness matrix in global coordinate system is 


i 0 }+-1 0 
00:0 0 
Papari To e nee ee 
-1 0} 1 0 
0 0! 0 0 


For elements © and @), the angle is « = 2/2, and the coordinate transformation 
matrix is written as 


ae 
II 
1 
1 
1 
1 
1 
i 
1 
s=usag=ns 
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So, we get 
0 0 10 0 
0 Lt: 0 -!1 
KO =k = 7 = 5 PEETS Puas 
00 $0 0 
0 —1 !0 1 


For element © of which the angle is « = 2/4, the coordinate transformation 
matrix is 


i» air 
EN. sit i 0 

—— =... | aiaee ea Pas So! 

V2 0 a ee 

os Ga 

We have 

Ps i oa Sa ee 
toh 2 eat 
Ke = 70K = FA x |----------- F--------- 
2/2 Cicer, x 
ti ead ood. d 


For element © of which the angle is « = 37/4, the coordinate transformation 
matrix is given by 


-1 1 
oct =i osk 0 

= — X |77--------- i ----------- 

V2 0 BE 

i —-l -1 

And we get 

a ees O 
le Sh, SS Me Cea 
ke rer == x ---------- H--------=- 
2/2 T ee ee eee 
Lb a aad) A 


(4) Form the global elemental stiffness matrix with direct stiffness method. 


In terms of the respective element locating vectors, the elemental stiffness 
matrices are added to the global stiffness matrix one by one. Because the two sup- 
ports of the truss in this example are pin supports, the two linear displacements are 
all equal to 0, and the corresponding rows and columns in elemental stiffness 
matrices are not assembled into the global stiffness matrix. 
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The element locating vectors for the elements in 
separately 
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figure 8.12 are expressed 


€&-[1 2 0 of é&=[1 2 3 4f 
€&—(3 4 0 of &€=[0 0 0 of 
€&-[1 2 0 of &=[3 4 0 0f 
And the global stiffness matrix of truss is obtained 
1 2 3 4 
į [135 035 | -1 0 
o |035 135! 0 0 | pa 
Bi eee oe a T 
i | ch ù p 135 —0.35 
0 oO i —0.35 1.35 


(5) Compute nodal load vector P. 


There are two external forces acting on node 1, and the nodal load vector of the 


structure is 


10 
—10 
P= | —— 
0 
0 
(6) Solve the basic equation. 
1.35 0.35 1 —1 0 u 10 
Na a a E EN S A | WN 
Hia Ga aa 0 
0 0 | —0.35 1.35 || w 0 
We get 
uy 26.94 
v , | -14.42 
tg | MA] 2136 
v 5.58 
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(7) Solve the nodal forces under the local coordinate systems, i.e., member end 
force vectors. 


For element D 


0 1 0 O]fo0 0 0 O1f 26.94 
iy ett se oie, |e 8. G0. OT a l | ia 
FO eA eel ek ge aloe. 80s, 0) 30 0 

o 0o -1 ollo -1 0 1 0 
=H 
0 
14.4 
0 
For element © 
100 0]f1 0 -1 077 26.94 5.58 
et ii. Get (0, deve, | 0 x0 0 a0 | ead) |) V0 

FS S G4 Ole 0 1.0 | B186 5.58 

0001/10 o o ol] 558 0 

For element © 

0 1 0 O]f0 0 0 072136 
E elope E to | ele TO 20) «OO OL. spot ||| SSS 
E = TE STRA E y igs See ol 2 08 <a sae Nd | aa 
o 0o -1 ollo -1 0 1 0 
5.58 
0 
5.58 
0 


For element @, the axial displacement is zero, so the axial force is also zero. 
For element © 


1 1 0 0 
F? = TF= Tk L|) 1 0 O 
vV2I O 0 1 
0 0 -1 0 
1 1 1 aq 26.94 6.26 
1 [1 1 1 =1]|-14.42 0 
OA a es are ee 0 o | | -6.26 
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For element © 


F° = TF® = Tk® A® = 


sl- 
N 
© 
=] 
| 
L 


1 -1 -1 172136 -7.89 
1 |- 1 1 -1/] 558] | o 
“ov2}-1 1 1 all o | | 789 
1 -1 -1 1 0 0 


8.6.2 Example of Frame Structure 


Example 8.4. Solve the nodal displacements of frame structure exhibited in 
figure 8.13. The cross-sections of all the members are rectangle. The cross-section area 
is bə- ha = 0.5 x 1.26m?= 0.63 m° for the beam and bı - hı = 0.5 x 1 m?= 0.5 m? 
for the columns. Elastic modulus is £ = 1. 


Fic. 8.13 — (a) A frame structure under uniformly districuted load, (b) element and node 
numberings. 


Solution: (1) Conduct the element and node numberings. 

The numberings of the element and nodes are shown in figure 8.13. The global 
numberings of displacement components of node A are (1, 2, 3), and those num- 
berings of node B are (3, 4, 5). The numberings of nodal displacement components of 
the fixed supports C and D are all 0. Related geometrical and physical parameters of 
the frame are calculated as follows. 

For the column 


1, 
A; = 0.5m, h = 3A mt? 


EL, E 
4 =6m,—~ = 6.94 x 10" 
1 
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EA , 2EI 
= = 83.3 x We = 13.9 x 10°3 


1 


AEI l 
= = 27.8 x 10°, = 6.94 x 107° 
1 


For the beam 
1 
Ay = 0.63 m°, h = I2 m£, Ê = 12 m 


EA HI 
a = 52.5 x 10, = 6.94 x 1073 
2EI: , 4EL 
2 = 13.9 x 1073, 2 = 27.8 x 1073 
2 2 
6EL 128 
P Z = 3.47 x 10, — = 0.58 x 107° 


(2) Form the elemental stiffness matrices. 
Calculate the elemental stiffness matrices under the local coordinate system. For 


elements Q and @): 


83.3 0 0 -833 0 0 
0 231 6.94 0 231 6.94 
pe nts 0 694 278 0 694 13.9 
k =10"x | 833 0 0 333 0 0 


0 —2.31 —6.94 0 2.31 —6.94 
0 6.94 13.9 0 -6.94 27.8 


For element @: 


525 0 0 525 0 0 
0 058 3.47 0 —0.58 3.47 
Bie nase 0 3.47 278 0 -347 13.9 
k =10" x | 525 © 0 525 0 0 


0 —0.58 —3.47 0 0.58 —3.47 
0 3.47 13.9 0 -3.47 27.8 
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Calculate the elemental stiffness matrices under the global coordinate system. 
For elements © and @, the coordinate transformation matrix (« = 7/2) is 


0 101 

-1 0 0 | 0 

0 0 1 ! 

sod ee eens r 0 10] 
0 i -1 0 0 
' 0 0 1 
Therefore, 
2.31 0 6.94 —2.31 0 —6.94 

0 83.3 0 0 —83.3 0 


—6.94 0 27.8 6.94 0 13.9 
—2.31 0 6.94 2.31 0 6.94 
0 —83.3 0 0 83.3 0 
—6.94 0 13.9 6.94 0 27.8 


kÊ =k® = TTKÊT = 1073 x 


For element @, the angle « = 0 makes T = J. The elemental stiffness matrices 
under global and local coordinate systems are identical for this case. 


KP =K? 
(3) Assemble the global stiffness matrix K with the direct stiffness method. 


In terms of the respective element locating vectors, the elemental stiffness 
matrices are assembled into global stiffness matrix one by one. According to the 
pretreatment method, the rows and columns in the global stiffness matrix corre- 
sponding to zero displacement components are not considered. 

The element locating vectors of the members in figure 8.13 are written separately 
by 


Æ£=|1 2 3 0 0 of 
E= |1 2 3 4 5 6f 


&-[4 5 60 0 0]? 
And the global stiffness matrix of frame is obtained, namely 


54.81 0 —6.94 —52.5 0 0 
0 83.88 3.47 0 —0.58 3.47 


—6.94 347 556 !' 0 -3.74 13.9 
K = |------------------------ E x 1073 
1 54.81 0 6.94 


0 83.88 —3.47 
—6.94 —3.47 55.6 


0 —0.58 —3.47 
0 3.47 13.9 
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(4) Compute equivalent nodal load vector P. 


For inter-node load, only element @ is subjected to a uniformly distributed load, 
and the fixed-end constraint force vector under the local coordinate system is given 
by 


Fa 0 
Fy 3 
=D |M,] _ |] 3 
eS ai 0 
Fy 3 
Mə -3 


It is transformed into the global coordinate system which reads 


Fa Fa 0 -1 0 0 0 0 0 3 
Fy Fy 1 0 00 0 20s) |] 3 0 
o M| æl M]|_ lo 0 10 0 ojfļ|-3|_ l-3 
EEA E e a e ak. 10 Gals iia 
Fp Fyp 0 0 01 0 08 0 
Mo Mo 0o 0 00 0 = D'S 3 


Assembling the equivalent nodal load vector P® with the aid of the element 
locating vector €° = (1 2 3 0 0 0)" into the global nodal load vector P gives 


(5) Solve the basic equation to achieve the nodal displacements. 


A=K"'F 


So, we have 
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The all nodal displacement components are obtained by adding zero 
displacements 


UA 847 
UA —5.13 
On 28.4 
UB 824 
UB 5.13 
0g |_| 96.5 
uc} 0 
vel 0 
Oc 0 
UD 0 
UD 0 
Op 0 


(6) Solve the member end force vectors F^. 


For element Q), the nodal displacement vector is given by 


847 
—5.13 
28.4 
0 
0 
0 


A= 


Then, the member end force vector under the local coordinate system is 
formulated 


010000 
By 00 0 00 
P= S A 9 9 8 E igs 
0 000 10 
0 0 0 -100 
0 00 0 01 
231 0 -694 -231 0 -6941[ 847 0 —0.43 
0 833 0 0 -833 0 —5.13 3 1.24 
-6.94 0 278 694 0 139 28.4 3 —2.09 
-231 0 6.94 231 0 6.94 Oh ate) Geass 
0 833 0 0 833 0 0 3 4.76 


—6.94 0 13.9 6.94 0 27.8 0 —3 —8.49 
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For element @, the nodal displacement vector is specified by 


847 
—5.13 
28.4 
824 
5.13 
96.5 


Ae 


And the member end force vector under the local coordinate system is given by 


F° = F?= K? A4®=1073 
525 0 0 -525 0 0 847 1.24 
0 058 3.47 0 0.58 3.47 | | —5.13 0.43 
0 347 27.8 0 -3.47 13.9 || 28.4 2.09 
x| 525 0 0 525 0 0 s24 | | -1.24 
0 -058 -3.47 0 058 -3.47 || 5.13 0.43 
0 347 139 0 347 278 || 96.5 3.04 


For element @), the nodal displacement vector is specified by 


824 

5.13 

96.5 
0 
0 
0 


A= 


And the member end force vector under the local coordinate system is 


010 000 
1 00000 
Fear? 42a] 2 0 1 0 0 OF igs 
0000 10 
0 0 0 -100 
000 0 01 
231 0 694 -231 0 -6.947 [824 0.43 
0 833 0 0 -83.3 0 5.13 ~1.24 
-6.94 0 278 694 0 139 || 965 ~3.04 
*)_931 0 694 231 0 694 o | |-0.43 
0 833 0 0 833 0 0 1.24 


—6.94 0 13.9 6.94 0 27.8 0 —4.38 
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(7) The internal force diagrams of frame can be drawn according to the member end 
forces, as shown in figure 8.14. 


(a) ©) 0.43 
1.24 (TTT Id LEED EDEL LLL 


H 


oo 
> 
O, 
ON 
je 
N 
EN 
N 


M (kNm) l Fs (kN) 


Fr= 0.43 
Fy= —0.43 


Fy (KN) 


Fic. 8.14 — Internal force diagrams of frame structure. 


8.6.3 Example of Composite Structure 


For a composite structure with both beam and truss, usually, the elemental stiffness 
matrix of the axial force bar is utilized for truss analysis, and the elemental stiffness 
matrix of a general element is applied for beam analysis. 


Example 8.5. Calculate the internal forces of the composite structure shown in 
figure 8.15. 


20m T5 20m 


Fic. 8.15 — A composite structure under specific loads and element and node numberings. 


Solution: (1) Conduct node and element numberings. 

The elastic modulus of the material and the moment of inertia of the 
cross-section are E and I, respectively. The bending stiffness of the cross-section of 
beam is EJ, and its tension stiffness is 2ÆEI/m°. The tension stiffness of the 
cross-section of the tie rod is EA = EI/(20 m?). The element and node numberings 
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as well as the global coordinate system are demonstrated in figure 8.12. The element 
@ is subjected to a uniformly distributed load with a magnitude of 10 kN/m. 


(2) Form elemental stiffness matrices. 


Elements O, ©, and @ are all beam-type members, and thus the elemental 
stiffness matrices under the local coordinate system are given by 


2 0 0 -2 0 0 
0 003 03 0 0.03 0.3 
œ -© © &#EI| O 0.3 4 0 —0.3 2 
ASR mae ~ 20|-2 0 0 2 0 0 
0 -0.03 -0.3 0 0.03 -0.3 
0 03 2 0 -03 4 


For elements © and ©, according to the elemental stiffness matrix of axial force 
bar, we have 


0.04 0 —0.04 0 


-© -© 0 0 0 0 
es —0.04 0 0.04 0 
0 0 0 0 


Subsequently, the elemental stiffness matrix is transformed into the global 
coordinate system. For elements ©, ©, and Q,, the angle of two coordinate systems 
is « = 0 and hence the elemental stiffness matrices under global and local coordinate 
systems are identical. 


kÊ =k? =k? =k =k 


For element @, through computation it is known cos « = 0.8, sina = 0.6, and the 
coordinate transformation matrix is given by 


08 06: 0 0 
-0.6 08 ' 0 0 
T = | ------------ eo 
0 0 1 08 06 
0 0 i -06 0.8 


And the elemental stiffness matrix under the global coordinate system is com- 
puted as 


0.0256 0.0192 —0.0256 —0.0192 
0.0192 0.0144 —0.0192 —0.0144 
—0.0256 —0.0192 0.0256 0.0192 
—0.0192 —0.0144 0.0192 0.0144 


k?= TTK T = EA 


For element ©), it is known cosa = 0.8, sin x = —0.6 and the coordinate trans- 
formation matrix is given by 
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0 0 ! 08 -06 
| 0.6 0.8 


And the elemental stiffness matrix under the global coordinate system is written as 


0.0256 —0.0192 —0.0256 0.0192 
—0.0192 0.0144 0.0192 —0.0144 
—0.0256 0.0192 0.0256 —0.0192 

0.0192 —0.0144 —0.0192 0.0144 


k= TTK T = EA 


(3) Assemble the global stiffness matrix with the direct stiffness method. 


The element locating vectors of the members shown in figure 8.15 are expressed 
respectively 
&-(0 001 2 af 


&—[4 5 0 oj 


Assembling the elemental stiffness matrix with the aid of element locating vector 
gives the global stiffness matrix (EA = EI/20): 


4.0256 0.01922 0 i -2 0 0 

0.0192 0.0744 0 | 0 -0.03 03 
a 
2| -2 o 0 | 4.0256 -0.0192 0 

0 0.03 —0.3 | —0.0192 0.0744 0 

0 0.3 2 i 0 0 8 


(4) Form equivalent nodal force vector P. 


Only element @ is subjected to external force, and the angle of two coordinate 
systems is « = 0. As a result, the equivalent nodal load vectors under the two 
coordinate systems are identical. 
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0 
200 0 
2 100 
10 
5 Ee x 400 333 
P=P 0 = X 
200 
To 100 
10 
— x4 —333 
I2 x 400 


(5) Solve the basic equation. 


Solving the following linear algebraic equation set 


4.0256 0.0192 0 —2 0 0 
0.0192 4.0196 0 0 —0.03 0.3 
El 0 0 8 0 —0.3 2 
20 —2 0 0 4.0256 —0.0192 0 
0 0.03 0.3 —0.0192 0.0744 0 
0 0.3 2 0 0 8 
gives the nodal displacements: 
UA —12.67 
UA 3976 


6, | 20] 2543 
up| EI | 12.67 
Up 3976 
Og —2543 


(6) Calculate the end force vectors F“ of members. 


2 0 0 Rage? 0 0 

0 0.03 03 : 0 —0.03 0.3 

ENEMI R 

a a g ro e * 

0 —0.03 -03 i 0 0.03 —0.3 

0 03 2 ! 0 -03 4 
25.34 
—42.99 
—684.2 
—25.34 
42.99 


387 


388 


Structural Analysis 


2 0 O 1-2 0 0 —12.67 0 
0 003 03 ! 0 —0.03 03 3.976 —100 
= 0 03 4 1 0 -03 2 254.3 —333 
F° = |= p žasl E] == 
—2 0 0 i 2 0 0 12.67 0 
0 —0.03 <03: 0 0.03 —0.3|| 3.976 —100 
0 03 2 i 0 -03 4 —254.3 333 
—50.68 
—100 
175.6 
50.68 
—100 
—175.6 
0.04 0 | —0.04 O]f 08 06 1 0 0 
m 0 Ot 0 0f|—06 08 | 0 0 
F? =K °T? A® e lessezssssa || | nannawedews Jessea 
—0.04 0 | 0.04 0 0 i 0.8 06 
0 Of 0 0 0 | —0.6 0.8 
—95.02 
0 
20 
x x = 
EI 
—12.67 95.02 
3.976 0 
—95.02 
: 0 
F = |--- 
95.02 
0 


(7) The internal force diagrams are drawn, as exhibited in figure 8.16. 


8.6.4. Matrix Displacement Method for Rectangular Frame 
Neglecting Axial Deformation 


In practical engineering, rectangular frame structures composed of horizontal beams 
and vertical columns are widely used, and the influence of axial deformation of such 
structures is very small and thus can be neglected. When ignoring the axial 
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(a) 


675.6 


50.7 


Ñ 
TES 
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Fic. 8.16 — Internal force diagrams of the composite structure. 


deformation and analyzing rectangular frame structures using the matrix dis- 


placement method, the following aspects should be noted. 


The rectangular frame shown in figure 8.17 is taken as an example for 


illustration. 


Firstly, the global numberings of nodal displacement components are considered. 
For the fixed supports C and D, all the displacement components are 0 and the 
global numberings are (0, 0, 0). Due to neglecting the axial deformation, the vertical 
displacement components at rigid joint A, pinned joints Bı and By are 0, and thus 


10 

Uae 3 
j y ae, B21 
Bomi Bif- 


0 (0, 0, 0) 0 (0, 0, 0) 


Fic. 8.17 — Element and node numberings of a rectangular frame 


deformation. 


neglecting axial 
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the corresponding global numberings are all 0. Furthermore, since the axial defor- 
mation is neglected, the horizontal displacement components of nodes A, B,, and By 
are equal to each other, and hence the corresponding global numberings should be 
identical. The global numberings of all the nodal displacement components are 
denoted in figure 8.17. 

Secondly, when the global stiffness matrix is established by using the matrix 
displacement method, the element locating vectors are represented as: 


Æ£=|1 0 2 0 0 off 
é€=|1 0 2 1 0 3f 


£Æ£-=|1 0 4 0 0 off 


It is assumed that the geometrical dimensions of members and material property 
in figure 8.17 are the same as those of the frame structure shown in figure 8.4 for 
example 8.1. The elemental stiffness matrices of elements © and @ under the global 
coordinate system are given by 


12 0 20 ! -12 0 30 
0 300 0 ! 0 —300 0 
-30 0 100 | 30 0 50 
kÊ =k® = 10t x |-------------------- t------------------- 
“iy 0 Bi !: 12 0 30 
0 -300 0 + 0 300 0 
-30 0 50 ! 30 0 100 


300 0 0 : -300 0 0 
O 12 30 | 0 —12 30 
0 30 100 į 0  —30 50 
K? = 10t ol ale p--=------ -=-= 
-300 0 0 : 30 0 0 
0 -12 -30! 0 12 -30 
0 30 50 ! 0 -30 100 


Then, in terms of element locating vector all the elemental stiffness matrices are 
assembled into the global stiffness matrix. Since nodal displacements of frame 
possess 4 non-zero global numberings, the global stiffness matrix is a 4 x 4 square 
matrix. 

For element @, the contribution matrix to the global elemental stiffness is 
written as 
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(1) (3) 
l l 
2 3 4 
(1) > 1712 -30 @ @ 
3 2 |-30 100 ® ® 
3 ® ® & Q 
4 ® ©&® & Q 
For element @, the contribution matrix reads 
(1), (4) (3) (6) 
l l l 
1 2 3 4 
(1), (4) = 1 [300-300—300+300 0+0 0+0 @ 
"O 8 7 2 0+0 100 50 8 
(6) iS 0+0 50 100 8 
4 ed ® & & 
For element @), the contribution matrix is given by 
(1) (3) 
l l 
1 2 3 4 
Gj) eb T e e 
K® = rl em eagle 
3 ® © ® Q 
(3) > 4 |-30 @ @ 100 


x 104 
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Adding the contribution matrices from the 3 elements yields the global stiffness 


matrix of structure 


24 -30 0 —830 
—30 200 50 0 

0 50 100 0 
—30 0 0 100 


K =K? +K? +K? = x 10" 


Finally, the basic equation is solved to attain the nodal displacements, and then 
the member end forces of frame can be calculated and the moment diagram, shear 


diagram and axial force diagram are drawn. 
Problems 


8.1 Write the elemental stiffness matrices of the continuous beam. 
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Fic. P8.1 


8.2 Calculate the equivalent nodal load vector of node 3 of the frame. 


3 kN/m 


Fic. P8.2 


8.3 Compute the equivalent nodal load vector of node 2 for the frame. 


AEREEREE 


Fic. P8.3 


8.4 Calculate the global stiffness matrix of the continuous beam shown in the figure, 
and solve the equivalent nodal load vector of node 2. 


ql 


2 © 


1⁄2 1/2 l I 


Fic. P8.4 


A 
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8.5 Calculate the global stiffness matrix of the continuous beam and all the nodal 
load vectors. 


q qij a q ql 
0(0,0,0) z 1(0,0,1) z 2(0,0,2) z 3(0,0,3) *4(0,0,4) 
l 1/2 1/2 I 1/2 1/2 
Fic. P8.5 


8.6 It is known that the nodal displacement vector (the displacements along 
xz and y directions of nodes 2 and 4) of the truss is: (1/(EA))x 


[342.322 — 1139.555 — 137.680 — 1167.111]", and EA of each member is a 
constant. Calculate the internal force of element 1. 


4m 


Fic. P8.6 


8.7 The elemental stiffness matrix of truss bar 1 is given in equation (P8.7a) and the 
nodal displacement vector is given in equation (P8.7b). Calculate the axial force of 
element 1 (tensile or compressive force should be marked). 


1 0 = 0 
EA|0 0 0 0 

me ka (eera 
0 0 0 0 
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a | 7 EA (P8.7b) 


~ 


Fic. P8.7 


8.8 The material property and cross-section area of each truss bar are E = 2.1x 


10f kN/m, A = 107? m?, and nodal displacement vector is [0.09524 — 0.25689)”. 
Compute the nodal forces of element 1. 


2(0,0) 


3(1,2) 


2kN 


4m 


Fic. P8.8 


8.9 Calculate the global stiffness matrix K of the frame structure in the figure. All 
the members have the same size, /=5 m, A=0.5m?, [=1/24 mt, E=3x 
10* MPa. 
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Fic. P8.9 


8.10 Write the basic equation of matrix displacement method for the frame structure 
shown in the figure, and calculate the internal forces of member ends and draw the 
internal force diagrams. The parameters E, A and J of each member are constants. 


21 


l | 1⁄2 l 1⁄2 l L 


Fic. P8.10 
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Appendix Al 
Answers to Problems 


Constantly 
onstantly 


G 
G 


Chapter 2 


Geometrically unchangeable system without redundant constraint 
Geometrically unchangeable system with one redundant constraint 
f) Constantly changeable system 


changeable system 
changeable system 


C 

Geometrically unchangeable system with one redundant constraint 
eometrical 
eometrically unchangeable system without redundant constraint 
Geometrically unchangeable system with one redundant constraint 


ly unchangeable system without redundant constraint 


2.3 (a) Geometrically unchangeable system without redundant constraint 


b) Instantaneo 


usly changeable system 


c) Geometrically unchangeable system without redundant constraint 
2) ey unchangeable system with one redundant constraint 


lly unchangeable system without redundant constraint 
lly unchangeable aien without redundant constraint 
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Chapter 3 
gl’ 
Fpl 
(b) Mc = T 
(c) Mc = 10 kN-m 
(d) Mc = —10 kN-m 
q? 
3.2 (a) Mk = g 
q? 
b) Mk = 
(b) Mi 8 cos q 
c) Mk = P 
K 8 cos? a 
3.3 Right support reaction is 60 kN (*) 


a) 
b) Left support reaction is 25 kN (*) 


Ma = 4.50 kN-m (tension in bottom fibers), Mp = 1.00 kN-m (tension in 
top fibers), Mc = 1.875 kN-m (tension in top fibers) 

(b) Mg = 20 kN-m (tension in top fibers), Fgq = 0 

(c) Mx = 47.5 kN-m 


3.5 r= (5 = *) l = 0.14641. 

3.6 (a) FNa = e Fryp = = Fp 
(b) Fyi = 10 KN, Fyz = —10 KN, Fy3 = 0 

3.7 (a) Fri = —0.25Fp, Fyo = —2.67 Fp, Fna = —0.417 Fp 
(b) Fy = 52.5 KN, Fy = 18 kN, Fy3 = —18 kN 
(c) Fy, = 150 KN, Fug = —32.3 kN, Fy3 = —124.2 kN 
(d) Fyi = 3.75 KN, Fyg = 12.5 kN, Fy3 = —11.25 kN 

3.8 (a) FNAB = —4 kN 
(b) F. cA = 0.25 Fp (<), FNAB = 1.35 Fp 

3.10 (a) Mp = qa? (tension in inside fibers) 

(b) Ma = Mg = 1.125 kN-m (tension in inside fibers), 


Mc = 12.375 kN-m (tension in bottom fibers) 

(c) Mp = 2.32 kN-m (tension in inside fibers) 

(d) Mp = 3.962 kN-m (tension in inside fibers) 

(e) Fya = qa (1), Fra = 3qa(—), Fyp = qa (f), Fos = qa (>) 

(£) Mpe = 80 kN-m (tension in right fibers), Mga = —80 kN-m (tension in left 
fibers) 

(g) Mp = 180 kN-m (tension in outside fibers), Mg = 67.5 kN-m ( tension in 
outside fibers), My = 652.5 kN-m (tension in outside fibers) 

3.11 (a) Frap = —12 kN, Fsac = 3 kN 

(b) Fyra = 358 kN, Fyrp = —81.9 KN, Mpc = 14.7 kN-m (tension in bottom 

fibers) 
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3 1 1 
3.12 (a) Fya => 4 P; Fy = 1i Fy => aR 
(c) Fy = -0.78Fp, Fiy = 0.45 Fp 
3.13 (a) Fya, Fp remain unchanged, Fy reduces by half, M remains unchanged 
(b) The reactions remain unchanged, arch height and span double their values, 
and M also doubles its value. 
Chapter 4 
2(1 2) F 
irdan EG, 
EA 
4-2 Ac =0 
V2 Pa 
4.3 AAB = 
AB EA . 
4.4 Ap = 1.44 x 10-3m(|), Ayp = 0.3 x 10-3m(|) 
Fp 
4.5 Ay ISHI (1) 
5ql kql h 1 Ag 
4.6 Ac = Am + As = ; when — = —, — = 2.56 
o= du + 4s = sere + gga Yi When T= To a, a 
ie Tbe 
4.7 AB = a G- cos & + 3008 Ju 
gf? 
4.8 AB = ——— 
Aa È ) 
23 Fol 
4.9 fmax SABET | ) 
4.10 4c = 3.23 mm(|) 
432q 
4.11 A,3 = —— 
BS yp (=>) 
27 ql" 
229ql 
4.13 AyD = 384EI 
llql 
4.14 A,c = —— 
yC Isg V) 
4.15 Ayo = -Žata(i) 
1080x 
4.16 Ayo = —180% — (t) 
179atl 
4.17 Ayo = — (7) 
_ Mi Oty y _ _ 2ETat, 
4.18 0 = >p p if 0 =0, then M = h 


5q 


4.19 A= aay 
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Chapter 5 
5.1 (a) 7 degrees 
(b) 3 degrees 
(c) 3 degrees 
(d) 21 degrees 
5.2 (a) Fy = ° Fp 
(b) Map = 7.2 kN-m (tension in left fibers) 
5.3 (a) Ma = 2.94 m - Fp, Mp = 4.06 m - Fp (tension in left fibers) 
(b) Fypg = —17.39 kN (Compression), Map = 248.5kN-m (tension in left 


fibers) 

5.4 (a) FRB = 1.172 Fp (1) 

(b) Frac = 0.896 Fp 
5.5 The tension of the central bar is 7.66 kN, and the moment at the central 

hanging point is 4.97 kN-m (tension in top fibers) 

1 

5.6 (a) Map = 6 qa” (tension in outside fibers) 

(b) Mgc = 1.8Fp (tension in inside fibers), Mcpe = 1.2Fp (tension in outside 


fibers), Mca = 3Fp (tension in inside fibers), Mcp = 4.2Fp (tension in 
bottom fibers) 


24 ET ql! 
Ta = ee 
B P 24EI 
5.8 Fy =— 
To 
: 
5.9 Fy = ae: — 
81+ Pate 
A 
5.10 Mac = RE EI (tension in outside fibers) 
3EI : : : X 572 2 3 
5.11 (a) Map =at (tension in bottom fibers), y(x) = 5p 2! £+3lz" — x°), 
Ymax = 0.19201 


a 


4EI 
(b) Map = Ea P 


Ymax = 0.1480] 


æ (tension in bottom fibers), y(x) == (Pz -— 2l? + 2°), 


6EI 
5.12 Mag = —> c (tension in top fibers) 


3EI a(t — t 3 
5.13 Mag = -57 &( — th), y(x) = O- - (e ) 


5.14 Figure (a) when f= 2 m, s = 0.2, then Mc = 17.34 kN-m (tension in inside 
fibers), Mp = 48.44 kN-m (ensign | in outside fibers) 
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Chapter 6 


3qP? 1 ; 7 
T , Mpc = ilp —30 8i0p aah =0 


1 1 
(b) Mpa = 3270p + 8 qÊ, Mpp = 4i0p, Mpc = qÊ, ilp = ge 


6.1 (a) Mpp = Ai0p, Mpa = 3i0p + 


E E E E 
(c) Mra = 370E, Mrp = 2470r, Mrgc = 270r, Mrg = 0, 297 0r = Mo 


i : : 3q? l [ 

(d) Map = 4104 + 2i0z, Map — AiO, Map = 3104 = _ Mpc = ilg + > 
3q0? P 

15104 + 2iðg — a = 0, 2104 + 5i0p + £ =0 


(e) Mpa = 210, +470, Mao = 3103 — 35 Ac, Mcp = 0, 


210, + Tilp — 3440 =0 
6.2 Fy; = —50 kN, Fyp = —75 kN, Fy3 = —100 kN, Fy = —125 kN, 
Fy; = —150 kN 
6.3 Map = 27.2 kN-m, Mpc = —54.3 kN-m, Mop = 70.3 kN-m 
6.4 Mac = —225 kN-m, Mgp = —135 kN-m, Fsac = 97.5 kN 
6.5 Mac = —34.49 kN-m, Moa = 14.58 kN-m, Mgp = —20.09 kN-m 
6.6 Mac = —8.43 kN-m, Mcp = 2.07 kN-m, Mpo = 3.07 kN-m, 
Feac = 4.75 kN, Feca = —1.25 kN, Fscp = —0.43 kN, 
Frac = 0.43 kN, Fypp = —0.43 kN, Fyop = —1.25 kN 


6.7 Map = ab, Mor = — sat 
6.8 Mac = Mpp = -171.4 kN-m, Mca = Mpg = —128.6kN-m 
6.9 Map =59.14kN-m, Mpa = —60.86 kN-m, Mca = 59.14 kN-m, 
Mpg = —60.86 kN-m 
6.10 Mag = —1.388 q-m?, Mac = —0.6074 q- m? 


4 2 4 7 
6.11 Mpa = 0, Mpp = — qÊ, Mpg = — qÊ, Mpc = —— qÊ, Mog = — — qÊ 
(a) Mpa , Map = 7,4! , Mos = gg d, Mac ig th Mca 302 


1 1 1 7 5 
b) Mp, = —ql?, Megep = — al’, Mpg = — gÊ, Mec = —— qÊ, Mog = —— qÊ 
(b) Mpa gi) Men = Gal’, Mos = gz S» Mac sat CB z4! 


115 115 1 
6.12 Mac = 2 kN-m, Mca = 5 kN-m, Mcp = ” kN-m, Mec = °. kN-m, 


Mcp = —45 kN-m 

6.13 Map = 0, Mpa = 20 kN-m, Mpc = —40 kN-m, Mpp = 20 kN-m, 
Mpg = 10kN-m 

6.14 Map = —20 kN-m, Mpa = 0, Mpp — 0, Mpg = —8.18 kN-m, 
Mcp = —75.45 kN-m, Mpc = —20.91 kN-m, Mpe = 29.09 kN-m, 
Mpp = 34.55 kN-m 

6.15 Map = —45 kN-m, Mpa = —30kN-m, Mpc = —25kN-m, Mcp = 0 

6.16 Map = —49.4kN-m, Mpa = —12.3kN-m, Mgc = 12.3kN-m, 
Mcp = 20.1 kKN-m, Mcp = —20.1 KN-m, Mpc = —26.2 kN-m 

6.17 Map = 0, Mpa = 38.13 kN-m, Mac = —48.44 kN-m, Mop = 0, 
Mpp = 10.30 kN-m, Mpg = 5.15 kN-m 
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1523 Fl 1811 Fl 1155F! 511FI 
’ ag 10000 °° °* 10000’ OP 10000’ PS ~ 10000’ 
77OFI 896FI p 523E yp, B237 
DB — 10000 ° PP ~ 10000’ ~ 10000 ’ “PA ~ 10000 ’ 
1523 Fl ISLET _ 656Fl 656 Fl 
EF — A000, 2 P — ~ T0000 1000... 10000 ’ 
1155F _ 511Fl _ TOF __ 896F! 
FG "10000 ° SF ~~ 10000’ S! ~ 10000’ ~ "S ~ 10000 ’ 
1281 Fl 1281 Fl k = 896FI 
Go = 10000 TDG 10000 °“ 10000 10000 
Fl 
Ary = 0.0476 = (l) 
Chapter 7 


ae 0 (0<a<a) Fa 0 (0<a<a) 
c= <a2<l)’ sc = 1 r< 


(b) Fa = Fo, Mc = me, Fsc = FY, cos a, Fyc = Ey sin o 


where the superscript “0” represents the influence coefficient of the corre- 
sponding horizontal beam 


(c) Fey = —1 (left side of point A), Baa = 1 (right side of point A), Mc = 4a 
(point C) 


(d) Fra = 1 (point A), Fsg = —1 (point B”), Mp =5 (point E) 


Note: variables with a bar represent the influence coefficients, the same below. 


7.2 Fra =1 (point A), Fra =0 (right side of point B ake (point B), 


) F 
Tape -$ (point B), Fsg = —1 (point B), Fsg = 0 


—> 


right side of point B), 


za ab ; ne ce . = a i Ro c 
Meg a (point E), Mp = ar (point B), Fsg = =F (point E~), Fsf =a 
(point B) 

7.3 Ma = —l (point C), Fy, = 1 (segment BC), Mx = —a (point C), Fsk = 1 
(point C?) 
5 1 : -5 5 > JL 1 : aR 

7.4 Fra =- (point H), Fro =7 (point I), Fs =—] (point H), Fsg = 1 

mar 1 = 1 Bet 1 

(point H), Mr=-3 m (point H), Fs =—7 (point H), Ma=5 


en 1 
(point G), Fsg = 5 (right side of point G) 
7.5 Fra = —1, Fra = 2, Ma = 2 m (all for point F) 


= 2 2y 2 = 
7.6 loading at top chords: Fyı = —2 (point C), Fy2 = ave (point D), Fns = — 
(point C), 
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_ ai 2 = 9 
loading at bottom chords: Fy; = =; (point I), Fy2 = 2 (point I), Fy3 = 5 
(point H) 
2a hyi h f 
7.7 Mco = 3 Fsc = Sa (all for point D) 
7.8 Mg = —0.667 m (point C), F= — 0.667 (point C), FÈ = 1 (point C) 
7.9 See 7.4 and 7.5 


= ens = 3 — 
7.10 Fy, =5, Fyo = 1, Fy3 = T7 Fy = V2 (all for point C) 


7.11 Fra = 5 kN, FRg = 55 kN, Foc = — 5 kN, Mo = 0 
7.12 Zmax = — 1555 kN 
7.13 Momax = 314 kN-m, Fgcmax = 104.8 kN, FsCmin = — 27.3 kN 
2 
A (0<a<a) 
7.14 y(x) = 20 Xi 
x x I 
S (7-3) +1 (a<xa<l) 
7.15 
13367 
3677441600 (7 7 89)(2+ 80) (0<2<80) 
1 E 
- Fepas0I0000 C? ~ 80)(274570" — 2155917202 + 14932892800) (80 < z < 130) 
1 2 
~ = ‘ 130<2<1 
y(x) Tggsoz0005 l” ~ 180) (274574? — 2128460202 + 39835966800) (130 < z < 180) 
103 
Ioro- l? ~ 180)(2 — 290) (391x — 117240) (180 < £ < 290) 
103 
519360400 (7 +260) (e — 290) (e — 360) (290 < £ < 360) 
Chapter 8 
A(i, + i) 2i 0 
8.1 [K] = 2iz Ain +i) 2i3 
0 213 At 
2kN 
8.2 | —12kN 
2kN-m 
ql/2 
8.3 | —ql/2 
— qÊ 
s(t 
— ql? /24 
25 ql? /24 
8.5 ae) 
q’’/8 
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406 
ae Maree | 
` 85.585 kN 
8.7 3P (Compression) 
—5 kN 
0 
8.8 5kN 
0 
612 0 —830 
8.9K=10'x | 0 324 0 
—30 0 300 
EA EI EA EI EI 
0.977 + 0.492 0.192 + 0.369 — 0.768 
5 ! j K iig 0.107 Fp 
8.10 0.192 #4 -0.369 £! 0.25624 l 2.221 2 0.257 2 vı | = | 5.858 Fp 
l B l B P 0; 5 Fel/6 


0.768 0.257 2 4.933 
oR a a Se) 
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Index 


A 

Angular joint displacement, 241 
Antisymmetric load, 182 

Arch, 10 


B 

Basic equations of displacement method, 227 
Basic equations of force method, 163 

Beam, 10 


C 

Canonical equations of displacement 
method, 263 

Canonical equations of force method, 168 

Compatibility condition of deformation, 157 

Composite structure, 10 

Computational degree of freedom, 39 

Computational model of structure, 4 

Constantly changeable system, 31 

Constraint, 28 

Continuity condition of deformation, 243 

Continuous beam, 158 

Critical load, 328 

Critical position, 326 


D 

Deflection of statically indeterminate 
structure, 210 

Degree of freedom, 28 

Degree of indeterminacy, 159 

Direct stiffness method, 362 

Displacement, 113 

Displacement method, 223 

Dynamic load, 12 


E 

Elastic center, 202 

Elemental analysis, 346 
Elemental locating vector, 361 
Elemental stiffness equation, 348 
Elemental stiffness matrix, 350 
Energy method, 4 


Equilibrium-geometry-constitutive method, 4 
Equilibrium method, 304 
Equivalent nodal loads, 367 


F 

Fixed load, 12 

Fixed support, 8 
Fixed-end moments, 238 
Fixed-end shears, 238 
Flexibility coefficient, 168 
Flexibility matrix, 168 
Flexibility method, 169 
Force method, 157 

Frame, 10 

Frames with sidesway, 245 
Frame without sidesway, 241 


G 

Generalized displacements, 114 
Generalized forces, 125 

Geometrically changeable system, 27 
Geometrically unchangeable system, 27 
Global analysis, 346 

Global coordinate system, 351 

Global stiffness matrix, 360 

Graph multiplication method, 137 


H 
Half structure, 188 
Hingeless arch, 200 


I 

Influence coefficient, 303 

Influence line, 302 

Influence line for internal force, 302 

Influence line of structure under joint load, 311 
Instantaneous hinge, 31 

Instantaneously changeable system, 31 


J 
Joint, 6 
Joint loads, 309 
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K 
Kinematic analysis, 27 
Kinematic method, 315 


L 
Linear displacement of joint, 245 
Load, 11 


Local coordinate system, 348 


M 

Mass structure, 2 

Matrix displacement method, 223, 345 
Member structure, 2 

Method of elastic center, 203 

Method of sections, 51 

Method of segmental superposition, 54 
Moment-distribution method, 275 

Moving load, 12 

Multi-span statically determinate beam, 58 


N 
No-shear distribution method, 275 


P 

Pin support, 7 

Pin-joined member system, 33 

Pinned joint, 6 

Plate and shell structures, 2 

Post treatment method, 364 

Potential energy of external force, 265 

Pretreatment method, 364 

Primary structure of displacement method, 258 

Primary structure of force method, 162 

Primary system of displacement method, 257 

Primary system of force method, 162 

Primary unknowns of displacement method, 227 

Primary unknowns of force method, 162 

Principle of potential energy, 265 

Principle of stationary potential energy, 265 

Principle of superposition, 163 

Principle of virtual displacements, 116 

Principle of virtual forces, 116 

Principle of virtual work, 116 

Principle of virtual work for deformable 
structures, 117 
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R 

Rayleigh-Ritz method, 272 
Rational arch axis, 99 
Reciprocal theorems, 146 
Redundant constraint, 29 
Required constraints, 30 
Rigid arms, 201 

Rigid joint, 6 

Roller support, 7 


S 

Self-internal forces, 204 
Slope-deflection method, 223 

Slider support, 7 

Static determinacy, 45 

Static load, 12 

Statically determinate plane frame, 71 
Statically determinate plane truss, 62 
Statically determinate structure, 11, 49 
Statically indeterminate structure, 11, 158 
Stiffness coefficients, 236 

Stiffness equations, 227 

Stiffness matrix, 236 

Stiffness matrix of structure, 263 
Stiffness method, 228 

Strain energy, 265 

Structure, 2 

Supports, 7 

Symmetric load, 182 

Symmetric structure, 182 


T 

The most unfavorable position of loads, 324 

Theorem of reciprocal displacement-reaction, 
150 

Theorem of reciprocal displacements, 148 

Theorem of reciprocal reactions, 150 

Theorem of reciprocal works, 147 

Three-hinged arch, 92 

Truss, 10 

Two-hinged arch with tie bar, 196 

Two-hinged arch, 194 


U 
Unit-load method, 125 


Appendix A3 

Matlab Program Codes 

of the Matrix Displacement Method 
for Plane Structural Analysis 


Example 1: A plane truss (example 8.3 in section 8.6.1 in the 
textbook) 


1. The program flowchart 

In the following program flowchart in figure Al, the Matlab code of the matrix 
displacement method for a plane truss in example 8.3 in section 8.6.1 in this text- 
book is illustrated. Material properties and other basic information are defined in 
the beginning, and the variables are applied to conduct symbol calculation which 
can set specific values according to the required operation. For a truss, the 


Define material properties, cross-section, sizes 


Calculate elemental stiffness matrices 


Impose boundary conditions using pretreatment method 


assemble global stiffness matrix using direct stiffness method 


J 


| Calculate equivalent nodal loads 


J 


Solve basic equation 


Calculate internal forces of elements 


Fic. Al — Program flowchart of matrix displacement method for a plane truss. 
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dimension of the elemental stiffness matrix is 4. We utilize the pretreatment method 
to impose the boundary conditions and apply the direct stiffness method to form the 
global stiffness matrix. Then, we calculate the equivalent nodal forces and solve the 
basic equation of the matrix displacement method. After obtaining the nodal dis- 
placements of the truss, they are used to calculate the internal force of each bar. 


2. Variable definition 


Tas. Al — Variable definition in the Matlab code for analysis of plane truss. 


Variable Definition 

E Elastic modulus of material 

A Cross-section area of bar 

L Length of bar 

k1, k2, k3, k4, k5, k6 Elemental stiffness matrices of truss bars 
T1, T2, T3, T4, T5, T6 Coordinate transformation matrices 

K Global stiffness matrix 

F Nodal load vector 

U Nodal displacement vector of structure 
U1, U2, U3, U4, U5, U6 Nodal displacement vectors of elements 
F1, F2, F3, F4, F5, F6 Nodal force vectors of elements 


Example 2: A plane frame structure 
(example 8.4 in section 8.6.2) 


1. The program flowchart 

In the program flowchart in figure A2, the Matlab code of the matrix displace- 
ment method for a plane frame in example 8.4 in section 8.6.2 is illustrated. Material 
properties and other basic information are defined in the beginning, and here we use 
symbol calculation such that the variables can be defined later. In this example, the 
two columns have the same elemental stiffness matrix, thus we only calculate one of 
them. The elemental stiffness matrix of the beam should be calculated separately. 
The boundary conditions are imposed, and the elemental stiffness matrices are 
assembled to form a global stiffness matrix by the direct stiffness method. Finally, 
the basic equation of frame structure is solved. After obtaining the nodal displace- 
ments, the nodal forces of each element are calculated. 
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Define material properties, cross-section, and sizes 


Calculate elemental stiffness 
matrix of the column 


Calculate elemental stiffness 
matrix of the beam 


Impose boundary conditions using pretreatment method 


Assemble global stiffness matrix using direct stiffness method 


J 


Calculate equivalent nodal loads 


Solve basic equation 


Calculate internal forces of elements 


Fic. A2 — Program flowchart of matrix displacement method for a plane frame. 


2. Variable Definition 


Tas. A2 — Variable definition in the Matlab code for analysis of plane frame. 
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Variable Definition 

E Elastic modulus of material 

A1, A2 Cross-section areas of the column and beam 

11, 12 Lengths of the column and beam 

I1, I2 Inertial moments of the column and beam 

k1, k2 Elemental stiffness matrices of the column and beam 
T Coordinate transformation matrix 

K Global stiffness matrix 

f Nodal load vector 

U Nodal displacement vector of structure 


f1, f2, f3 Nodal force vector vectors of elements 
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Example 3: A composite structure 
(example 8.5 in section 8.6.3) 


1. The program flowchart 

In the following flowchart in figure A3, the Matlab code of the matrix displace- 
ment method for a composite structure in example 8.5 in section 8.6.3 is illustrated. 
Material properties and other basic information are defined in the beginning, and we 
use the variables to conduct symbol calculation which can be set to specific values. 


Define material properties, cross-section, and sizes 


Calculate the elemental 
stiffness matrices of beams 


Calculate the elemental stiffness 
matrices of tensile bars 


Impose boundary conditions with pretreatment method 


Assemble global stiffness matrix 


Calculate equivalent nodal forces 


Solve basic equation 
Calculate internal forces 


Fic. A3 — Program flowchart of matrix displacement method for a composite structure. 


2. Variable Definition 


Tas. A3 — Variable definition in the Matlab code of matrix displacement method for a 
composite structure. 


Variable Definition 

E Elastic modulus of material 

A Cross-section area of member 

L Length of member 

k1, k2, k3, k4, k5 Element stiffness matrices of tensile bars and beams 
T1, T2, T3, T4, T5 Coordinate transformation matrices 

K Global stiffness matrix 

F Nodal load vector 

U Nodal displacement vector of structure 


U1, U2, U3, U4, U5 Nodal displacement vectors of elements 
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Example 4: A pane frame structure 


(example 8.2 in section 8.5.2) 


1. The Program Flowchart 

In the case of all the element stiffness matric under the global coordinate system 
provided, this example focuses on the procedures of assembling of element stiffness 
matrix and solving the primary equation. The program flowchart of the matrix 
displacement method for a plane frame in example 8.2 in section 8.5.2 is illustrated 
as follows. 


Assemble global stiffness matrix with direct stiffness method 


Impose boundary conditions with post treatment method 


Calculate equivalent nodal forces 


Solve basic equation 


Fic. A4 — Program flowchart of matrix displacement method for frame structure. 


2. Variable Definition 


Tas. A4 — Variable definition in the Matlab code of matrix displacement method for frame 
structure. 


Variable Definition 

k1, k2 Elemental stiffness matrices under global coordinate system 
K Global stiffness matrix 

F Nodal force vector 

U Nodal displacement vector of frame structure 

U1, U2, U3, U4, U5 Nodal displacement vectors of elements 


Matlab codes of the four examples 


1. Example 1: Plane truss 

%AIl rights reserved: Dalian University of Technology 
%Matlab implementation of the matrix displacement method 
%Solving details: 


syms E A 1 
k1_loc = E*A/I*[1 0 -1 0;0000;-1010;000 0); 
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k2 loc = k1_loc; 

k3_loc = k1_ loc; 

k4_ loc = k1_ loc; 

k5_ loc = E*A/I*[1/sqrt(2) 0 —1/sqrt(2) 0; 0 0 0 0 ;... 
—1/sqrt(2) 0 1/sqrt(2) 0; 0 0 0 0J; 

k6_ loc = k5_ loc; 

T2 = eye(4); 

k2 = T2'*k2_loc*T2; 

T4 = T2; 

k4 = k2; 

T1 = [0100;-1000;0001;00-1 0]; 

k1 = T1'*k1_loc*T1; 

T3 = T1; 

k3 = kl; 

T5 = sqrt(2)/2*[1 1 0 0; -1100;0011;00-1 1]; 

k5 = T5'*k5_loc*T5; 

T6 = sqrt(2)/2*[-1 100; —1 —1 0 0; 0 0 —1 1; 0 0 —1 —1]; 

k6 = T6'*k6 _loc*T6; 

%Form the global stiffness matrix by direct assembling 

%The locating vectors of each element are 


K = 0*k1; 
for i = 1:4 
for j = 1:4 
if(d1 (i) == 0||d1(j) == 0) 
continue; 
end 
K(d1(i),d1(j))=K(d1(i),d1(i))+k1( j); 
end 
end 
for i=1:4 
for j=1:4 
if(d2(i)==0)||d2(j)==0) 
continue; 
end 
K(a2(i),42(j))=K(42(i),42(j))+k2(i j); 
end 
end 
for i=1:4 
for j=1:4 
if(d3(i)==0||d3(j)==0) 
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continue; 
end 
K(d3(i) ,d3(j))=K(d3(i) ,d3(j))+k3 (i,j); 
end 
end 
for i=1:4 
for j=1:4 
if(d4(i)==0]d4(j)==0) 
continue; 
end 
K(d4(i),44(j))=K(44(i),d4(j))+k4( j); 
end 
end 
for i = 1:4 
for j=1:4 
if(a5(i)==0]|d5(j)==0) 
continue; 
end 
K(d5(i),d5(j))=K(d5(i) ,d5(j))+k5(i,j); 
end 
end 
fori = 1:4 
for j=1:4 
if(46(i)==0)|d6(;) ==0) 
continue; 
end 
K(d6(i) ,d6(j))=K(d6(i) ,d6(j))+k6 (i,j); 
end 
end 
F = [10,-10 0 O]'; 


Hoi we ll 


LN aE Gadddadad 


aaqcqqcqqqqaqqqcc 
DBAWNHFACKRWNEH 


rE |b ee II 


w 
A 
Mai; 


= U(3:4); 
%element 1 

%U1 = [26.94 14.42 0 0]'; 
Fl = T1*k1*U1; 
%element 2 
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%U2 = [26.94 -14.42 21.36 5.58)"; 
F2 = T2*k2*U2; 

%element 3 

%U3 = [21.36 5.58 0 0]'; 

F3 = T3*k3*U3; 

%The nodal displacements of element 4 are zeroes, thus the nodal forces are also 
zeroes. 

%element 5 

AUS = [26.94 -14.42 0 0]'; 

F5 = T5*k5*U5; 

%element 6 

%U6 = [21.36 5.58 0 0]'; 

F6 = T6*k6*U6; 


2. Example 2: Plane frame 

%AIl rights reserved: Dalian University of Technology 
%Matlab implementation of the matrix displacement method 
%Solving details: 


%For elements 1 and 3 

Al = 0.5; 

ll = 6; 

Il = 1/24; 

%For the horizontal beam 

A2 = 0.63; 

I2 = 1/12; 

12 = 12: 

%Element stiffness matrix of the column 
k1 = zeros(6,6); 

k1(1,1) = E*AL/I1: 

) = -E*AL/U: 

) = 12*E*I1/11^3; 
) = 6*E*IL/1172; 

) = -12*E*11 /1173:; 
) = 6*E*I1/11^2; 

) = 6*E*I1/11^2; 

) = 4*E*I1/11: 

) = -6*E*I1/1172: 
) = 2*E*IL/I1: 

) = -E*AL/U: 

) = E*AL/IL: 

) = -12*E*11 /11^3; 
) = -6*E*I1/1172; 

) 


k1(1 
k1(2 
k1(2 
k1(2 
k1(2 
k1(3 
k1(3 
k1(3, 
k1(3 
k1(4 
k1(4 
k1(5 
k1(5 
k1(5,5) = 12*E*I1/1173; 
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k1(5,6) = —6*E*I1/11^2; 
k1(6,2) = 6*E*I1/11^2; 
k1(6,3) = 2*E*I1/l1; 
k1(6,5) = —6*E*I1/l172; 


k1(6,6) = 4*E*I1/11; 
%Element stiffness matrix of the horizontal beam 
k2 = zeros(6,6); 


k2(1,1) = E*A2/12; 
k2(1,4) = -E*A2/l2; 
k2(2,2) = 12*E*12/1273; 
k2(2,3) = 6*E*I2/12^2; 
k2(2,5) = -12*E*12/1273; 
k2(2,6) = 6*E*I2/12^2; 
k2(3,2) = 6*E*I2/12^2; 
k2(3,3) = 4*E*12/12; 
k2(3,5) = -6*E*12/1272; 
k2(3,6) = 2*E*I2/12; 
k2(4,1) = -E*A2/I2; 
k2(4,4) = E*A2/12; 
k2(5,2) = -12*E*12/1273; 
k2(5,3) = —6*E*I2/12^2; 
k2(5,5) = 12*E*12/1273; 
k2(5,6) = —6*E*I2/12^2; 
k2(6,2) = 6*E*I2/12^2; 
k2(6,3) = 2*E*I2/12; 
k2(6,5) = —6*E*12/12°2; 


k2(6,6) = 4*E*12/12; 

%For the column, the rotation angle is 90, so the coordinate transformation 
matrix is 

cosA = 0; 

sinA = 1; 

T1 = zeros(6,6); 

T1(1,1:2) = [cosA sinA]; 

T1(2,1:2) = [-sinA cosA]; 


T1(5,4:5) = [-sinA cosA]; 

T1(6,6) = 1; 

%The element stiffness matrix under the global coordinate system is 

K1 = T1"*k1*T1; 

K3 = K1; 

%For the beam, the rotation angle is 0, so the element stiffness matrix under 
%the global coordinate system equals to that under the global coordinate system 
K2 = k2; 

%Form the global stiffness matrix using direct stiffness method 

%The locating vectors of the three elements are 
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dl = [123000]; 
d2 = [12345 6]; 
d3 = [45600 0J; 
K = zeros(6,6); 
for i = 1:6 
for j=1:6 
if(di (i)==0]|41())==0) 
continue; 
end 
K(d1(i) d1()))=K(d1(i) 41) +K 19); 
end 
end 
for i=1:6 
for j=1:6 
if(d2(i)==0]|d2(j)==0) 
continue; 
end 
K(d2(i) ,d2(j)) = K(d2(i) 42) +K (i,j); 
end 
end 
for i = 1:6 
for j = 1:6 
if(d3(i)==0]|d3(j)==0) 
continue; 
end 
K(d3(i) ,43(j))=K(d3(i) 43()) +K3(i4); 
end 
end 
%The equivalent nodal force vector under the local coordinate system is 
q= 71; 
fl = zeros(6,1); 


Fi(1) = 0: 
f1(2) = —q*11*0.5; 

f1(3) = —q*11*2/12*(6-8+3); 
f1(4) = 0; 

f1(5) = —q*11*0.5; 


f1(6) = q*l1*2/12*(6-8+3); 

%Transform the nodal force vector into the global coordinate system 
F1 = -T1"f1; 

%Assemble into the global nodal vector 

F = zeros(6,1); 

F(1:3) = F1(1:3); 

%Solve the nodal displacement under the global coordinate system 
U = inv(K)*F; 

%Solve the nodal force of element 1 

U1 = zeros(6,1); 
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U1(1:3) = U(1:3); 

fl = T1*(K1*UL-F1); 
%Nodal force of element 2 
U2=U; 

f2 = K2*U2: 

%Nodal force of element 3 
U3 = zeros(6,1); 

U3(1:3) = U(4:6); 

f3 = T1*K3*U3; 


3. Example 3: Composite structure 

%AIl rights reserved: Dalian University of Technology 
%Matlab implementation of the matrix displacement method 
%Solving details: 


E A A e A ETON LEE a T 
syms E I 
A = I/20; 


kl_loc = E*I/20*[2 0 0 —2 0 0;0 0.03 0.3 0 —0.03 0.3; 0 0.3 4 0 -0.3 2;... 

-2 0 0 2 0 0; 0 —0.03 —0.3 0 0.03 —0.3;0 0.3 2 0 —0.3 4]; 
k2_loc = k1_ loc; 
k3_loc = k1_ loc; 
k4_loc = E*A*(0.04 0 —0.04 0; 0 0 0 0; —0.04 0 0.04 0; 0 0 0 0J; 
k5_ loc = k4_ loc; 
T1 = eye(4); 
T2=TI1; 
T3 = T1; 
kl = ki log; 
k2 = k2_ loc; 
k3 = k3_ loc; 
T4 = (0.8 0.6 0 0; —0.6 0.8 0 0; 0 0 0.8 0.6; 0 0 —0.6 0.8]; 
k4 = T4'*k4_loc*T4; 
T5 = [0.8 —0.6 0 0; 0.6 0.8 0 0; 0 0 0.8 —0.6; 0 0 0.6 0.8]; 
k5 = T5'*k5_loc*T5; 
%direct stiffness method 
%element locating vector 
dl = [0 0 0 1 2 3); 
d2 = [12345 6]; 
d3 = [45600 0]; 
d4 = [0 0 1 2); 
d5 = [450 0]; 
K = k1*0; 
for i = 1:6 

for j = 1:6 
if(d1 (})==0]|d1 (]) ==0) 
continue; 
end 
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K(d1(i),d1()) = K(a1(i) 41) +L (i); 
end 
end 
for i = 1:6 
for j = 1:6 
if(42(i)==0)|d2(j)==0) 
continue; 
end 
K(a2(i),42(j))=K(42(i),42(j))+k2( j); 
end 
end 
for i = 1:6 
for j=1:6 
if(d3(i)==0||d3(j)==0) 
continue; 
end 
K(d3(i) ,d3(j))=K(d3(i) ,d3(j))+k3(,j); 
end 
end 
for i=1:4 
for j=1:4 
if(d4(i)==0||d4(j)==0) 
continue; 
end 
K(d4(i),44(j))=K(44(i),d4(j))+k4(i j); 
end 
end 
for i = 1:4 
for j = 1:4 
if(a5(i)==0]]d5(j)==0) 
continue; 
end 
K(d5(i),d5(j))=K (45(i),d50))+k5(.)); 
end 
end 
F2 = [0 100 333 0 100 -333]'; 
F = F2; 
U = inv(K)*F; 


4. Example 4: plane frame structure 

%AIl rights reserved: Dalian University of Technology 
%Matlab implementation of the matrix displacement method 
%Solving details: 

1 RARER ORS ERMA ONE ES AARON Sere Tae ae 


k1 = 1.E4*[300 0 0 —300 0 0; 0 12 30 0 —12 30; 0 30 100 0 —30 503... 


—300 0 0 300 0 0; 0 —12 —30 0 12 —30;0 30 50 0 —30 100]; 
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k2 = 1.E4*[12 0 -30 —12 0 —30;0 300 0 0 —300 0; -30 0 100 30 0 503... 
—12 0 30 12 0 30; 0 —300 0 0 300 0; —30 0 50 30 0 100); 
%direct stiffness method 
%element locating vector 
dl = [12345 6]; 
d2 = [123789]; 
K = zeros(9,9); 
for i = 1:6 
for j = 1:6 
if(d1 ()==0]|d1 (]) ==0) 
continue; 
end 
K(d1(i),d1())=K(d1(i) 41 ()) +L (ig): 
end 
end 
for i = 1:6 
for j = 1:6 
if(d2(i)==0||d2(j)==0) 
continue; 
end 
K(d2(i),42(j))=K(42(i) 42(j)) +k2(ig): 
end 
end 
K([4,5,7:9],)=[; 
K(:,[4,5,7:9]) = (J; 
F1 = [0 12 10 0 12 —10]'; 
F2 = [40-540 5]'; 
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